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1. BBEAEHHUE

B pasnuyHbIX NIPUKIAAHEIX O6IACTAX BO3HUKAET 3aa4a BEIMUCAEH U TOMOJOTHYECKHX XapaKTepH-
CTUK reoMeTpuyeckuXx o6 beKTOB CJIOXHOM (hOpMbL. DTO TIPUBEJIO K MOSBICHUIO BRIYUCIIUTENbHON TO-
TI0JIOTHH, KOoTopasi 6ypHO pasBuBaeTcs B nocienHee Bpems [1]—[3]. Kak npaBuno, 3agaya BeIYUCAU-
TEJILHOM TOTIONOTMM CBOAUTCS K 3(DeKTUBHOMY BRIMUCIEHHIO Yvcen BeTTH, T.e. paHTOB Ipyrnn romMo-
JIOTUIA.

OnavH u3 Haubosee paCHPOCTPAHEHHBIX MOAXOJO0B K BEIMHMCIEHHIO TPYIIIT FOMOJIOTHIT OCHOBaH Ha
Teopun Mopca [4], [5], koTtopast noysikHa GuiTh MOOUGHULIMPOBaHA IUISI UCCAEIOBAHHS THCKPETHO 3a-
IAHHBIX TeOMETPpUYECKUX 06beKTOB. IncKpeTHBIE MOAX0ABI K TeopuM Mopca u3yqainuch cUCTEMaTHIE -
cku B[1] 1 [6], a paznmuuHbie peatnsain IMCKPETHOM Teopuut Mopca 6bL1H paccMOTpeHbI Takke B [7]—[10].

B nanHo pabote MBI MpemaraeM MeTOX BhlYMCeHUA urcen beTTu TpexMepHbix Tei. [Ipu sToM Tena
3a/]a10TCA TIOCPENCTBOM OOBEIUHEHUS SIMHUYHBIX KYOMKOB C UeJIOUHCIeHHBIMU KOOPIUHATAMY Bep-
LUMH B TPEXMEPHOM €BKJIMOBOM MpocTpaHCTBe. [T1aBHON 0COBEHHOCTRIO TIPEINOXEHHOTO B 3TOH CTa-
The TIOIX0AA ABNSETCS

UCNOAbL308aHUE OUCKPEMHBIX AHAA0208 2AA0KUX GYHKUUT (om 08YX NepeMeHHbIX), Komopble Kpome
CMan0apmHusix HegblpoNCOHHbIX (MOPCOBCKUX) KPUMUMECKUX MOYEK UMEIOm MAKxice npocmeliuitie 8bipoic-
dennble Kpumueckue mouxu (8 Hawem cayuae — mouxi muna “obesvsneo cedra”).

CxeMa JaHHOTO NoIxona ciienyoas. PaccMoTpuM TpexMmepHoe Telo — o61acTs M ¢ rpaHUALIeH —
B TPEXMEPHOM €BKJIMACBOM MPOCTpaHcTBe. MBI paccMaTpUBaeM KPUTHUSCKUE TOYKH HEKOTOPOil nud-
thepeHuMpyeMoii (rnagkoil) GyHKUUY f, onpeneseHHoR Ha M, T.e. TOUYKH, B KOTOPBIX IpafiueHT QyHK-
LMY paBeH HyM0. 3HaueHUsT GYHKIMY f B 3TUX TOYKAX Ha3bIBAIOTCH KpuTtuueckumu, I1pu nepexone f
yepes KpUTHUYeCKUe 3HaYeHUS1 MEeHSIeTCsI TOTIONOoTHUA “MHOXecTBa cpe3a” { < const}. 1o Kkputnueckum
TOYKaM cTponTtes HenHo# xomiweke Gy = C, @ C, @ C, — rpanyupoBaHHasi KOMMYyTaTUBHas rpyIia.

KpuTiieckuM ToukaM oTBeqaloT oGpasylolire KoMuiekea C,, KaK BEKTOPHOTO MPOCTPAHCTBA HaL, MO~
neM Z, n3 1Byx sneMeHToB. HeBBIPOXIEHHON KPHTHYECKOI TOUKE MHIEKCa / OTBeyaeT 6asUCHBII 3/1e-
MeHT rpyrimsi C;, a BRIPOXACHHOM KPUTHYECKOM TOUKe TUTIA “06e3bsHbero ceuia” — aBa 6a3iCHbIX 3Jle-

MeHTa rpynnsl C,. [paaveHTHBIH NOTOK GyHKLIMHU f ONpeaesieT rpaHUYHbIE ONEPaTOPbl — TOMOMOp-
(u3Mbl KoMMyTaTUBHBIX Ipyr 0 C; — C; _ ;. JanbHeilllas JacTb aIrOpUTMa ABASETCA CTaHAapTHOM:

D PaBora Bemonnena npu GpunaHcoBoil nognepxke POOU (xox npoekta 11-01-12106-0dn-M-2011) 1 CoBeToM o rpan-
Tam [pesngenta PO (npoextht MIA-249.2011.1 n HILI-544.2012.1).
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MOCKOJBKY s11po Kerd romomopdusma 0: C, —= C,, comepxutes B ero obpase Im@, KoppeKTHO onpe-
AeNeHs! FpYNIbl roMonoruii (¢ koadduumentamu B Z,) Kak $paKTOp-IMpOCTpaHCTBa

- _ Ker(9,: C;—C,_))
T m3,: G, — C)

Pa3MepHOCTB /-0ii TPyIINbI TOMOJIOTHI KaK BEKTOPHOTO MPOCTPAHCTBA Hayl Z, HA3LIBAETCS i-blM YUCAOM
Bemmu npocmpancmea M o6o3Havaetcs yepes b;. Yncna Bettu by, b;, by, KOTOPbIE MOXHO UHTEPIIPETH -
pOBaTh KaK UACI0 KOMIOHEHT CBA3HOCTU, YUCIIO AUHEHHO HE3aBUCHMBIX OTHOMEDPHBIX LIMKJI0B U YHUC-
70 ObIp B M, ¥ ansTepHUpOBaHHAs CyMMa X, = by — b, + b, ABIAIOTCS OCHOBHBIMU TOTIONOTHUECKIMMHU
UHBapUaHTaMU Teaa M.

EctecTBeHHO, MBI paccMaTpHBaeM IUCKPETH3UPOBAHHYIO BEPCUIO 3TOTO anroputMa. Cileqyer oT-
METHUTB, UTO MMOCKOJIBKY TEJI0 UMEET pa3MEPHOCTh TPH, TO HAM JOCTATOYHO OrPAHUYMUTLCS TOMOJIOTH-
AMHU ¢ KosdduLeHTaMu B Z, [UTs1 TIONHOTO ONIMCAHUSA TOMOTOTMYECKUX XapaKTepuCTUK Tena M. Tak-
Ke MBI MOXeM BOCITOJIb30BAaTHCA NBOMCTBEHHOCTBHIO AjleKcaHepa ¥ BIYHCISThL TOJIRKO FOMOMOP-
busm 0: C; — C,. M1 He 6yzneM 31ech MOAPOGHO BIABATHLC B OOCYXKIEHME STUX BOTIPOCOB.

[Mockonbky MeI GysemM paccMaTpHBaTh TOJBKO OIpaHHUYEHHbIE Tejla, TO KaXAoe U3 HUX OyIeT pac-
CMaTpUBATHCH KaK BAOXKEHHOE B HEKOTOPbIi Ky6 K B TpeXMepHOM MPOCTPaHCTBE, AJITOPUTM BBIMUCIIE-
HUS MATPULI TPAHMYHBIX ONIEPATOPOB UMEET CIIOXHOCTBL O(n), TIe # — YUCII0 BEPIIVH (TOYeK C Lieouuc-

3
JIEHHBIMY KOOpAMHATaMHU) B Ky6e K, a CI0OXHOCTh HaxoxaeHHs yuces berru pasua O(n, ), tie n, — auc-
JIO KPUTHYECKHX ToueK DYHKIINM f.

Samedanue 1. CyurecTByeT GeCKOHEMHOE YHCLO PASNAYHDIX TOITOJOTHYECKUX THMNOB KPUTHYECKHX TOYEK AHATHTUYECKUX
ynxumit o1 # (1 2 2), ¥ ux KaaccudbUKanns 098Hb CI0XHA, 3 MOPCOBCKUX 0COBEHHOCTE — KOHEYHOE YUCA0, U TOMOROTH~-
HECKHE MTePECTPOIKY NOBEPXHOCTER ypoBHA DYHKLMM AT HUX TIOAHOCTHIO onicanbl. [ToaToMy B BEIMUCAUTEABHON TONOMO-
THH OPedroNaraloch HCHONb30BaTh (GYHKLIMH TOIBKO C MOPCOBCKMMHU OCOBEHHOCTSIMM LIS BLIYHCIEHHS TOMOAOTHIECKHX Xa-
paxkrepucTHK (CM. 3Ty cxemy Hike ). Ho mpy auckpernsannm, Kak oKasanoch, KIaccudruKailis KpUTHYECKUX TOUEK CTAHOBUT-
Csl KOHEYHOH, YTO COBEPIIEHHO €CTECTBEHHO, M, OMNCAB TOTMUJIOTHYECKHE TIEPECTPORKHM, OTBEYAIOUINE HEMOPCOBCKIAM

KPUTHYECKHM TOUKaM, MOXHO MCHONb30BaTs i 6onee oburie GyHKIHM 118 peain3alMy YKa3aHHO BEIIE CXEMBI, UTO Mbf
IEMOHCTPUPYEM B pasMepHoCcTh 3.

3ameqanne 2. CyniecTBYIOT ANTOPUTMBI HAXOXKACHUA Yncel BETTH CBA3HBIX TN 32 aCHMITOTHYECKH JIMHEHRHOE IO A KO-

JNYECTBO onepauuﬁz’, CYILIECTBEHHO HUCHO/Ib3YIOIME CIEUUpHKY TPEXMEpHOTO ciyyast (CM., Hatipumep, [11]). B peansnsix
NpUIOKeHUsX (B nocaeAyOX paboTax aBTOPOB), B KOTOPBIX MCTIOb30BA/ICS HALI [OAXOM, KOJTHYECTBO KPHTHYECKIX TOYEK
A, MajI0 TI0 CPAaBHEHHUIO € H, YTO JAET MpaKTH4ecKoe peuMyntectso. bosee Toro, npennoxeHHsI MeTon MoxeT GbiTh 0606MLIEH
Ha 6osTee BRICOKHME PA3MEPHOCTH.

2. KPUTUYECKUE TOUYKW JUATOHAJIIBHON ®YHKIIMU HA EBKJIUIOBOM KYBE

IMon snemenTapHbIM uuTepBanoM / ¢ R 6yneM noHUMath MHOXecTBO I = [/, [ + 1], 119 HeKOTOpOTO
! € Z. AHanorn4Ho, orpeaeasieM S/eMeHTapHBbLil KBaxpar Q = ILixLc RZ M 371eMeHTapHbIi Ky6 C =
=LxLxhLc R3, rze [y — aneMeHTapHble UHTEPBAJIHI,

Haiunm ocHOBHBIM 0GBEKTOM MCCAEIOBAHUS SBIIAETCA TPEXMEPHOE Telo M, aBisoiieecs oObeam-
HeHNeM 2JIEMEHTapHBIX Ky0oB, U jiexalliee CTPOro BHYTPU HEKOTOPO OrpaHuueHHOM 061acTi

K = [0, N]x [0, N] x [0, N]c R,

IS HEKOTOPOTO HaTypanbHoro N.

B neficreutensHoOCTH, MBI 6yAeM BBIYHCISI TS TOMOJIOTHH HE CaMOro Tela M, a IoCTPOeHHOTO 110 He-

MYy Teéjia M, KOTOPOC IMoJIy4JaeTcCs pacKjaeUBaHUEM ob1uMx BEPILUH U TPaHUYHBIX OTPE3KOB y TaKMX IMap

3/IeMEHTapHBIX KyOMKOB, BXOISILIMX B M, KOTOpbIE NepeceKaloTes TOMLKO ITO 3TUM OOLIMM BepIIMHAM
WIH OTpe3KaM. —

2 OTMeTUM, YTO CROXHOCTb 3D HEKTUBHLIX AATOPUTMOB BbIAEACHAS CBI3HBIX KOMNOHEHT pasHa O(n a(n)), tie a(n) — Mea-
JAEeHHO pacTymiaa GyHKums, obpatHas K GyHKIHY AKKSpMaHa,

JKYPHAJT BBIYMCAUTENBHOH MATEMATUKH U MATEMATUYECKOM ®U3UKM  Tom 53 Ned4 2013



Ob OJHOM YNCJIIEHHOM AJITOPUTME BbIYHMCIIEHUA 525

CaenaeM ITpU 3TOM IBa 3aMeUaHus: 1) paccMoTpeHHe Tela M CBSI3aHO C IIPUJICKEHHUSIMH aITOPUT-

Ma3); 2) camo teno M , 4 TOYHEEC TOIOJOTHYECKH 3KBUBAJCHTHOC €MY T€J0, MOXET OBITH peajin30BaHO

ob6belHEHEM DIIeMEHTapHBIX KyOoB B KyOe K’ Gonbilero pasmMepa, Kak NMokKasbiBaeT cielyloias KoH-
cTpykiums. Paccmotpum

K = [0,3N]x[0,3N]x[0,3N]
1 InHeitHoe oTobpaxkenue P(x;, Xy, X;) = (3x;, 3x,, 3x3) u3 K8 K. [loxoxum M' = P(M), T.e. M' — 310
rropasbuerve M, Ipy KOTOPOM KaxXIblid JICMEHTAPHEIH OTPEe30K pa3feasieTcss Ha TPH, a KaxXIablit aire-
MeHTapHBIN Ky6 — Ha IeBsTh yacteil. Teneps yaaauM Bee ajleMeHTapHbie KyObl B M, ripiieratolye xo-

Ts1 6b1 OLHO IpaHbIO K TpaHuLe OM’, TONy4YuB HOBOe KyGuueckoe MHOXecTBO M. B manbHelmux pac-
CYXNIeHUSIX Mbl IIpeanonaraeM, 4to M yXe MOJIYYEHO, €CIU 3TO HEOOXOAUMO, B peay/ibTaTe ONNUCaHHON
MnpeIBapUTENbHOI 00paboTKH.
B kauecTBe HyHKUUH f, oTipeneneHHOH Ha K, pacCMOTPHM “IHATOHAIbHYIO” (DYHKLMIO

SOy, X3 X3) = X+ x5+ X3

Kaxk 06519HO, MTOIOXUM
M = {x e M| f(X)<a}.

Ou4eBUIHO, YTO €CITU 4, < d, U MHOXecTBO f~!([a;, a,]) M M He COepXUT TOYEK C LIETOYUCTICHHBIMU KO-

opIOviHaTaMH, TO M" u M™ Tononorudecku SKBUBANTEHTHBI (cMm., Hartpumep, [4]). Takum obpa3om, npn
HeTipepbIBHOM M3MEeHEeHNH apameTpa a ot 0 1o 3NV u3sMeHeHue TOTOJOTHYeCKOTo THa MY MoXeT nipo-
WCXOOUTh JINIID [TPY TIEPEXO/IE @ Yepe3 3HAYEHUe BUIA a = x|, X,, X3), Tae x; € Z.

Ilycts &y, k5, k3 — TpO¥iKa HesbIX YKcen, Takast, uto v = (k, k», k3;) € K. [lonoxum

N(v) = {Xe M|px,~k]<1,i=1,2,3}.

Takum o6pa3om, N(v) COCTOUT W3 TeX U3 BOCBMM JIEMEHTapHBIX KyOMKOB, OKPYXKAIOLLMX TOUKY V U Jie-
xalmx B M, ng a = Av) v ona |b — a| < 1/6 nonoxum

NM = Nv)AM.
BylieM Ha3biBaTh TOUKY v € M KpUTHUeCKOM A1 (PYHKUIVU f, eCAU IS JOCTATOUHO MAasoro IMojloxXu-
TeNBHOTO € < 1/6 MHOXecTBa N M~ % N M*** He SBISIIOTCS TOTIO/IOTHYECKH SKBUBAIECHTHBIMM.

Jns Toro yToGH BEIACHUTDH TUN KPUTHUYECKON TOYKM, MBI KOAMpYeM KyOuku 13 N(v) cnepyiomimm
o6pa3oM. OKpecTHOCTH COCTOUT M3 BOCEMH 2JIEeMEHTapHBIX KYOMKOB, 10 OTHOIIEHUIO K LUEHTPAILHOM
LIEJIOYUCIIEHHOM TOUKe KaX[blii KyOUK MOXeT OBITh OIpenesieH U3MEHEHUsAMH TPeX KOOPIAWHAT, YbH
3HaueHMs Hosblile, TGO MeHbIle BHYTPH Kyba, ueM B v. Takum o6pa3oM, Kaxablit Ky6uK Koaupyercs

HabopoM Tpex 3HakoB “i++”. KyOuK, oTBevyaounii tlaHHOMy Habopy 3HaKOB, MOXET aubo nexarb B M,
aubo HeT. 3HAUNT MOXHO COTIOCTAaBUTh OKPEeCTHOCTH N(v) mapy MaTpyll

L f__ I__4 t+._+ ,

L. A NP P
TIE ty sy = 1, €CIU KyO 1€XKUT B M U 1y 4, = O B IPOTHBHOM ciiyyae.

Has3oBeM KpHTHYECKYIO TOUKY v € M HeBBIpOXIEeHHOIH, ecau N, M?** Tonosornyecku yCTpOeHO
Kak Teno N, M" %, K TpaHMLIe KOTOPOTO NpUKJIeeHa pyuKa UHAekca /, i = 0, 1, 2, T.e. BbINOJHAETCA OAHA
M3 TpeX BO3MOXKHOCTEI:

1) (“pyuka” uHnexca 0) N, M*~¢ nycTo ¥ BO3HWKAET HOBask KOMITOHEHTA CBSI3HOCTH N M %,

2) (“pyuka” uHIeKca 1) OKpecTHOCTH ABYX ToueK Ha rpanume N M’ ~*% coeMHAOTCA YTOIIIEHHBIM
OTPe3KOM (pyUKoit).

3) (“pyuka” unmekca 2) X Tpy64aToi (JIEHTOYHOIT) OKPEeCTHOCTH OKPY>XXHOCTH, JieXKalllel Ha rpaHuile
N M°~¢ npyKieuBaeTcs 1o CBOe G0KOBOH MOBEPXHOCTH YTONIUEHHBIA ABYMEPHBIA THCK, IPU 3TOM
rpaHUIIa TMCKa MTPUKIIEUBAeTCs K OKPYXKHOCTH,

by JanbHeRuMx paborax aBTOPOB ONMMCHIBAEMbIA HAMH AITOPUTM NPUMEHSIETCS Uil OLICHKH TOMOJOrHYSCKHX XapaKTepH-
CTUK HeTIHBIX KoLTekTopos. KonaexTop MofeaupyeTcs py NOMOLIN TPEXMEPHOTO TeNla, SABsHeIerocs obpeifHeHneM
TpexMepHhIX fuecek. [Ipy aToM cunraercs:, YTo MpoTeKaHne HedTH U3 0RO SAUEHKU B OPYIYIO IIPOUCKXOAUT TOIBKO Yepes
061IYI0 IBYMEPHYIO TPaHb, IPOTeKaHMe Yepes obiuee peGpo Wik BEPIIMHY OTCYTCTBYET. X0/l U3 3TUX NPAIOKEHNH, MbL
JLOMKHEL IPOBECTU NpeaBapuTeibHyo 0bpaboTKy M.
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B ocTabHBIX cayyastx GyieM Ha3bIBaTh KPUTUYECKYIO TOUKY BBIpOXIEHHOI. UKcio i Ha3oBeM WH-
IEKCOM HEBBIPOXIEHHOM KPUTUUECKOM TOUKH.

Creayomasi TeopeMa JIOKa3biBaeTCs1 HETIOCPEACTBEHHBIM MepeGopoM KOMOUHATOPHBIX THIIOB KpH-
THYECKHUX TOUYEK.

TeopeMa 1. Bce 6o3modcHble KOMOUHAMOPHBIE MUNDL KPUMUHECKUX MOYEK OnUCHIBUIOmMca 8 mabauye.

Tunst 1—14 omeeuarom neaviporcoeHHbim Kpumuueckum mouxam. ITocreonuii mun omeeuaem “obesvs-
Hoemy cedny” — & an1a0KoM cryuae oHo Modxcem Gbimb 3a0aH0 KAk Kpumutecrkas mouka (x, y) = (0, 0) gyni-

XYPHAJT BHIMUCAWUTEIBHON MATEMATUKU U MATEMATUYECKOM GMU3UKKM  TtoM 53 Ned4 2013



Ob OJTHOM YUCJIEHHOM AJATOPUTME BBIYHMCIEHUA 527

uuu flx, y) = x> — xy*; npu nepexode uepe3 smy mouxy npoucxodum npukieusarue 08yx pyuex pamep-
Hocmu 00uH.

[Myctb M, i =0, 1, 2, — MHOXeCTBa KpUTUYECKHMX TOUEK WHAeKca i. JUTa Kaxmoro o6e3bsHbero cemma v
no6aBUM K M| ABE TOUKU: cCaMy TOUKY v U ee dopManbHbiit “ayons” v'. Jast kaxnoro i =0, 1, 2 paccMoT-
PYM BeKTOpHOe NpocTpaHcTBo C; Hax Z, ¢ Ga3UCHBIMM 31eMeHTaMU U3 M;, UTo6bl TIOCTPOUTD LIETTHOM
KOMILIEKC, [T0 KOTOPOMY MOXHO BBIYHC/SITD TOMOJIOTMH, HEOOXOAUMO [IOCTPOUTDH TPAaHUYHBIE TUHEH-
Hble oneparopst 0, C; — Cyu 0,: C, — (.

3. TPADMEHTHBIN MMOTOK U TPAHHUYHBIE OTEPATOPDI

‘Ypanuem}ibu?'l TMOTOK MNMO3BOJACT ONUCATH IIPpoliecC ﬂpI/lK.JICﬁKP[ pPYy4eK, 4YTO N J1acT BO3ZMOXHOCTD Bbl-
YUCIWUTh TPAHUYHBIC OIIepaTOphl B LIEITHOM KOMIUIEKCE C* IMon TpaeKTOpI/ICﬁ TPagueHTHOI'O NoTOKa

MBI IIOHMMaeM NocCacHoBaTe/IbHOCTh BEPILUIUH M, O KOTOPBIM MOXHO HpOﬂTV[, CITYCKasICh 110 pe6paM
Otnuuue or rpagvieHTHOTo MOTOKa IafkKoi Q)YHKI.IPIF[ 3aKJIIO4YaeTCA B HEACTEPMUHUPOBAHHOCTHA, T.€.
U3 Kaxaon BePIUUHLI MOXHO, BOOOILIE roBOps, CMYCTHUTHCS HE B CAMHCTBCHHY1IO BEPILIVHY, JIC2KALLLYIO Ha
Bonee HU3KOM YPOBHE¢, HOCKOJIBKy MBI HCII0JIb3YEM IBOMCTBEHHOCTD AneKca.Hnepa, HaM DOCTaTO4YHO
OMpeIe/TUTh TOJBKO IPaAVeHTHbIA CITYCK U3 KPUTHUYECKUX TOUEK UHAEKCA OIUH B KPUTUYECKHAE TOYKH
WHIOEKCa HYJIb.

HaroMHAM, Y4TO MBI BHIYMCIISIEM FOMOJIOTHU ¢ KO3(dULMeHTaMu B niofie Z,, COCTOSILEM M3 IBYX
aneMeHToB 0 ¥ | co cneayoluuMHU NpaBuaaMu cJIoxXeHu1: 0+ 0=1+1=0,0+1=1+0=1.

Tlon kacatenbHBIM BeKTOpPOM £ = (v, €) € TM Mbi 6yieM ITOHUMATE MTapy, COCTOSIIYIO U3 BEPIIMHEL V
v pebpa e 3 v, nexamux B M. Msl 6ynemM HassiBaTh & BO3pacTaioOlIUM, eCU APYToil KoHell pebpa e pac-
ITOJIOXEH Ha 6oJiee BLICOKOM YPOBHe (GYHKIIVMH f, B IPOTUBHOM CJIydae, BEKTOD HAa30BEM YObIBaIOWUM.
Kpome Toro, Ha MHOXeCTBe KacaTelbHBIX BO3pacTalolinX (yObIBAIOIIMX) BEKTOPOB B HaHHOM TOUKe
(uKcHUpyeM ecTeCTBEHHBIH MOPANOK: peOpo Beerga KacareJbHO OJHOMY U3 TpeX KOOPHAMHATHBIX Ha-
TipaBJieHUiA, KOTOpbIE YIOPSAAOUEHBI CTAHAAPTHHIM 00pa3oM.

IlycTs v — kputuyeckast Touka GyHKLMH £, EciM v — ToUKa MHIEKCa HyJTb, TO B TOYHOCTH TpH Kaca-
TEJIbHBIX BEKTOpa BBIXOIAT U3 V, ¥ BCe OHU Bo3pacTtalowme. Ecu v — HeBbIpOXIeHHAss KpUTHYECKas
TOYKa MHIEKCa ONHH, TO pebpy Kax/10ro yObIBAIOIIETO KACATEABHOIC BEKTOPA, BEIXOASILETO U3 V, TTPU~
MUIIeM MeTKy S, IPUHHMAIOLIYIo 3HaueHHe +1 unu —1 crenyioumm obpasoM. CIHCOK BCeX THIIOB
KPUTHYECKUX TOYEK ITOKa3bIBAET, YTO BCe TaKHe pedpa Nexar Ha TpaHuue M 1 X He MeHee ABYX, Eciu
UMeeTCs poBHO ABa peGpa, TO OHO U3 HUX ITIOMETNM 3HaKoM & = +1, ipyroe — 3uakoMm S = —1, Ecin
pebpa TpH, To B2 U3 HUX O0A3aTeNBHO NPUHAIEXAT 3JIEMEHTAPHOMY KBalIpary, JexaileMmy Ha Kpawo M.
Torna 3T ABa Mbl TIOMETHM OJTHUM 3HAKOM (Hampumep, S = +1), a ocraslieecs — 3HakoM §= ~1.

Obe3vanve cedro, Ecnu v — 06e3bsiibe CeLI0, TO, KAK CKa3aHo BhIllle, HaMK nobGapieHa GUKTUBHAsS
TOYKa V', HAXOASILIASICSA BHIIIE V 10 YPOBHIO GYHKUMH f, TOBaBUM TakKe PUKTHBHOE pebpo vV, coenn-
Hsrolee v i v, Torna o6ba8uM BekTOpE! (v, (1, 0, 0)), (v, (0, 1, 0)), (v, (0, 0, 1)) u (v, vv') BospacTa-
oMy, CooTBETCTBEHHO, YORIBaIOIMMU HazoBeM BekTopsl (v, (0, 0, —1)), (v, v'v), (v, (=1,0,0) n
(v, (0, =1, 0)) (3mech MBI cuMTaeM, YTO KOHEL, KaXIOro HeHy/eBoro Bekropa (v, (a, B, ¥)) cosnanaer ¢
KOHLIOM BeKTopa (v, (o, B, 7)), a, B, v € {0, £1}.

[TycTe v — KpyuTUYecKasi TOUKa MHAEKCA HYJIb U V' — KpUTHYecKad TouKa uHiaekca oauH. I1apy kaca-
TeJbHBIX BEKTOpoB § = (v, €), &' = (V' e') Gymem Ha3bIBaTh 2padueHmHoil, eciu & — BO3PacTAIOIIHI BeK~
TOp, &' — yOBIBalOIUMI BEKTOP K BEINOMHEHH! YCIOBUSA. CYIECTBYET MOCIENOBATEBHOCTE BO3PACTAIO-
LIMX KAcaTeIbHBIX BEKTOPOB (¢, v)), =0, ..., k, Takasi, 4To ¢, = e, v = v, peOpo ¢; COSMUHSAET KOHLbI V; U
Vi ¥ e = €', M J1s1 11060 BepLINHBL V;, BEKTOP (V, €;) IO CBOEMY MOPSIIKY MPEBOCXOMUT BCE OCTAb-
HbI€ BO3pacTalollivie BEKTOPbI, BEIXOASIINE U3 IaHHOM BeplMHEI, U JexXallue B M,

B onucannoit cutyauv (41 TonbKo B Heit) 6yaem mucars € < £'. HazoBeM IpalueHTHBIM MOTOKOM
yHKLUNY fHa M COBOKYITHOCTb FPalEHTHBIX Nap KacaTeJIbHBIX BEKTOPOB:

GFM) = {(§,8))|8: e TM,i=1,2,E,<&;}.

Iyrem B M 6ynem Ha3bIBaTh COBOKYITHOCTb MOCIIENOBATEILHO MPOXOAUMEIX pebep B M. TyTh ¢, ..., €,

ob6pasoBaHHbIl peGpaMy e; U3 oTIpeiesie HUS Mpague HTHOM mapkl BEKTOPOB, 6yieM Ha3kIBaTh rpajiu-
€HTHBIM.

OnpenenyM JIMHENHBIN TPaHUYHBLI onteparop 8;: C;, — C, o dopmyie: -

o,(vy) = v§+ vy, Vi€ M|,
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rae

vo € {ve M|3E =(v,e), 38 = (v, ¢), S(e,) = +1,E <, },

V(_)_ € {V € M()IEI& = (V, e)o 3&1 = (Vl’ el)v S(el) = —ls g < gl}

HanomuuM, yto M 1 M|, — MHOXeCTBa XPUTHYECKMX ToueK HHAeKcoB 0 U 1.

3aMeTHUM, YTO laHHOe orpeneieHne KOppeKTHO, MTOCKOJIbKY U3 J1106011 TOUKH MHIEKCa OJUH BbIXO-
AT OBa y6mnaroumx KacaTeJbHBIX BEKTOPA, ITOMCYEHHBIX Pa3HbIMHU 3HaKaMHU. .l'lpn 3TOM BO3MOXHOCTb
CITyCKa €CTb 10 TeX MOopP, MOKa MbI (321 KOHEYHOE YHUCIIO LIATOB) HE JOCTUTHEM KPUTHYECKON TOUKM HH~

+ -
aekca Hyab. Kpome Toro, BepiIMHBI vy M Vv, ONpeAe/eHbl OMHO3HAYHO, TOCKOIbKY CITYCKAsiCh, Mbl
BCer/ia BLIOMpaeM KacaTesIbHbIH BeKTOp Hanbosbiuero nopsaaka, Haiee, eciay paccMOTpeTh rpagieHT-

+ -
HBIE TIYTH ¥, ¥ , CTIYCKAIOIUMECA K Vi, M V, , TO BMECTe OHH 06pasyIoT MyTh, OKPECTHOCTH KOTOPOIo

TIpeACTaBNIsAeT COG0M pyuKy MHIEKCAa OMH, KOTOpas [IPUK/IEHBAaeTCs TIpH fepexone QyHKLMH f uepes
sHadeHue flv,) (cM. pasn, 2).

PaccmoTpuM TpexmepHoe Teno M' = K\M — nonionHenue K M, u byHKUMI0 h = —f Ha HeM. OueBu-
Ho,uTo M; = M,_, i=1,2; My = M, U {py}, rae p, — yrioBas Touka Ky6a K, B KoTopoit hyHKLMS A
NpUHMMaeT MUHUMAIbHOe 3Hadenye. [lycte C; — BeKTOpHOE MPOCTPAaHCTBO Hal Z,, OPOXIEHHOE

aneMeHTamMu M; . Umerot mecto usoMopbuambt C; = C,_,,i= 1,2, u Cy = C, ® Z,, rae KOMIOHeHTa
Z, nopoxeHa T04Koii p,. [IpUMeHsIs KOHCTPYKIIHIO OTiepaTopa &, K 4, TOJyuaeM IpaHIYHbLA ONepaTop

' . 2 % ~
Oy €| — Cy. PaccMoTpum nBoiicTBeHHble TipocTpancTBa C,*, i = 1, 2, cocTodLIne U3 TMHEHHBIX
oS ] sk
¢bynkumit Ha C; co sHadeHHsIMH B Z,. UMetoT MecTo usomopduamsl C;* = C;, COTIOCTABNAOILME KaX-

noit pyHkumu Ha C; GopManbHYIO CYMMY TeX ToueK U3 M, , Ha KOTOpPBIX HaHHas GyHKIUA He obpama-
eTcd B HyJb. Oneparop J,, onpenessieT CONpsDKeHHbLA ollepaTop

TMonoxum
62 = BOICZ: C2 — C].

Teopema 2. Tomonozuu yennozo komnaexca Cy, = (C,, 8;) coenadarom c 2omonoeusmu npocmpancmea M
¢ koagppuyuenmamu 6 Z,: H(Cy) = H(M, Z,),i=0, 1, 2.

HoxasaremcTso. 15t KaX1oit KPUTHYECKOH TOUKHM MHIEKCa OMH CYLIECTBYIOT ABa IYTH, KOTOPbIe
CITyCKaloTCA B KPUTHYECKHE TOYKU MHAEKCA HYNb, TAKHE YTO KAXKAbIA MAET B Hallpas/ieHH, [TOMEYeH-
HOM pasHbiMM 3HaYEHUIMH S, DTO O3HAYAET, UTO OObEAMHEHHE ITHX IBYX [TyTeH JaeT HaM MyTh, COeIH-
HSIOLMH IBe KPUTUYECKME TOUKH MHOeKca Hyib. CliefoBaTeNbHO, (hopMaIbHasi CyMMa 3THX TOYeK Jie-
XuT B obpase 0. Mcnone3ysi craHgapTHbIE COOOpaXeHUs U3 Teopuu Mopca, MOXHO NerKo JOKa3aTh,
YTO €CJIH IBE KPUTHYECKME TOYKM MHIEKCa HYJb JIeXaT B OAHOM KOMITOHEHTE CBA3HOCTU, TO OHHU CO-
€IHHEHBI UEMOYKO Takux Nap rpagueHTHbIX TyTei. [IoCKONBbKY B KaXN0ii KOMIIOHEHTEe CBSI3HOCTU M
CYLUECTBYET XOTA Obl ONHA KPUTHYECKAs TOYKA MHAEKCA HYMb, TO Mbl MNOAy4Yuau, uro Hy(M) =

= Cy/Im(9,). Aanornuso, H'(M") = Ker(3,). Torna H (M") = Ker(d,). HanomMHuM, 4TO NpUBEACHHEIE
TpYTiTsl TOMOAOTMH H; YIOBIETBOPAIOT CAEAYIOUIUM paBeHcTBaM: H; (M) = H(M) misa i >0 u Hy(M) =
= Ho (M) ® Z,; npyiBeieHHbIE TPYNILI KOTOMONOIUii YAOBIETBOPSIOT AHANOTUYHBIM PABEHCTBAM.

Hasiee Ham MOHanOGUTCS CllefyloLIas TeopeMa IBOMCTBEHHOCTH AsleKcaHiepa (CM., Hanpumep, [12]).

Mycts A R" — xoMnaxTHBI rosmaap. Toraa UMeet MeCTO UBOMOPUM: -
H(R"-4:Z,) = H'™7'(4; Z,).
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B custy IBOICTBEHHOCTH U TIPUHATHIX HAMU OTIpeAesieHUi, rpynmna romonoruit Hy(M) = H, (M) =

=H (M) = Ker(0,). TakuM oGpazom, 0-s1 11 2-51 rpyTibl FTGMONIOrHid KoMIuiekca C, COBIIANAIOT ¢ COOT-
BETCTBYIOILIMMM TPyNItaMU FOMOJIOTHIT IpocTpaHcTBa M.

Ditneposa xapakrepuctuka y (M) MpocTpaHCcTBa M paBHa aJITePHUPOBAHHOM CyMMe KJIETOK Mio6o-
o KJIETOYHOTO pa3bueHns nedopMallHOHHOTO peTpaKkTa MpocTpaHcTBa M 1, BUacTHOCTH, ¥ (Cy), a Tak-

Xe aJIBTepHUPOBAHHON cyMMe uncen berrd, T.e. by — b, + b,. ITockonbky y(Cy) = by(C,) — b(Cy) +
+ by(Cy), MBI UMeeM

x(M) = x(Cx).

Ocranoce 3aMeTUTh, YTO b((M) = by(M) + by (M) — (M) = by(Cy) + by(Cy) — x(Cy) = b,(Cy), oTKyna
H (M) = H/(C,), mocKo/IbKY MBI paccCMaTpHBaeM I'OMOJIOTHH Halt nojieM. Teopema nokasaHa,

4. AJITOPUTM BBIYMCIIEHUS TPAHUYHbIX OITEPATOPOB

OrnvcaHHbBI BhIllIe TIONXOI MOXET OLITh AITOPUTMUIUPOBAH clieayoumm obpasoM. Ha Bxone ume-
eMmaccuB M = M(i,j, k], rnei,j, k= 1...N, cocTosImi U3 Hy/1eil U eIHHUIL, MPUYEM Hallle TPEXMEpHOe
TesIo M MBl OTOXIECTBISAEM C OObEeNMHEHNEM TeX IeMEHTApPHBIX Ky6oB [i, i + 1] x [j,j+ 1] x [k, k + 1],
7151 KoTopsix M{i, j, k} = 1.

Oran npeapapuUTenbHOR 06paboTKM 3aKITIOYaeTCs B cliefyiollleM. PactaruBaeM Maccis M B TpH pasa
B KaXIOM HallpasleHHUH, T.e. 3aMeHsieM ero MmaccuBoM M', M[i,j, k] = M'[3i + i, ¥ + 3/, 3k + k|1, i;,
Jiski1=0,1,2,i,/, k=1, ..., N. lanee, npucBauBaeM HYJIeBhIe 3HAUCHUS TeM aieMeHTaM M '[i, f, k], xo-
TOpbIE (€C/IM MX HHTEPIIPETUPOBATH KaK Kyosl [/, i + 1] x [/,7+ 1] x [k, k + 1]) nepecekaioTcs ¢ rpaHu-
ueli Tesa M 1o Lenoi KBaApaTHOM rpaHu,

Ha Bxo/ie OCHOBHOTO aJITOPUTMA MMeeM IpeABapUTENIbHO 00paboTaHHbiii Maccus M. Ha Brixome Mbl
nostyqaeM cnycku C0, C1 xputuueckux Touek MHIeKcoB 0 1 | (Kak onucaHo BbIlE, KAXIoe “06e3bsiHbe
ceio” maet Brian B Cl B BUe IBYX TOYEK MHAEKCA OIMH; 5TH CIMCKHU 3amaloT 6a3uchl B rpymnmnax C,
u C)) v matpuuy D = D[i, j], 3amaromyio rpaHMYHBIR oTiepaTop J,.

C Kaxnoii BepIIMHOM v MBI CBAXEM (hOPMATLHO COMPSKEHHYIO ¢ Hel BepinHy v'. PaccMorpum
¢yHxumio Ind, Kotopas s KaxXaoil BepliMHEl v &€ M Bo3BpatillaeT Tn6o ee MHAEKC (eC/TM OHa ABIAETCS
HeBmpomeHHoi?r KputHyeckoi unHaekca 0 wau 1), 1ubo 3HavyeHue —1, ecsii oHa siBisieTcs “obe3psi-
HBUM ceuiom”, IN60 —2, B OCTATBHBIX Caydasx. B cricke CO XpaHSTCS Kpnmqecxne TOYUKM MHAeKca 0, a B
crucke Cl — Kpu'mqecxne TOYKH MHIeKca | ¥ TOUKM v ¥ V' il Kaxmoro “obe3psiHbETO cemia” v.
®yukuus Num Bo3BpallaeT HOMEp KPUTHYECKON TOUKH MHOekca | B crivicke Ci. Kaxnoii BepiiuHe v
corocrasasieTcsi uucio GF(v) — HoMep HEKOTOPOM KPUTHYECKO! TOUKM HMHIEKCa HYJb, K KOTOPOMH
MOXKHO CITYCTUTBCA U3 Touku v. HakoHew, mwis kaxnoi Bepinutsl v GyHkiun Down_1 1 Down_2 Bo3-
BpalllaloT KOHIIb! YOBIBAIOIMX KacaTeabHbIX BeKTOPOB ¢ HauaioM v (Down_1 oTBeyaeT camoMy crap-
LIeMY BEKTOPY), HJIH TYCThIE 3HAUEHUS, €C/IM TAKUX BEKTOPOB HeT. [TpU 3TOM JUTST KpUTHYECKMX TOUEK
unaekca 1 dynkuru Down_1 u Down_2 Bo3BpallialoT BepIIMHbI, OTBeYaKOLMe YOBIBAIOIINM BEKTOpaM
pasHbiX 3HakoB. Eciu v — “06e3bsiHbe cel10”, TO MBI cyuTaeM (B 0003HAYeHUAX MpeabIAYLIero napa-
rpadha), uro Down_1(v) u Down_2(v) — 3T0 BeplIHEI, HAXOASAIHECS HMXKE V [TO HAMMPaBIeHUIO BeK-
TopoB (—1, 0, 0) u (0, —1, 0), coorBetcTBeHHO. [ conpsxeHHoi Bepuruuel, Down_1(v') = v, a
Down_2(v') — 3T0 BeplliHa, HAXOIAIAACA HIXE v 10 HanmpasiaeHHio Bektopa (0, 0, —1). Huxe npu-
BEIEHO OTMUCAHHE AITOPUTMA,

AsropuT™
Input: npeaBapuTeasHO 0OpaboTaHHbLA MaccuB M.
Output: cnyicku kputHueckux Touek CO u Cl, matpuiia D rpaHU4YHOTO ofepaTopa.
1:D:=0,00=;Cl =&
2: for Beputvust v € M do
3:if Ind(v) = 0 then Add(C0, v) —
4: GFH(v) ;= {Num(v)}
5:if Ind(v) = | then Add(Cl1, v)
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6: GH(v) ;= GF(Down_1(v))

7: if GF(Down_1(v)) = GF(Down_2(v))

8: then D(Num(v), Num(GF(Down_1(v)))) := |
9: D(Num(v), Num(GF(Down_2(v)))) :=1
10: if Ind(v) = —1 then Add(C1, v)

11: Add(Cl, v")

12 GH(v):= GRDown_1(v))

13: GRV') := GR(Down_1(v))

14; if GF(Down__1(v)) # G Down_2(v))

15: then D(Num(v), Num(GF(Down_1(v)))) :=1
16: D(Num(v), Num(GF(Down_2(v)))) :=1
17: if GF(Down_1(v")) # GF(Down_2(v"))

18: then D(Num(v'), Num(GF(Down_1(v')))) ;=1
19; D(Num(v"), Num(GF(Down_2(v")}))) := 1

20: if Ind(v) = ~2 then GF(Down__1(v))

JBaxabl NPUMEHUB 3TOT WITOPUTM K M U K ero fononHenuio M', noryauMm Marpuusl D1 u D2

rPaHUYHBIX oTiepaTopos &, u 8,. [Tocne atoro uncna Bertu HaxomaTea no dopmynam

by = dim(C0) — rank(D1),
by = dim(Cl)-rank(D!)-rank(D2), b, = dim(C2) - rank(D2).

ClOXHOCTD aJrOPMTMA MOCTPOCHUSI MATPULIBI TPAHUYHBIX OTIEPATOPOB (BK/II0YAsK MTPEXBAPHUTE N b-

Hy10 06pa6oTKy) paBHa O(n), roe n = N* — uricno BepiuH B K. J11si NOCTENYIOLIEro BHYUCAEHUS YUCE]]

. . . 3
Betrn HeobxonuMo BBIYMCIATE paHTu Matpull Di (Hampumep, metonom [aycca), uto Tpe6yet O(n; )

oriepaiyi, rue n, — oblliee YNCIO KPUTHIECKIX ToueK. CBA3b uKcel n U 1, B OOILEM Ci1yyae 3aBUCHUT OT
HCXOOHBIX JAHHbBIX.

10.

11.
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