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Abstract—The paper considers the interrelation between i-components of an arbitrary Pre-
parata-like code P and i-components of a perfect code C containing P. It is shown that each
i-component of P can uniquely be completed to an i-component of C' by adding a certain
number of special codewords of C'. It is shown that the set of vertices of P in a characteristic
graph of an arbitrary i-component of C' forms a perfect code with distance 3.

1. INTRODUCTION

It is well known (see [1]) that there are only two nontrivial infinite families of codes that are
both maximal and uniformly packed—these are the (closely related) families of perfect codes and
Preparata codes.

The paper reveals one more property reflecting the relation between Preparata codes and perfect
code containing them. The main subject of our study are components of Preparata codes and
perfect codes; the main tool is the component switching method.

By a component of a code we mean a subset of codewords allowing special-type transformations,
which change a code but preserve its parameters (code length, cardinality, and distance). Presently,
the switching method (method of independent transformations of different components of a code)
plays one of the main roles in studying the properties of perfect codes (see [2-4]); however, it should
be noted that the method has never been applied to Preparata codes.

Each Preparata code is contained in a certain perfect code, which is unique (see [5]). The
converse is not true in general. If, by switching of an arbitrary i-component (for the definition, see
Section 2), we pass from a Preparata code P to a Preparata code P’, what is the relation between
perfect codes C' and C’ that contain P and P’ respectively?

We show that any ¢-component of a Preparata code can uniquely be completed to an i-component
of a perfect code, and a switch of an i-component in the Preparata code induces in the ambient
perfect code a switch of the completed i-component only (Theorem 1). Thus, codes C and C’ are
obtained from each other by switching involving one coordinate ¢ only. As a consequence, we obtain
estimates for the cardinality of a minimal i-component of a Preparata code. We also show that
the set of vertices of a Preparata code in a characteristic graph of an arbitrary i-component of the
ambient perfect code forms a perfect code with distance 3 (Theorem 2).

2. NECESSARY DEFINITIONS AND STATEMENTS

Consider the n-dimensional vector space E™ over Galois field GF'(2) equipped with the Hamming
metric: the distance d(z,y) between vectors x and y (we will also call them vertices) is the number
of positions in which they differ. The weight w(z) of a vertex z is d(z,0™), where 0" is the
zero vertex, i.e., the vertex with all coordinates equal to zero. A set C' C E" is called a code of
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length n, dimension k, with code distance d if its cardinality is 2¥ and the distance between any
two codewords is not less than d.

A subset M of a code C with distance d is called an i-component of C' if the set
C'=(C\M)U (M @ e;)

is also a code with distance d, where e; is a vector with only one nonzero coordinate i € {1,2,...,n}
(in other words, an i-component of a code is a component whose transformation is chosen to be
inversion of an arbitrary coordinate i in each of the codewords, i.e., switching using coordinate 7).
The definition of a minimal (i.e., indecomposable into smaller components) i-component was in-
troduced in [6]. According to this definition, an i-component of a code can be either minimal or
composed of several i-components.

A code vertex u is called i-close to a code vertex v if it is at the minimum code distance from v
and differs from v in the ¢th coordinate. We call a vector w in E™ the i-direction of a code vertex v
if v @ w is i-close to v. Thus, i-directions of any code vertex are vectors of weight d (not necessarily
belonging to the code) with one in the ith position. For a code vertex v, the total number of its
i-directions is referred to as the i-degree of the vertex.

Following [7], one can easily prove the fact below:

Proposition 1. A subset M of a code C is an i-component of C if and only if together with
any of its vertices it contains all vertices i-close to them.

Proposition 1 immediately implies that, for an arbitrary coordinate ¢, any code can uniquely
be represented as a union of disjoint minimal i-components. A code is called distance-invariant if
the number of code vertices lying at a certain distance from a given code vertex does not depend
on the choice of this vertex but depends only on the code length and this distance. Any maximal
uniformly packed code is distance-invariant, see [1].

Proposition 2. Let C be an arbitrary mazximal uniformly packed code containing the zero ver-
tex O™ and the all-one vertex 1™. Then 0™ and 1™ belong to the same minimal i-component of C.

Let us prove this fact, which is a direct generalization of a statement proved in [8] for the case
where C' is a perfect code. Assume that 0" and 1" belong to different minimal i-components
of C. Consider the code C’ obtained from C' by switching only the i-component that contains 1™.
Codes C and ¢’ must have the same weight distribution with respect to the zero vertex. However,
this distance-invariance property is violated since 1" belongs to C' but does not belong to C’. A

Any code can be represented as a union of two disjoint sets: i-even and i-odd vertices. A code
vertex is called i-even (i-odd) if its projection with respect to the coordinate i is of even (odd)
weight. FEach of these sets is an i-component of the code if the code distance is odd. This partition
is called the trivial partition of a code into i-components. Indeed, if the code distance is odd, then,
for an arbitrary vertex, all vertices i-close to it have the same i-parity as this vertex and hence
belong to the same set in the partition.

Consider a distance-invariant code C' with odd code distance such that all of its vertices have
the same i-degree for some coordinate i. Let this i-degree be different from the number of all code
vertices lying at the minimum distance from an arbitrary vertex of the code. Then we have the
following statement.

Proposition 3. The code C defined above is partitioned with respect to the coordinate i into
two i-components of equal size.

Proof. It suffices to show that, in such a code, the sets Cy and C; (of i-even and i-odd vertices
respectively) are of the same cardinality; in this case, the required partition is the trivial one.
Consider a bipartite graph on the set of code vertices in which edges connect vertices of different
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i-parity that are at the minimum distance from each other. For any code vertex v, the set of all
codewords that lie at the minimum distance from it consists of a set of vertices of the same i-parity
(these are vertices i-close to v) and a set of vertices of i-parity different from that of v. By the
conditions imposed on the code, cardinalities of both sets are independent of the choice of a vertex v.
The considered graph is regular; hence, its parts Cy and C7 must be of equal cardinality. /A

Now let us proceed to codes of our interest.

A code C of length n with distance 3 is perfect if disjoint balls of radius 1 centered in the code
vertices cover the whole space E™. Perfect binary codes with distance 3 exist only if n = 2" — 1,
m = 2,3,.... They are of dimension k = n — logy(n + 1).

A code P of length n = 2*™ — 1 m = 2,3,..., is called a Preparata-like code (referred to as a
Preparata code in the sequel) if it has code distance 5 and dimension k = n — 2logy(n + 1) + 1.

Perfect and Preparata codes are maximal and uniformly packed and obey the antipodality
property: vertices v and v @ 1" either both belong to the code or both do not. The following fact
is known.

Proposition 4 (see [5]). Any Preparata code is contained in some perfect code, which is unique.

Denote by C(P) the perfect code containing a Preparata code P. Recall that the rank of a set
of vectors is the dimension of its linear span.

Proposition 5 (see [9]). The rank of a Preparata code is equal to the rank of its ambient perfect
code.

Any weight-k vector of E™ can be represented as a collection (i1, . . . i) of its nonzero coordinates
(we will use this representation as well as the vector representation; by @ we denote addition
modulo 2 for the corresponding vectors). A subset T of the set of weight-k vectors in E™ is called a
t-(n, k, X)-design if any t-subset of the set {1,2,...,n} is contained among nonzero coordinates of
exactly A vectors from 7T'. Minimum-weight codewords in a reduced (i.e., containing the zero vertex)
perfect code or Preparata code form, respectively, a 2-(n, 3, 1)-design or a 2-(n, 5, (n — 3)/3)-design
(see [1]). This means that, in each of these codes, with respect to any coordinate 4, all vertices have
the same i-degree. Therefore, Proposition 3 implies the following fact.

Proposition 6. A minimal i-component in a perfect code or Preparata code by any coordinate i
is at most half of the code.

It should be noted that in the case of a perfect code this bound is tight. Sharp upper and
lower bounds on the cardinality of a minimal i-component of a perfect code are given in [7,8] (see
also [10]).

Take any coordinate i in the set {1,2,...,n}, where n = 22" —1,m = 2,3,.... Denote by N (v)
and DY (v), respectively, the set of i-close code vertices and the set of i-directions of a vertex v of a
Preparata code P. Introduce the similar notations, N (u) and D®(u), for a vertex u of a perfect
code C.

For a perfect code, one can easily deduce the following statement.

Proposition 7. The set D€ (u), which consists of vectors of weight 3, defines a partition of the
set {1,2,...,n}\ {i} into pairs {j,k} such that each triple (i,j, k) belongs to D€ (u). We have

D€ (u)] = (n—1)/2.

Proposition 8 (see [1,5]). The set DY (v), which consists of vectors of weight 5, for any co-
ordinate j € {1,2,...,n}, j # i, defines a partition of the set {1,2,...,n}\ {i,7,k} into subsets
{¢,m,r} such that any quintuple (i,j,¢,m,r) belongs to D¥(v), where (i, k) is a triple from
DC®)(v). We have

IDP(v)] = (n—1)(n — 3)/12.
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By [1], each vertex w of the code C'(P) \ P is at distance 3 from the maximum number n/3 of
vertices of P; therefore, we have the following proposition.

Proposition 9 (see [1,5]). For any vertex w of the code C(P)\ P, the set {1,2,...,n} is par-
titioned into subsets {q,s,t} such that w @ (q,s,t) € P.

3. RELATIONS BETWEEN COMPONENTS
OF PREPARATA CODES AND PERFECT CODES

Consider an arbitrary reduced Preparata code P and an ambient perfect code C' = C'(P). Let a
set M be a minimal i-component of P for an arbitrary coordinate . We denote by P’ the Preparata
code obtained from P by switching of the i-component M with respect to the coordinate i. Denote
by C’ the code C(P’).

Let us define a one-to-one function f acting from P to P’ according to the following rule:

vde ifveM,
f(v) = :
v ifve P\ M.

Lemma 1. Let P, P, C, and C’ be the codes defined above. For any vector v in P, we have

D" (v) = D" (f(v)), (1)
D (v) = D (f(v)). (2)

Proof. Let v be a vector from P. Equality (1) obviously follows from Proposition 1 taking into
account the way in which P’ is obtained from P. Let us prove the equality of D (v) and D (f(v)).
Let (i,7,k) be a triple from DC(v). Assume that (i, 7, k) does not belong to D (f(v)); then, by
Proposition 7, the set D¢ (f(v)) contains a triple (i, ,£) with £ # k. According to Proposition 8,
the set D¥(v) contains a quintuple (i,7,#,m,r) for any coordinate ¢, ¢ # k, with some m,r €
{1,2,...,n} \ {i,j,k}. Equality (1) implies that (i, j,¢, m,r) belongs also to D*'(f(v)). Hence,
d(f(v) @ (i,7,£,m,r), f(v) & (4,4,¢)) equals 2, which is less than the code distance of the perfect
code €, a contradiction. Thus, the triple (i,7, k) belongs to D (f(v)); i.e., D¢ (v) € D (f(v)).
Similarly, one can demonstrate that D¢ (f(v)) € D (v). A

Theorem 1. Let a set M be a minimal i-component of a Preparata code P. Then the set

R = M UNY(M) is an i-component of the perfect code C, where N®(M) = |J N¢(v).
veM

Proof. Let us show that, for any vector v in R, the set Nc(v) is contained in R. If v € M, then
N€(v) is contained in R by the definition of N¢(M). Let v € N¢(M); then a vector u € M exists
such that v belongs to N (u). The vector u is contained in N¢(v) and belongs to R. Proposition 9
implies that u is the only vector in the set N (v) that belongs to P, and other vectors N (v)\ {u}
belong to C'\ P. Let us show that they are also contained in R. Take an arbitrary vector v; in
N€()\ {u}. Again by Proposition 9, there exists exactly one vector u; € P such that v; belongs
to N¢(uy). If we show that u; is contained in M, we will prove that v; belongs to N¢(M) and
hence to R. Assume that uy € P\ M. Consider the code P’. The vertex u belongs to M; therefore,
under the action of f it is taken to the vertex u @ e;. By Lemma 1 we have D€ (u) = D (u @ ¢;);
hence, v @ e; belongs to C’. By the assumption, we have f(u1) = uq; hence, v1 belongs to C’. Then
d(v ® e;,v1) = 2, which is less than the code distance of the perfect code C’. Thus, u; belongs
to M, and N¢(v) is contained in R. A

Remark. The constructed i-component R is the smallest (in cardinality) i-component of the
perfect code C containing the given i-component M of the Preparata code P. Obviously, any other
i-component of C' containing M must also contain the set N (M) and hence the set R.
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Consider the characteristic graph Gt = (]fl, E) of an arbitrary i-component R of the perfect
code O, where E = {(u,v) | u € N°(v)}. The graph GR is a regular graph of degree (n—1)/2.

Theorem 1 implies the following facts.

Corollary 1. We have |R| = (n+ 1)|M|/2.

Proof. In the graph G%, let us find the number of edges joining the sets M and N¢(M).
On the one hand, this number equals (n — 1)|M|/2; on the other hand, it equals [N¢(M)|. Using
the relation |R| = |M| + |[NC(M)]|, we get the desired equality. A

Corollary 2. We have 9"3 " —loga(n+1) <|M| < gn—2logy(n+1)

Proof. The lower bound is directly obtained from the known sharp lower bound on the cardi-
nality of a minimal i-component of a perfect code (see [8,10]):

n—1
2 2 <|R|.
The upper bound follows from Proposition 6. A

According to Proposition 4, the code C’ is uniquely defined by the code P’, and we have
C’' = (C\ R)U (R ®e;). This implies the following fact.

Corollary 3. Switching of an arbitrary i-component M in a Preparata code induces in the
ambient perfect code a switching of the smallest i-component R containing M .

Corollary 4. The rank of an arbitrary i-component M of a Preparata code equals the rank of
the smallest i-component R of the ambient perfect code such that M C R.

The proof directly follows the proof of Proposition 5 given in [9]. Without loss of generality,
we may assume (since the Preparata code is distance-invariant) that the i-component M contains
the zero vertex 0™ and hence, by Proposition 2, the vertex 1™. Denote by r(M) and r(R) the
ranks of the i-components M and R respectively. The set M is contained in R; therefore, we have
r(M) < r(R). Let us show that r(M) > r(R), i.e., any vector v in R is a linear combination of
vectors from M. Let v belong to R\ M; then, by the definition of R, there is a vertex u in M such
that v = u @ (4,4, k), where (i, 4, k) € D(u). By Proposition 8, the set D¥(u) contains precisely
(n — 3)/3 vectors which contain ones in the positions ¢ and j and are nonintersecting in the other
positions; denote the corresponding vectors of N¥(u) by u1, . .. YU Then, since (n—3)/3 is even,
we have the equality (i,j,k) = u1 @ ... D un-3 ® 1", whose right-hand side is a linear combination
of vectors from M. A ’

Consider the characteristic graph as a metric space with the natural metric: the distance between
two vertices is the length of the shortest path joining them.

Lemma 2. Let M and R be the above-defined i-components of the Preparata code P and the
perfect code C' respectively. The set M is a perfect code with distance 3 in the characteristic
graph Gt

Proof. Let v be a vector from R. A ball of radius 1 centered at the vertex v in the graph G is
the set {v}UNY (v); its cardinality is (n+1)/2. By Corollary 1, the set M meets the sphere-packing
bound for the graph G packed by balls of radius 1 centered at vertices from M. It remains to show
that no two of these balls intersect. Indeed, if for some vertices v; and vy from M the corresponding
balls intersect, then the distance d(vy,v2) is less than 5, which is not true since M is a subset of a
Preparata code. A

Theorem 2. Let P be a Preparata code, and let R be an arbitrary i-component of the perfect
code C(P). Then the set PN R is a perfect code with distance 3 in the characteristic graph GT.

Proof. The Preparata code P is partitioned with respect to the coordinate ¢ into several minimal
i-components. Each of them is uniquely completed to an i-component of C'(P) in the way described
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in Theorem 1. Thus, a partition of P into minimal i-components defines a partition of C'(P) into
i-components, not necessarily minimal. In other words, the characteristic graph of any completed
i-component can have several connected components. It follows from Lemma 2 that vertices of the
Preparata code form perfect codes in these components. Therefore, in each connected component
of GY(P)_ the intersection with the Preparata code P is a perfect code. The theorem follows from
the fact that any i-component R of the code C (P) is a union of minimal 4-components, and G is,
respectively, a union of connected components of the graph GE("). A

Theorem 2 has something in common with a remark in [5] that a Preparata code P can be
considered to be uniformly and closely packed in the perfect code C (P) (in this case, as an i-com-
ponent R, it suffices to take the whole code C(P)).

It remains to note that a Preparata code P is in a sense a “frame” for constructing the ambient
perfect code C(P) (see Propositions 4 and 5). Now we can say more: each i-component of a
Preparata code P is a “frame” for some i-component of the perfect code C'(P).

The author would like to express his deep gratitude to participants of the seminar Coding Theory
of the S.L. Sobolev Institute of Mathematics, Siberian Branch of the Russian Acad. Sci., for their
valuable remarks and suggestions.
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