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Abstract—Integrable geodesic flows are studied on suspensions of toric automorphisms. It
is shown that, for linear automorphisms with real spectrum, such flows always exist. Their
entropy characteristics are investigated. In particular, in the case of hyperbolic automorphisms,
we describe explicitly a closed invariant subset on which the topological entropy of the geodesic

flow is positive.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we resume our study of integrable geodesic flows on the suspensions of toric

automorphisms that we started in [2].
A closed manifold M4 = M™*! is called the suspension of a toric automorphism A: T — T™

if there is a fibration
T Mnt 4 gt (1)

of this manifold over the circle S* with T"-fibers such that the monodromy of this fibration is given
by A € SL(n,Z).
The manifold M4 is constructed as the quotient of the free Z-action

(X,2) > (AX,z+1)

on the cylinder T" x R, where X € T" = R"*/Z" and z € R.
Theorem 1. If all eigenvalues of an automorphism A € SL(n,Z) are real or n = 2, then My,
the suspension of A, admits a real-analytic Riemannian metric such that

1) the geodesic flow of this metric is (Liouville) integrable in terms of C*° first integrals;

2) the measure entropy of the geodesic flow with respect to any smooth invariant measure
vanishes;

3) the topological entropy of this flow meets the following nequality

R I L )
AjESP A, |A;]>1

where Sp A is the spectrum of A, i.e., the set of its eigenvalues.
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INTEGRABLE GEODESIC FLOWS ON THE SUSPENSIONS OF TORIC AUTOMORPHISMS 43

If A is the identity, My is a torus, and in this case the statement of the theorem is evident.
The first nontrivial case was found by Butler [3], who constructed an integrable geodesic flow

on the manifold M4 with
11
A= .

He constructed the metric as a homogeneous metric on a nilmanifold and worked in terms of global
coordinates on the corresponding nilpotent Lie group. In particular, Butler showed that some
topological obstructions to integrability of geodesic flows in terms of real-analytic (or, in a sense,
geometrically simple) first integrals found in [14, 15] do not obstruct integrability in terms of C*
functions.

The suspension construction was found in [2]. In this paper, generalizing Butler’s analytic trick
for constructing C'*° first integrals, we constructed an integrable geodesic flow on the manifold M4

with
2 1
A=(1 1) (3)

and explained that this suspension construction is quite general. In [2], we discussed only one
concrete example which appears to be the first example of Liouville integrable geodesic flow with
positive topological entropy and also the first example of the geodesic flow for which the Liouville
entropy vanishes but the topological entropy is positive.

We will study the Lyapunov exponents of the flow from [2] and prove the following statement.

Theorem 2. Given the Riemannian manifold M4 with A of the form (3) and with the metric
constructed in [2] (see Section 4), the unit cotangent bundle SMy contains two four-dimensional
invariant submanifolds N* and NV such that

1) N* and N are diffeomorphic to My x S';

2) the intersection N* N NV = V consists of two three-dimensional components V¥ and V—;
each of these components is diffeomorphic to M and consists of trajectories orthogonal to the fibers
of the fibration (1);

3) the Lyapunov exponents vanish at points from SM4 \ {N* U N*}, and, for any point from
N"UNY, there are nonzero Lyapunov exponents;

4) all invariant (Borel) measures on N and N? are supported by V¥ UV~ and there are
smooth invariant measures on V' and V

5) N* is a stable manifold for V* and an unstable manifold for V=; i.e., any trajectory in
N¥\V is asymptotic to a trajectory from V¥ as t — oo and is asymptotic to a trajectory from V~
as t = —o0;

6) NV is a stable manifold for V= and an unstable manifold for V*;

7) the complement to N* U N" is fibered by invariant tori.

Now we derive from this theorem

Corollary 1. Given the Riemannian manifold M4 with A of the form (3)-and with the metric
constructed in [2] (see Section 4), the topological entropy of the geodesic flow on My equals

3+5

2 )

and there are measures of mazimal entropy supported by V' or V.
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44 BOLSINOV, TAIMANOV

We would like to mention the following property of this integrable flow.
Corollary 2. The restrictions of the geodesic flow on M4 onto V' or V= are Anosov flows.

One can see that easily: take a fiber of the fibration (1) and, at each point g of the fiber, take
a covector p = (p, = py = 0,p, = 1). Such points (g, p) form a two-torus 72 embedded into SMy .
Then draw a geodesic in the direction of this covector. After the unit time, it will return back to
this fiber, and, therefore, we have a recurrence mapping

T? - T?
given by the hyperbolic matrix (3).

2. ENTROPY AND INTEGRABILITY

In this section, we recall some well-known definitions and facts from the theory of dynamical
systems. For detailed explanation of different facts from this section we refer to [1, 6, 13].

A. Geodesic flows as Hamiltonian systems. Let M™ be a Riemannian manifold with
the metric g;;. Denote local coordinates on the cotangent bundle T*M™ as (z*,...,z", p1,...,Pn),

where (z?,...,2") are (local) coordinates on M" and the momenta p,,...,p, are defined from

tangent vectors (the velocities of curves on M") by the Legendre transformation:
pi = gijé’.

There is a symplectic form
n
w= Z dz* A dp;

=1
on T*M™ that is correctly defined globally and in its turn defines the Poisson brackets on the space
of smooth functions on 7*M™ or on open domains in T* M™:

_ of 69 Of 9g
{f’g}_;<5§6—m_8—m8wi)' (4)

The geodesic flow is a Hamiltonian system on 7*M™ with the Hamiltonian function

1 ..
H(z,p) = 59” (z)pip;-

This means that the evolution of any function f along the trajectories of the system is given by
the Hamiltonian equations

df

—={f,H}.

Y=y
If a function f is preserved by the flow, i.e.,

af _
'd‘t'_{faH}_Oa

it is said that this function is a first integral of the system.
Since the Poisson brackets are skew-symmetric, the function H is a first integral. This implies
that the set of unit momenta vectors SM™ is invariant under the flow:

su" = {(@p): ol = /S @y =1} = {1 =3},
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The restrictions of the geodesic flow onto different level sets H = const # 0 are smoothly trajectory
equivalent, and this equivalence is established by constant reparametrization depending only on
the values of H. Therefore, it suffices to consider the flow only on SM™.

Take the Liouville measure on SM™. This means that the measure of a set U C SM™ is defined

uw(U) = /u(UﬂSE)\/detgd:cl A...Ndz"
T

as

where S, is the (n — 1)-dimensional sphere of unit covectors at the point £ € M™. In this case,
the measure on S; coincides with the measure on the unit sphere in R*, and this coincidence is
established by an orthogonal map Ty M™ — R".

B. Integrability of geodesic flows. The geodesic flow is called (Liouville) integrable if, in
addition to I, = H, there are n — 1 first integrals I,..., I, defined on SM™ such that

1) the integrals Iy, ..., I, are in involution: {I;, I;} = 0;

2) the integrals Iy, ..., I, are functionally independent on a full measure subset W C SM™.

To define the Poisson brackets correctly, we extend I4,...,I,_; onto a neighborhood of SM™ C
T*M™ as follows:

Ij(z,p) = Ij(z,p/lpl), Jj=1,...,n—L
If the metric and the first integrals I;,...,I,_; are real-analytic, we say that the flow is
analytically integrable.
If the geodesic flow is integrable, then a full measure subset W of W C SM" is foliated
by invariant n-dimensional tori and, moreover, for any such a torus, there is its neighborhood
U C W C SM"™ such that

1) there are coordinates ¢y,..., ¢, defined modulo Z and I,...,I,_; in U;
2) every level set {I; = c1,...,I,—1 = cp—1} is an invariant (Liouville) torus;

3) the flow is linearized in these coordinates as follows:

4[31 = wl(Il,. .. ,In_.l), ey (,bn = wn(Il,. . ,In—l), (5)
I, = const, ... , I,,_; = const.
This subset W is distinguished as the preimage of the set of regular values of the momentum map
SM™ — RL:
z = (Li(z),...,In-1(z)).

C. Entropy. Let X be a compact space and T: X — X be a homeomorphism.
Take an invariant Borel measure p on X such that u(X) < oco. For any disjoint measurable
countable decomposition

X =|]Uu,
the entropy of the decomposition is defined by the following formula:

= w(Ui) In u(U3),

assuming that pu(U;)Inu(U;) = 0 for u(U;) = 0. Let {U;} be such a decomposition. For any k € N,
define the decomposition A*U as follows:

X = I__| Uio...ik_la
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46 BOLSINOV, TAIMANOV

where
z € Ui, iff zely, Tz €Uy, ..., TF 1z € Ui,
Now put

k
hy(U,T) = limsup M)
k—o00 k

and define the measure entropy of T’ with respect to u (the Kolmogorov-Sinai entropy) as

h,(T) = sup h, (U, T).
U with h,(U,T)<oo

To any open covering

xcUv
of X, there corresponds the series of coverings A¥V defined as follows:

X C U Vjo---jk—v

where
z € Vig.jrr iff z€Vi, Tz eV, ..., T 1z Vi1

Usually, A¥V contains subsets that still form coverings of X, and, for any k € N, put C (k,V,T) to
be the minimal cardinality of such a subcovering. Now put

V,T
MV, T) = limsup Gk V,T)
k—o0 k

and define the topological entropy of T as

hiop(T) = s1‘1/p h(V,T).

By the Bowen theorem, h¢y,(T") equals the supremum of the measure entropies with respect to
invariant ergodic Borel measures g such that u(X) = 1.

Example. Let A be an automorphism of a torus 7" = R" /Z™ given by a matrix A € SL(n,Z).
Take the coordinates z!,...,2" on T™ such that these coordinates are defined modulo Z, the
automorphism A is linear in terms of zl,...,z", and

/dwl/\.../\d:cnzl.
Tn

Then the topological entropy of A and the measure entropy with respect to.dy = dz' A ... A dz"
coincide and equal

hiop(A) = hu(4) = Z In|;].
M ESPA, |/\j|>1

Therefore, hiop(A) vanishes if and only if all eigenvalues of A lie on the unit circle in C.
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D. The entropies of geodesic flows. Let
Fp: SM™ — SM™

be a translation along trajectories per time ¢.
By definition, the entropy of the geodesic flow is the entropy of the map

T: SM™ — SM™,

which is the translation along trajectories per unit time: T = Fj.

Recall the definition of Lyapunov exponents. Let v be a tangent vector to SM™. For any
such vector, its norm |v| is defined as follows. Let v € T,SM", and decompose it into the sum
v = v + vg, where vy is the component tangent to M™ and vg is the component tangent to Sy,
where ¢ = (z,p) € SM™. As in the definition of the Liouville measure, S; is endowed with a metric
by an orthogonal map T,M"™ — R*. Now put

w? = lom | + [vs [,

where the norms of vps and vg are defined by the metrics on M™ and S;.
On the full measure subset U of SM™, there is a correctly defined map from the set of nonzero
tangent vectors at the points of U to R:
In |Fy (v)|

v — lim sup ——————.
t—o0 t

At any point ¢ € U C SM™, such a map takes 2n — 1 values
Lh<h< . S S0< 1 <. . <lopoy,

where the zero value is attained on the vector tangent to the trajectory of the flow. Other values
li,...,lon—o are called Lyapunov exponents, and some of them may coincide. The number of
negative Lyapunov exponents depends on gq.

The Pesin formula for the measure entropy of the geodesic flow with respect to any smooth
invariant measure g on SM™ reads

k(q)
hy = — / Y 1i(g) dp.
Sin J=1
It is evident that, for the flow (5), its Lyapunov exponents vanish. Since an integrable geodesic
flow has such a behavior on a full measure set, the Pesin formula implies that the entropy of
an integrable flow vanishes for any smooth invariant measure on SM™ and, in particular, for the

Liouville measure.
This already follows from the inequality

k(q)
<= [ Y u@ds
Ssmn J=1

which was first established by Margulis in the middle of 1960s.
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48 BOLSINOV, TAIMANOV

3. CONSTRUCTION OF THE METRIC
AND THE LOWER ESTIMATE FOR THE ENTROPY

The construction of the metric on M4 is as follows.

Take linear coordinates z!,...,z" on T" for which the map A is linear and take a coordinate z
on R/Z. These are coordinates on an infinite cylinder C = 7™ x R that descend to the coordinates
on My, the quotient of C with respect to the Z-action generated by

(X,z) = (AX, 2), X =(z}...,z")7. (6)

The symplectic form takes the form

w= Zd:ci A dp; + dz A dp,. (7)

1=1

Define the metric
ds* = gj(z)dz? dz* + dz?,

where

G(2) = (94(2)) = 7(2) T G(2). . (8)
Here G is an arbitrary positive symmetric n x n-matrix, and v(z) is an analytic curve in SL(n,R)
satisfying the two following properties:

Y(z +1) =v(z)A7? and v(0) = E.

It is easily seen that such a curve always exists. Indeed, if all the eigenvalues of A are positive,
then it suffices to put y(z) = e ?%°, where %0 = A.

If the matrix Gy = InA € si(n,R) does not exist, then we can use the following simple
construction. Decompose A into a product of matrices A; and A, such that

1) A= A As;

2) there are G; € sl(n,R) such that e = A;, i = 1,2;

3) Az commutes with eC1 for any z (in particular, A; and A commute).

To prove that such a decomposition exists, take a Jordan form of A, which is a block upper-
triangular matrix. Take now a diagonal matrix A, whose entries equal 1 such that all eigenvalues
of AAy; = AAS 1 are positive. Since det A = 1, the matrix Ay has an even number of diagonal
elements equal to —1, and, therefore, there is a matrix Gy € so(n) C sl(n,R) such that Ay = €%2.
Now, it remains to put A; = AA; 1

Given A; and Aj, put v(z) = e #%2¢7%C1,

It is clear that (8) defines a metric on the infinite cylinder C, and the metric is invariant
with respect to the action (6). Therefore, this metric descends to a metric on the quotient space
My =C/Z.

Lemma 1. The geodesic flow of metric (8) on the cylinder C is integrable, i.e., it admits n+1
first integrals

1, ..
h=pi, .., In=pn, i1 = H = 3 (¢7()pip; +p2)

that are in involution, and, for any open subset U C T*C, these integrals are functionally indepen-
dent on a full measure subset of U with respect to the Liouville measure.
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Proof. It is clear that these integrals are functionally independent at least on the set where
p. #0. By (4) and (7), the momenta variables are in involution:

{pi’pj}zo’ ’i,j=1,...,n,
and, moreover, since H does not depend on z!,...,z", we have
{p‘l)H}:O’ 7:=1,...,7’L.

This proves the lemma.

Now, take a torus 7" C SM™ formed by the points with z =0 and p; = ... = p, = 0. Since
P1,---,Pn are preserved by the flow, the translation T' = Fj along the trajectories of the geodesic
flow per unit time maps the torus into itself:

(X,0) = (X,1) ~ (AX,0),

and we see that the dynamical system T': SM4 — SMj4 contains a subsystem isomorphic to the
torus automorphism A: T™ — T™. It is known that the topological entropy of a system is no less
than the topological entropy of any of its subsystems. Therefore, we conclude that

heop(T) > hiop(A) = > In |A].
)\j €ESp A, l)\jl>1

For proving the integrability of the flow, it remains to drop the first integrals pi,...,pn to SM4.
We cannot do that straightforwardly but can substitute them by some functions of p1,...,p, that
are invariant under the action of A and functionally independent almost everywhere.

4. PROOF OF THEOREM 1 FOR A WITH REAL EIGENVALUES

The action of A on M, generates the natural action on tangent vectors, the differential. We
expand the action of A onto T*M 4 by assuming that A preserves the form w. This action is also
linear in terms of pi,...,p,. Denote this action by A. It is uniquely defined by the equation

AT 0 0 1\(4 0\ [0 1
0 ATJ\-1 o/\o A \-1 0)°
which means that w is preserved and reads
ATA=1.

Let all eigenvalues of A be real. Then all eigenvalues of A are real. Take linear coordinates
P1,--.,Pn such that A attains its Jordan form:

where By is a diagonal matrix
Bg = diag(m, o ,/.Ll)
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and, for j > 1, each matrix Bj; is an n; x nj-matrix of the form

A 1.0 ... 0 0
A1 0 0

B]': 9
0 0 0 ... A 1
0 0 0 0 A

where n; + ... 4+ ni +1 =n.
Now, redenote the variables as follows:

Pisy---2Pn = q15-- 3G, P115 - -, Plngy - - - s Pkly - « - y Phny, -
Introduce the following polynomial:
Q=qi...qpli... PRk
Since A € SL(n,Z), we have AT € SL(n,Z) and, therefore, A = (AT)~! € SL(n, Z). This implies
detAv:,u,l...m/\’fl CL AR =1
Since

Q@ = (p1q1) - - - (@) (Aap1n)™ .. (Aekr1)™ = (p1- .. AT ... A29)Q,

this results in the following lemma.
Lemma 2. The polynomial Q is an invariant of the action of the operator A.

Before constructing the full family of first integrals, let us prove the technical lemma that we
will need.

Lemma 3. Let L be an operator acting on the ring R[p1,...,pn] of polynomials in py,...,py
as follows:

L'f(pla---:pn)=f(L’p17"'aL'pn)a fERLpl,"'apﬂ]) (9)

where
L-py = Aps, L-pr=App+pr-1 fork=2,...,n (10)

and X\ is a constant.
Then, for any k = 1,...,n, there is a polynomial Gy € Rlpy,...,p,] of degree k such that

1) Gy depends only on p1,...,pr+1 and has the form
pk+1Hk1(p1a v apk) + Hk2(p1a ce ’pk),

where Hp1,Hys € ]R[pl, e ,pk];
2) the operator L acts on Gy as follows:

L -Gy = )\ka +pf.

Proof. Let Vkl be the space of homogeneous polynomials in py,...,p; of degree k. It is clear
from (9) and (10) that L(V}) C V}.
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Notice that the linear operator
(L=X: v} -V} (11)

is nilpotent. Indeed, let us introduce the following order on monomials from Vkl :

p‘f‘...p?’<pf‘...plﬁ’ if o= forr>m and an < Gn.

Then L acts on any monomial F' = o pr* as follows:
P

L-F=XF+)Y D
J

where D; are monomials such that D; < F.
It is also clear that the kernel of the action (11) is generated by pk.
This implies that, in a certain basis e1,...,ex of V}cl, operator L takes the form

X 1.0 ... 0 o0

0 X1 ... 0 o0

(12)
APl

0 Nk

o O
o O
o O

where e; = pb.
Put Fi, = pk+1p’1“_1. Then we have

L-F, = M Fp 4+ Me-lpph=1,
Look for the solutions Hy and c; to the equation
(L = X¥) - Hy, = cxpf — M 1pppf ™, (13)

where H € Vi¥ and ¢, € R. In a certain basis e;,...,ex of V¥, the operator L has the form (12)
and, since the monomial pkp]f“l is not maximal in V}c’“,

k—1 __ X
pkpl = Z ajeJ.
jEN-1

The vectors ey, . ..,ex—_1 lie in the image of (L — A¥), and, therefore, equation (13) is solvable in Hj
for ¢y = a; \*~1. Take a solution Hj, to it. We see that Fj + Hy = pk+1p’f_1 satisfies the equation

L - (F, + Hy) = X¥(Fy + Hy) + cxpt.

If Cx = 0, then (F), + Hy) lies in the kernel of (L — A\¥), but (Fy + Hj) is not proportional to p%.
Hence ¢ # 0, and it remains to put

1
Gy =— (Fp+ Hy).
Ck

This proves the lemma.

These are some simplest examples of the polynomials Gy:

G1 = po, G = p3 — 2p1ps, G = p + 3pips — 3p1pops,
G4 = p3 — 4pips — 4p1p3ps + 2p2p3 + 4pipapa.

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 231 2000



52 BOLSINOV, TAIMANOV

Corollary 3. Given an action L on Rp1,...,p,] that satisfies (9), its natural extension to the
action on the space R(p1,...,pn) of rational functions in py,...,p, admits n — 1 almost invariant
rational functions functionally independent outside an algebraic subvariety of positive codimension.
These are

Jk:T, k=1,...,n—1,
Pt
which are transformed by A as follows:
1
Ji —) Jgp + — N
Notice that the functional independence follows from the fact that each polynomial G} depends

only on pi,...,pr+1 and is linear in pgi1.
Now we are ready to finish the proof of Theorem 1 for A with real eigenvalues.

Put e ( Q2>Sm(2”112||z§ll)’ Y/ =exp('@12‘) sin<2 11:11 |‘Zl,]])

To each series of variables pjy,..., Pjn;, We apply Lemma 3 and construct the polynomials
G1,.--.,Gn;—1. Now put

1 In Ip 1| Gl
Ijlzexp( Q2)sm(2 ln|/\J| Ig—exp( Q2)sm 27r/\j1—u—;1- ,

Gm-1
oy Iipy = ex ( )sm 27r/\ml m-
J p Qz ( p;r{ 1

; Gn-—l
.y Ljn; = exp (—@—5> sin (270\”J pnj’_l ) .
i1

These functions are smooth, invariant under the action of ﬁ, and functionally independent at
any fiber S;C outside a zero measure subset. In fact, outside this singular set, where they are
functionally dependent, these functions substitute pj1,...,pjn,;. ;e

The functions I1,...,I;,I1y,. .., Iy, are functionally independent at any fiber S;C, invariant
under A and, therefore, descend to functions on SM4. Since these functions depend only on the
momenta variables, they are in involution and are first integrals of the geodesic flow on M4.

We conclude that this family gives us a complete family of first integrals, and, therefore, the
geodesic flow on M4 is integrable.

The case of Theorem 1 concerning automorphisms A with real eigenvalues is established.

5. PROOF OF THEOREM 1 FOR n =2

The case when all eigenvalues are real is already considered. In fact, the case when A is not
diagonalized and therefore in convenient coordinates equals

o)

was the initial one discovered by Butler [3], and the case when A is diagonalized with real eigenvalues

was considered by us in [2].
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Hence we assume that X and X are eigenvalues of A and, since A € SL(2,Z), we have
A+Ae€eZ, |N=1L1

This means that A = cosp + isinyp and 2cos¢ € Z. The latter inclusion implies cos¢ €
{£1,£1/2,0}. If cosp = =£1, then A = %1, and hence X is real. Therefore, we are left with
the following cases: in the momenta coordinates p;, pa, the action A is a rotation by

It is clear that this action preserves

I (p1,p2) = pi + 3.

Put
1) = arcsin -
\VPi + P
and notice that A acts as
Y=Y+

Now we put
I(p1,p2) = Re(p1 + ip2)",

where ¢ = 27 /k.
It is easy to notice that the functions I; and Iy are first integrals of the geodesic flow on M4

that are functionally independent almost everywhere.
This proves Theorem 1 for n = 2.

6. PROOF OF THEOREM 2
Take linear coordinates u and v on T2 such that A of the form (3) acts as
u— A7 ly, v = Av (14)

with
3+v5

5
and also take a linear coordinate z on S! which is lifted to a coordinate on M, defined modulo Z.
These coordinates are completed by (py, py, p,) to coordinates on T*M, such that the symplectic
form on the cotangent bundle is

A=

w =du Adpy +dv Adp, + dz A dp,
and A acts on the momenta as
Pu — ADu, Pv — A—lpva Pz = Pz- (15)

Now the metric on M4 is
ds? = dz? + 2P A dy? 4 e A g2,
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and the Hamiltonian function on T*My4 is

1 _
Hzi(p3+e 2zln/\p12‘+6221n)\p3)'

There are three first integrals of the geodesic flow on the universal covering that are functionally
independent almost everywhere:

I = py, I, = Dv, Is=H.

Consider the restriction of the flow on the compact level surface SM, defined as

1
suta= (=1},

L. If pupy # 0, then the lift of a trajectory on the universal covering is trapped in the layer
616—22111)\ + C26221n/\ <1

with the constants ¢; = p:“; and ¢ = pg. This layer is invariant under the actions of Z2 by
translations by the vectors of the lattice A. Here 72 = R/A, and, in the coordinates u and v, the
vectors from A have irrational coefficients. There are two different kinds of such trajectories.

la. A trajectory for which
p2#0 or  pl#p]

lies on an invariant torus in SMy4 and its Lyapunov exponents vanish. These inequalities describe
the set on which the first integrals Iy, I, and I, are functionally independent.

1b. Trajectories with

P =ph—p;=0

form a submanifold that is evidently diffeomorphic to two copies of M4 corresponding to two
possibilities: p, = £p,. Each of this copies is fibered over S, and this fibration is induced by (1).
Since 2 = p, = 0 on such a trajectory, it lies on the level z = const, which is a torus with linear
coordinates v and v. The flow is linear in these coordinates and has constant velocities. Therefore,
the Lyapunov exponents for such a trajectory are zero.

2. Trajectories with p, = 0 form a submanifold N%. Since M is parallelizable, we see that N%
is diffeomorphic to M4 x S, and the flow on it is described by the equations

—22In)X_2 Y e2zln)\

Pu=0, P =Inde Dy U DPu, Z = p,. (16)

There are two invariant submanifolds of N*, which are
V+={pu:pv=0,pz=1}, V™ ={pu=py, =0, p, = ~1}.
Any trajectory with p, = 0 satisfies the inequality

2
e—ZZlnA < ot
Pu
and we see that the lift of such a trajectory onto the universal covering is not trapped into any
layer but just bounded in z from below. Hence,
Any trajectory on SMy4 with p, # 0 and p, = 0 is asymptotic to a trajectory from V¥ ast — oo

and asymptotic to a trajectory from V= as t - —oo.
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Since the metric is invariant with respect to the A-action and the action of (16) on the tangent

vector field
15}

‘= o

is trivial: F*(€) = €, we derive from (14) that the Lyapunov exponents corresponding to this vector
are positive:
msup L€
t—00 '5 l

3. The submanifold NV of SM, is defined by the equation p, = 0. It is analyzed in a completely
similar manner as N*, and we derive that

Any trajectory from NV with p, # 0 is asymptotic to a trajectory from V~ as t — oo and
asymptotic to a trajectory from V' ast — —oo.

We see that all trajectories in {N* U NV} \ {V* UV} are not closed, which implies that all
invariant Borel measures on N* and NV are supported by V* UV ~. Otherwise, it would contradict
the Katok theorem [5], which reads that, given an invariant compact manifold with an invariant
Borel measure with nonzero Lyapunov exponents, the support of the measure lies in the closure of
the set of periodic trajectories.

This completes the proof of Theorem 2.

> 0.

There is a natural invariant measure on V*, which is
du = du A dv A dz, (17)

and the measure entropy with respect to du equals the topological entropy of the automorphism A
of the torus, which is In A.

By the Bowen theorem, the topological entropy of a flow equals the supremum of the measure
entropies of the flow taken over all invariant ergodic Borel measures. For an integrable flow with the
first integrals Iy, ..., I, it is easy to derive from this ergodicity restriction for measures that there
are constants Cy, ..., Cy such that this supremum may be taken over all measures concentrated on
the level {I; = C1,...,I, = Cy,} (see, for instance, [16]). Knowing the first integrals of the geodesic
flow on M4 and the behavior of its trajectories, we see that the topological entropy of this flow is
the supremum of the measure entropies supported by V*+ or V~. However, for the restrictions of
the flow onto these sets, the topological entropy equals In A, and this establishes Corollary 1.

In fact, Theorem 2 describes the geodesic flow on the universal covering of M4, which is the
solvable Lie group SOL. This manifold is a model for one of Thurston’s canonical three-geometries.
Asymptotic properties of its geodesic flow were studied in [10], where some general results on
solvable groups were proved that imply that the Martin boundary of SOL consists of a single point,
and in [17], where a rather complex “horison” of the group SOL defined via the asymptotics of
geodesics was described.

Speaking about the geodesic flow on My, we would like to remind its first integrals that were
found in [2]:

1 ) lnpu>
1 DPuPu, 2 exp( p%pg) Sln( U ln)\ ) 3

It is easy to check, in view of (15), that these functions are invariants of A and therefore descend to
SM 4. They are the first integrals of the geodesic flow on SM 4, which are functionally independent
on a full measure subset of SMy,4.
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7. SOME REMARKS AND OPEN PROBLEMS

The problem of topological obstructions to integrability was posed by V.V. Kozlov, who also
found the first known obstruction: he proves that, if there is an analytically integrable geodesic
flow on an oriented closed two-dimensional manifold, then this manifold is homeomorphic to the
two-sphere 52 or the two-torus 72 [8, 9]. As shown by Kolokol’tsov [7], this is also true for geodesic
flows on two-manifolds that are integrable in terms of smooth first integrals, which are real-analytic
functions of the momenta. However, the following problem remains unsolved.

Problem 1. Can the Kozlov theorem be generalized to C*® metrics on two-manifolds with
geodesic flows integrable in terms of C™ first integrals?

Speaking not about integrability but on the existence of metrics whose geodesic flows have zero
Liouville entropy, we would like to recall the problem posed by Katok.

Problem 2. Does there exist a smooth (at least C?) geodesic flow with zero Liouville entropy
on a two-sphere with g > 2 handles? Or, more generally, does there exist such a flow on a closed
manifold admitting negatively curved metric?

There is a similar question for mappings which also belongs to Katok.

Problem 3. Does there exist a smooth (at least C11%) diffeomorphism f of an n-dimensional
torus T™ with n > 3 such that it induces an Anosov automorphism f.: Z"™ — Z"™ in homologies
(and, therefore, its topological entropy is positive) and its measure entropy with respect to some
wnvariant smooth measure on T™ vanishes?

A generalization of the Kozlov theorem to higher-dimensional manifolds was found in [14, 15].

It was shown that, if the geodesic flow on a closed manifold M™ is analytically integrable, then the
unit cotangent bundle SM™ contains an invariant torus 7™ such that its projection onto the base

T T C SM™ - M™

induces a homomorphism of the fundamental groups 7, : 71 (T") — 71 (M™) whose image . (71 (T™"))
has a finite index in w1 (M"):
[ (M™) : w71 (T™))] < o0.

This implies that

1) the fundamental group of M™ is almost commutative;

2) if the first Betti number b; (M™) of M™ equals k: b;(M"™) = k, then the real cohomology ring
H*(M™;,R) of M™ contains a subring isomorphic to the real cohomology ring of the k-dimensional
torus:

H*(T*,R) c H*(M™;R).

In particular, this implies that
bi(M™) <n=dim M (18)

3) if b1(M") = dim M™, then H*(T™;R) = H*(M™; R).

This result is valid for a more general case when the flow is not analytically integrable but so-
called geometrically simple and also is immediately generalized to the superintegrable cases when
there are more than n functionally independent real analytic first integrals and generic tori are
[-dimensional with [ < n (in this case, the “maximal” torus whose fundamental group projects into
a group with finite index is also I-dimensional).
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As shown by Butler [3], some of these topological properties do not obstruct C* integrability:
for Butler’s manifold, we have b; = 2; however, the fundamental group is not almost commutative,
and H* contains no subring isomorphic to H*(T?;R), although inequality (18) is valid. In fact,
this is true also for the geodesic flows on M4, where A is not an automorphism of finite order.

We would like to introduce the following

Conjecture 1. Let the geodesic flow on a Riemannian manifold M™ be integrable in terms
of C*™ first integrals. Then the following inequalities hold:

n!

Kl(n— k) (19)

be(M™) < b (T") =

These inequalities mean that, homologically, M™ is dominated by the n-dimensional torus.
They have already been mentioned in the reports of the second author (I.A.T.) in early 1990s. It
was derived by Paternain from the results of Gromov and Yomdin that, if the topological entropy
of the geodesic flow of a C'° metric on a simply connected manifold vanishes, then this manifold
is rationally elliptic (in the sense of Sullivan) [11]. He also mentioned that, by the results of
Friedlander and Halperin, the rational ellipticity implies inequalities (19).

Actually, it was Paternain who proposed the entropy approach to finding topological obstruc-
tions to integrability. He suggested to split this problem into two: proving the vanishing of
the topological entropy of an integrable geodesic flow and finding topological obstructions to the
vanishing of the topological entropy of a flow. The second problem has already been studied, and,
in addition to the results of Gromov and Yomdin that we have already mentioned above, we would
like to recall the theorem of Dinaburg, who proved that, if the fundamental group of the manifold
has an exponential growth, then the topological entropy of the geodesic flow of any smooth metric
on the manifold is positive [4].

Paternain found some conditions, mainly concerning the existence of rather good action-angle
variables on the set where the first integrals are functionally dependent, which, in addition to
integrability, imply the vanishing of the topological entropy [11, 12] (after that, some other similar
conditions were exposed in [16]).

He also conjectured that the topological entropy of an integrable geodesic flow vanishes and
that the fundamental group of a manifold with an integrable geodesic flow has a subexponential
growth.

In [2], we disproved both these conjectures in the C™ case. Since it is proved in [14] that,
if the geodesic flow is analytically integrable, then the fundamental group of the manifold has
a polynomial growth, we are left with the following real-analytic version of Paternain’s conjecture.

Conjecture 2. If the geodesic flow on a closed manifold is analytically integrable, then the
topological entropy of the flow vanishes.

We have already mentioned eight Thurston’s canonical three-geometries, which are the homo-
geneous geometries of S%, R®, H3, S? x R, H? x R, NIL, SOL, and SL(2,R). Here we denote
by H" the n-dimensional Lobachevsky space. Since the Lyapunov exponents do not vanish at any
point, there are no compact quotients of H® and H? x R with integrable geodesic flows. There
are well-known examples of compact quotients of R® and S? x R with integré"ble geodesic flows;
for example, flat tori 72 and S? x S!. The geodesic flow of the Killing metric on SU(2) = S3 is
also integrable. As was shown in (3] and [2], there are compact quotients of NIL and SOL with
integrable geodesic flows. Hence, it remains to answer the following question.

Problem 4. Do there ezxist compact quotients of SL(2,R) with integrable geodesic flows?
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