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Abstract—A binary code is called Z4-linear if its quaternary Gray map preimage is linear.
We show that the set of all quaternary linear Preparata codes of length n = 2™, m odd, m > 3,
is nothing more than the set of codes of the form Hy , + M with

Hay ={y+Ta(y) + Sy(y) |y H"}, M=2H",

where T (-) and Sy () are vector fields of a special form defined over the binary extended linear
Hamming code H™ of length n. An upper bound on the number of nonequivalent quaternary
linear Preparata codes of length n is obtained, namely, 2"1°%2" A representation for binary
Preparata codes contained in perfect Vasil’ev codes is suggested.

1. INTRODUCTION

All Preparata codes presently known are contained in perfect codes belonging to the class of
Vasil’ev codes [1]. Indeed, the original Preparata code [2] and the series of codes [3,4] partition the
linear Hamming code (which belongs to the class of Vasil’ev codes) into cosets. Any Zg4-linear ex-
tended Preparata code [5,6] is also a subcode of a special Z4-linear Vasil’ev code (see Proposition 8).
The structure of perfect Vasil’ev codes, as well as that of their minimal ¢-components, is well known.
Using the relation between i-components of Preparata codes and perfect codes [7], one can get the
general representation for Preparata codes contained in Vasil’ev codes (see Theorem 1).

Zy-linear Preparata codes are considered separately. To study them, it is convenient to pass
to quaternary Gray map preimages of these codes. We show that the set of quaternary linear
Preparata codes of length n = 2™, m odd, m > 3, is nothing more than the set of codes of the
form H) 4 + M with

How =1y +Ta(y) + Sy(y) |y € H"}, M =2H",

where T)\(-) and Sy(-) are vector fields of a special form defined over the binary extended linear
Hamming code H" of length n (see Theorems 2 and 3). Using vector fields is convenient for the
description of various combinatorial objects (see [8]). In particular, representation in terms of
vector fields was proposed for some Preparata codes (see [9]). In [10], a relation between diameter
perfect ternary codes and Preparata codes is established; the construction suggested in [10], using
vector fields, resembles the construction of the present paper.

Sections 2 and 3 contain necessary definitions and facts for binary and quaternary codes. In Sec-
tion 4, Preparata codes contained in Vasil’ev codes are studied. Section 5 is devoted to represen-
tation of quaternary linear Preparata codes using vector fields. Section 6 contains an example of
such a representation for one known Preparata code.
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114 TOKAREVA
2. BINARY AND QUATERNARY CODES

Consider the field Zy of integers modulo 2 and the ring Z, of integers modulo 4. The set Z3
consists of all binary vectors of length n, i.e.,

Zy ={(x1,...,xn) | xi € Lo, i =1,...,n};

it is an n-dimensional vector space over Zs. Let & denote addition of binary vectors. The set Z}
consists of all quaternary vectors of length n, i.e.,

2y ={(x1, ... xn) | @i € Ly, i=1,...,n},

and is a module with addition operation + over the ring Z,4.

The Hamming weight, wg(+), of a binary vector is the number of its nonzero coordinates. The
Hamming distance, dg(-,-), between two binary vectors is the number of positions where they
differ. The Lee weight, wr(-), of a quaternary vector is the sum of weights of its coordinates,
defined as wr(0) = 0, wr(1) = wr(3) = 1, and wr(2) = 2. The Lee distance, dr(-,-), between
quaternary vectors x and y is defined as dp(z,y) = wr(z — y).

The sets Z5 and ZJ are metric spaces with respect to the Hamming and Lee metric respectively.
Elements of these sets will be referred to as vectors, or vertices. Note that any binary vector can be
considered as a quaternary one. Concatenation of binary or quaternary vectors x and y is denoted
by (z,y).

A binary code of length n is any subset of the metric space (Zy,dm). A quaternary code of
length n is any subset of the metric space (Z},dr). In what follows, we use notations from [5]. For
binary codes we use capital letters C, P, H, R, M, etc.; for quaternary codes, calligraphic letters
C, P, H, R, M, etc.

Code parameters (n,M,d) of a binary, or quaternary, code are its length, n; cardinality, M,
and minimum distance, d, between distinct codewords (in the corresponding metric). A code that
contains the zero vector O is called reduced.

Standard maps 8 and v from Z, to Zo are defined as

Zy B vy
0 0 O
1 0 1
2 1 1
3 1 0

and are coordinatewise extended to maps Z} — Z§. The Gray map ¢: Z} — Z3" is defined by

o(z) = (B(z),1(x)), for any @ € Zj.

It is known [5] that ¢ is an isometry of the metric spaces (Z},d) and (Z3", dy).

We denote the set of coordinates {1,2,...,n} by I. For binary vectors z and y of length n, the
vector x x y is (z1y1,...,TnYn). A vector x precedes a vector y (notation: z < y) if z # y and
x; < y; for all i € I, where < is the standard order on Zy. By |z| we denote the sum z1 @ ... ® x,.
For quaternary vectors x and y, we define z < y if o(x) < p(y).

Consider the group 5, of permutations of order n and the group J, of inversions on n coordinates
(by an inversion of a quaternary vector, we mean the replacement of elements of the ring Z4 in
some coordinates by the inverse elements; i.e., 0 is replaced by 0, 1 by 3, 2 by 2, and 3 by 1). Note
that the groups J,, and Z% are isomorphic. Two binary codes, C' and C’, of length n are equivalent
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REPRESENTATION OF Z4-LINEAR PREPARATA CODES 115

if there exist a vector x € Z% and a permutation 7 € S,, such that C' = 7(C") & x. Two quaternary
codes, C and C', of length n are equivalent if there exist a vector x € Z}, a permutation m € S,
and an inversion 7 € J, such that C = 7(7(C")) + . A binary (quaternary) code of length n
is linear if it is a subgroup of the additive group of the field Z5 (the ring Z}). A binary code is
called Z,-linear if there exists an equivalent code C' such that its preimage o ~!(C) is linear.

3. AUXILIARY DEFINITIONS AND STATEMENTS
3.1. Notion of an {i,j}-Component

Let us give some definitions for extended binary codes (in [11,12], analogous definitions were
introduced for codes with odd distances).

By e; we denote a vector of length n with one in the ith coordinate and zeros in the others.
A subset M of a binary code C'is called an {4, j }-component of the code for two different coordinates
i and j if the codes C and C' = (C'\ M) U (M @ e; & ¢;) have the same code parameters. Let two
vectors of a binary code be at the minimum code distance from each other, and let they differ in
coordinates ¢ and j. Such code vectors are called {i, j}-close. Any set of codewords which is closed
with respect to inclusion of {i, j}-close vertices is an {i, j }-component. Consider a graph on the set
of code vertices where {3, j}-close vertices are joined by edges. Each of its connected components
uniquely corresponds to a minimal (i.e., indivisible into smaller ones) {4, j }-component of the code;
it is called the characteristic graph of this {i,j}-component. The characteristic graph G of a
component R is a metric space with the natural metric: the distance dg(-,-) between vertices is
the length of the shortest path joining them.

3.2. Perfect Codes and Preparata Codes

A subset of a metric space is called a perfect code with distance 3 (briefly, a perfect code) if the
distance between any two of its elements is at least 3 and balls of radius 1 centered at code vertices
are disjoint and cover the whole space. It is well known that binary perfect codes exist only for
lengths n = 2™ — 1, m > 2, and are of cardinality M = 2"/(n + 1). Among them, only one code
up to equivalence is linear, namely, the Hamming code. A binary code of maximal cardinality with
distance 5 and of length n = 2+ —1, m odd, m > 3, is called a Preparata code; its cardinality, M,
equals 2"*1/(n + 1)2. For an extended binary perfect code C, we call its Gray map preimage
0~ 1(C) a quaternary perfect code (omitting the term “extended”). We call the preimage =1 (P) of
an extended binary Preparata code P a quaternary Preparata code. It follows from the definitions
that a quaternary perfect code has the parameters (n = 2™, M = 4" /4n, d = 4) for any integer
m > 1, and a quaternary Preparata code has the parameters (n = 2™, M = 4" /4n?, d = 6) for an
odd integer m > 3. We have the following result.

Proposition 1 (see [13]). Each Preparata code is contained in some perfect code, which is
unique.

For a Preparata code P, we denote the corresponding perfect code by C'(P) and in what follows
call it the base code. We need the following fact.

Proposition 2 (see [14]). For any binary Preparata code P of length n, each vertex of the code
C(P)\ P is at distance 3 from precisely n/3 vertices of P.

Note that the set of vectors of weight 4 of an extended binary perfect code C' of length n forms
a Steiner quadruple system of order n (see [14]). We denote this set by SQS(C).

Proposition 3 (see [15, Glagolev’s lemmal). A basis of an extended Hamming code H" of
length n can be chosen among vectors of SQS(H™).
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116 TOKAREVA
4. PREPARATA CODES CONTAINED IN VASIL’EV CODES

In this section we study general properties of Preparata codes with a base perfect Vasil’ev code.
Only binary codes will be considered.

Let us give a construction of widely known extended perfect Vasil’ev codes [1] using their rep-
resentation proposed in [16]. Let n = 2™, m > 2; let ¢ be a fixed coordinate from I. The set Ef
consists of all even-weight binary vectors of length n. Let us be given an arbitrary extended reduced
perfect code C" of length n and a function A\: C™ — {0,1} with A(0) = 0. Consider the sets

R={(z,2) |z € Eg},
Cr = {\W)ew Ay)e: @) |y € C™)

If we take for C"™ the extended linear Hamming code H™, we denote the set C'y by H). The set
VA=C\®R

is an extended perfect Vasil’ev code of length 2n (see [16]). By RY denote the coset of R corre-
sponding to a vector y from C", i.e.,

RY = R®vY, where v¥ = (\y)ei, AN(y)e; ).
It is easily seen that the set R coincides with R. From the definition of the code VC>‘ it immediately
follows that each set RY is its minimal {4, n + i}-component.

Proposition 4. For any vector y from C™, the metric spaces (G dg) and <Zg_1,dH> are
isometric.

Proof. It suffices to show that the spaces (G, dg) and (Z5~! dp) are isometric. Define a map
f:R— Zg_l as follows: for z € Ef let f((z,x)) = Z, where Z is the projection of = with respect
to the ith coordinate. It is easily checked that f is a one-to-one map. Let us show that it preserves
distance 1. Let dg((x!,x!), (22,2%)) = 1 for vectors x!,22 € E; then (2!, 2!) and (22,2?%) are
{i,n + i}-close vectors, i.e., differ in positions i and n + i, and the distance dgy((x!,z!), (:c2,x2))
equals 4. Hence we get dy(x',2%) = 2, and therefore dpy(2',7?) = 1. Isometries f,: RY — Zj~*
are defined similarly: f,((z,z) ®vY) =2. A

In [7], the following fact was proved, which we formulate in terms of extended codes.

Proposition 5. Let P be an extended Preparata code. Then, for any {i,j}-component R of its
base extended perfect code C(P), the set PN R is a perfect code with distance 3 in the metric space
(GT.dg).

We have the following theorem.

Theorem 1. Any binary extended Preparata code P contained in the extended perfect Vasil’ev
code
Ve ={(z ® Ay)ei,x @y ® My)er) | « € Ef, y € C}

1s uniquely represented in the form
P={(z®Aye;z0y®Ay)e;) |z € Cy, y e C},

where for eachy € C™ there is a specially chosen extended perfect code Cy of length n = 2™, m odd,
m > 3.

Proof. Let P be contained in VC)Y‘. For any vector y € C™, denote by MY the set PN RY. Since
the code V2 is divided into disjoint {i,n + i}-components RY, we have

P:PmVé:Pm( U Ry>: U ®Pnry) = |J Mmv.

yeCn yeCcn yeCn
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REPRESENTATION OF Z4-LINEAR PREPARATA CODES 117

By Proposition 5, the set MY is a perfect code in the space (G® dg). Let f,: RY — Zg_l
be the isometry defined in Proposition 4. Then f,(MY) is a perfect code in the space <Z§_1, dm).
Denote by Cj the extended perfect code of length n such that puncturing of its ith coordinate
yields the code f,(MY). Then we obviously have

MY =¥ @ {(z,z) | z € O };

substituting here the vector
0! = (Ay)ei, Ay)e: @ y),
we get the desired representation of P. A

All Preparata codes presently known are contained in perfect Vasil’ev code and can therefore
be represented via the construction of Theorem 1. For instance, for A(-) = 0 and C™ = H", the
Vasil’ev code V3 is a linear extended Hamming code. It contains a series of Preparata codes [3,4].
In Section 5 we show that an arbitrary Z4-linear extended Preparata code is contained in a unique
(up to equivalence) Vasil’ev code with a special function A. For this code, the codes C™ and C;L
in terms of Theorem 1 are cosets of an extended linear Hamming code H". The choice of cosets
is controlled by a function . Below, as a particular case of Theorem 1, we give a representation
for Z4-linear extended Preparata codes and establish a one-to-one correspondence between all such
codes and special shift functions ¢, defined on blocks SQS(H™). We show that constructing a shift
function is equivalent to constructing a Z,-linear extended Preparata code.

5. LINEAR QUATERNARY PREPARATA CODES
5.1. Base Perfect Code

Consider an arbitrary linear quaternary Preparata code P of length n = 2™, m odd, m > 3,
and its base quaternary perfect code C(P). Recall that the rank of a set of binary vectors is the
dimension of the linear subspace spanned by these vectors. By the rank of a set of quaternary
vectors, we call the rank of its Gray map image.

Proposition 6 (see [17]). The following statements hold true:

(i) The rank of any Preparata code equals the rank of the ambient perfect code;

(ii) The rank of any quaternary linear Preparata code of length n = 2™ equals 2™ —m — 1 for
m > 3, and equals 11 for m = 3;

(iii) For an arbitrary quaternary linear Preparata code P, its base quaternary code C(P) is also
linear.

Proposition 7 (see [18,19]). The number of pairwise nonequivalent quaternary linear perfect
codes of length n =2™, m >3, is |[m/2| + 1. All these codes are of different ranks.

Let an extended binary linear Hamming code H" and a coordinate ¢ € I be fixed. To present the
construction of a quaternary Vasi’ev code, it is convenient to assign to a function \: H" — {0, 1}
a quaternary vector field over H",

T\: H" — {0, 2¢;},

according to the rule
T\(y) =2\(y)e; forye H™.

The quaternary sets
R=2E;, Ha={y+T(y)lyeH"}

are the Gray map preimages of the binary sets R and H.
The following result is due to D.S. Krotov.
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118 TOKAREVA

Proposition 8 (see [20]). Any quaternary linear Preparata code is contained in a quaternary
perfect code equivalent to the code V%[ = Hy+ R with A of the form

Ay) = {0 if wg(y) =0 (mod 4),

1 if wy(y)=2 (mod 4), fory € H.

Proof. It follows from Proposition 6 that the code C(P) is linear and is of rank 2™*1 —m — 1
for m > 3, or 11 for m = 3. By Proposition 7, such a code is unique up to equivalence. Let us show
that this code is V%‘{ with the above function A. The definition of the map ¢ obviously implies the
equality

o(x +2y) = p(z) ® ¢(2y) for any x,y € Zj. (1)
Then we have
Vi =¢ {H) +¢ ' (R) = ¢ (Ha @ R) = ¢~ (V}));
ie., V%t is the Gray map preimage of the extended binary perfect Vasil’ev code. It is easily checked
that its rank equals 2™ —m — 1 for m > 3, and equals 11 for m = 3 (for details, see [21,22]). Let
us show that the sum v! + v? of any two vectors v! and v? of the perfect code V%l also belongs to
the code. Let

oF = oF + Ty (yF) + 22%, where 2Fe E}, JFeH", k=12
Let us use the equalities
vyt =y oy?) + 2y x P (2)

My' @ y?) = My") ® My?) @ Jy' = °); (3)

the first equality here is obvious, and the second is easily obtained from the identities
wi(y' ©y°) = way') +wn(y®) - 2wn(y' *y?),
wg(y) =2M\y) (mod 4), for any y in H".
Then we have
v+t = (vt o y?) + Ty + D) + 20y + Y @ ot @2’
= o)+ Dy ov’) +2y' v oal o @y xy?le),

whence follows the equality v! + v? = y + T\(y) + 2 for some z € E} and y € H™. Therefore, the

vector v! + v? belongs to Vﬁ. Thus, the linearity, code parameters, and the corresponding rank
of V{}[ are shown. A\

Throughout what follows, A(-) is the function defined in Proposition 8. Without loss of generality
we may assume that the code P is contained direct in the quaternary Vasil’ev code Vﬁ.

5.2. Representation of Quaternary Linear Preparata Codes

The Gray map preimage of a quaternary linear Preparata code has a representation given in
Theorem 1. The code C™ is H". For codes Cy, choose cosets of H" with the help of a function
v: H" — I. It is convenient to associate with ¢ a quaternary vector field over H™,

Sy H™ — {2e; +2e1,...,2¢; + 2e,},

according to the rule
Sy(y) = 2e; + 2ey,) forye H".

Note that the vector Sy (y) is contained in R. Consider the quaternary sets
M=20",  Hyy={y+Ti(y)+Su(y) |ye H"}.
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REPRESENTATION OF Z4-LINEAR PREPARATA CODES 119

Theorem 2. An arbitrary quaternary linear Preparata code has a unique representation in the
orm P = Hyy + or some extended linear Hamming code and a function : — 1.
P=Hry +M tended li H ' de H" and ti H"— 1T

Proof. It follows from Proposition 8 that each code P is contained in the code

V= U w+Taly) +R),
yeH™

and therefore

P= U (Pny+Tay) +R)).
yeH™

Let us show that for any y in H™ we can uniquely define Sy (y) as the least-weight vector such that
y~+Tx(y)+Sy(y) belongs to P. To this end, define v as follows. If the vector y+T)(y) is contained
in P, put ¥(y) = i; then Sy(y) = 0. Let y + T)\(y) be contained in C(P) \ P. It follows from
Proposition 2 that there exists a unique binary vector v of length 2n, of weight 4, with nonzero
coordinates i and n + i such that the vector p(y + Th(y)) @ v belongs to ¢(P). The preimage
¢~ 1(v) contains 2 in the ith coordinate. Since the Gray map is isometric, its weight is 4. From
the definition of V) it follows that the vector ¢ ~1(v) is of the form 2e; + 2¢; for some coordinate j
distinct from i. Put ¢(y) = j; then Sy(y) = ¢~ !(v). Using (1), we get

oy +Ta(y)) & ¢(Sy(y) = ¢y + Ta(y) + Sy(y)),

and therefore the vector y + T\ (y) 4+ Sy (y) is contained in P for any y in H".

Since the vectors y+ T\ (y) + Sy (y) and Sy (y) belong to linear codes P and R respectively, for y
in H"™ we have

PO(y+Tay) +R)=(y+Ta(y) +Sy(y) + P) N (y + Ta(y) + Sy(y) + Sy(y) + R)

=y +Ta(y) + Sp(y) + (PN (Sy(y) + R))
=y + Ta(y) + Sy( (PNR).

~— —

y) +
y) +
Then

P= U +Taly) + Sy(y) + (PNR)).
yeH”

It remains to show that the sets P N'R and M coincide. Indeed, from Theorem 1 it follows that
they are of the same cardinality, and the obvious inclusions M C R and M = 2P C P imply the
inclusion M CPNR. A

Proposition 9. A quaternary code Hy ., + M is linear if and only if for any y' and y? in H"
the function 1 satisfies the condition

Sp(y') + Sp(?) + Sply' @ y°) +2y" xy? + 2y * P e € M. (4)
Proof. Consider two arbitrary code vectors
oF =y + () + Sw(yk) +2zF,  where zF,y* e H", k=1,2.
Let us determine a condition for their sum v* 4+ v? to belong to the code. Using (2) and (3), we get
v o = (' @y?) + Tay') + Ta®) + Su(y') + Spy?) + 2y" *y* + 227 + 22%)
=W ey) + Dy @y°) + Su(y' @ y?) + (Suly') + Su(y?) + Sy(y' @ y°)
+ 2yt w2 4+ 2|yt x| e + 22t + 227).

Hence, v! +v? is a code vector if and only if the vector Sy (y') + Sy (y?) + Sy (' B y?) + 2yt xy? +
2|y! * 32| e; belongs to M. A
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120 TOKAREVA

Note that not every quaternary linear code H) , + M is a Preparata code.

Proposition 10. A quaternary linear code Hy + M is a Preparata code if and only if, for any
yty? € SQS(H™) such that y* @ y? € SQS(H™), the function 1 satisfies the following conditions:

L Sy(y') #0;
2. Sw(yl) A 2y1; (5)
3. Syply' @ y?) # 2yt * y2

Proof. Let us verify that these conditions are necessary and sufficient for the code distance of
Hy,y + M to be 6.
The necessity is checked directly. The weight of any code vector

v=y+Tx\(y)+ S¢(y) + 22, where z e H", yeSQSH"),

is at least 6. Note that by the definition of the vector field T\ we have T)(y) = 0. Then, if
Sy(y) =0 or Sy(y) < 2y, for x = 0 we have w,(v) = 4, a contradiction. If Sy(y) = 2y’ * y? for
some y', 4% € SQS(H™) such that y = y! @ 32, then for x = y! we also get wy(v) = 4.

Let us check the sufficiency of conditions 1-3. Since the code Hy 4 + M is linear, it suffices to
show that the minimum nonzero weight of its code vectors is 6. An arbitrary code vector

v=y+Tx\(y) + Sy(y) + 2z, where z,yec H",

has an even weight. We have
wr(v) = wr(y).

Therefore, we may in the sequel restrict ourselves to the cases wr(y) = 0 and wr(y) = 4; in each
of these cases, we have T)(y) = 0. One easily verifies the inequality

wr(v) > wr(x).

Indeed, if wr,(y) = 0, or if wr(y) = 4 and = = y, the inequality is obvious. If wz(y) =4 and = # v,
we have

wr(v) > wp(y + 22) —4 = wr(y) + 2wp(x) — 2wr(x xy) —4 = wp(z) + wr(z ®y) — 4 > wr(x).

Therefore, we shall only consider vectors x with wr(x) < 4. Thus, we have to verify the code
distance in the following cases.

Case 1. If wr(x) = 0 and wr(y) = 0, then v is the zero vector.

Case 2. For wr(x) =4 and wr(y) = 0, we have w(v) = 8.

Case 3. For wr(x) = 0 and wr(y) = 4, conditions 1 and 2 imply wz,(v) > 6.

Case 4. Let wr(z) =4 and wr(y) = 4. If © = y, then, similarly to Case 3, we have w,(v) > 6.
For = # y let us use the inequality wr, (v) > 4. Assume that wy(v) = 4. Then the weight-4 vectors
x and x @ y satisfy Sy (y) = 2(z * (r @ y)), and therefore condition 3 is violated. Thus, since the
weight wr(x @ y) is even, we have wr,(v) > 6. A

Propositions 9 and 10 imply the following result.

Corollary 1. A quaternary code Hy  + M is a linear Preparata code if and only if 1 satisfies
conditions (4) and (5).

Proposition 11. Let a basis of a linear code H™ be fixed. Then an arbitrary collection of values
of ¥ on the basis uniquely determines 1 so that it satisfies condition (4).
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REPRESENTATION OF Z4-LINEAR PREPARATA CODES 121

Proof. Let D be the set consisting of all vectors of H" where values of ¢ are already defined.
Initially, D contains basis vectors only. Let us extend D to H™ with the help of condition (4).
Using the fact that the vector ey,1) @ €y y2) ® eyyray2) Dy’ *y> @ ([y' +y?| @ 1)e; belongs to H™ for
any vectors y',y? € D, we uniquely define ¢(y' @ y?). Indeed, the vector Ey(yl) D ey(y2) D Yl * g2
upon puncturing the ith coordinate in H™ will be at distance at most 1 from some codeword. If the
distance is 1, let ¥ (y! @ y?) indicate the direction towards this codeword. If the distance is 0, put
Yyt ©y?) =i. Add the vector y' @ y? to the set D. Proceeding in this way, we uniquely extend 1)
to the whole code H". A

5.8. Quaternary Linear Preparata Codes and Translation Functions

For a fixed coordinate ¢ € I and a binary extended Hamming code H™, let a function ¢p: H® — I
satisfy conditions (4) and (5). From Propositions 3 and 11 it follows that v is uniquely reconstructed
from its values on the set of weight-4 vectors of H™. Therefore, it is reasonable to consider the
restriction ¢ of 1 onto SQS(H™), which we call a shift function. Let us substitute the expressions
for T(-) and Sy(-) into (4) and (5). Then we have an equivalent definition for ¢ which follows.

A function ¢: SQS(H™) — I\ {i} is a shift function if, for any y',4? in SQS(H™) such that
y' @ y? belongs to SQS(H"), the following conditions are satisfied:

L€ ® ey £yl

2., Eo(ylay?) 7& yl * yQ;

3. ¢4 ) ) € (y2) ) Ep(yl By?) D yl * y2 e H™.

Theorem 3. For any coordinate i there exists a one-to-one correspondence between the set of all
different quaternary linear Preparata codes of length n and the set of all pairs (H", ), where H™ is
a binary extended linear Hamming code of length n, and ¢: SQS(H™) — I\ {i} is a shift function.

Proof. According to Theorem 2 and Corollary 1, the set of all quaternary linear Preparata
codes of length n is covered by codes of the form H) , + M, where H" is an extended Hamming
code and 1) satisfies conditions (4) and (5). For a fixed H", there is a one-to-one correspondence
between the set of such functions 1) and the set of shift functions ¢. Then to an arbitrary linear
quaternary Preparata code we uniquely assign a pair (H™, ¢).

It remains to show that different pairs (H{, ¢1) and (HY, ¢2) correspond to different Preparata
codes P; and Py. If we have H" = H3 and ¢ # @2, then the codes P; and P, are obviously
different. If HT' # HZ, then, due to the equalities 2P; = 2H* and 2P, = 2H3, the codes P; and Ps
are also different. A

Corollary 2. For the number of nonequivalent quaternary linear Preparata codes of length n
we have an upper bound 2710827

Proof. By Proposition 11, the number of different shift functions for a fixed extended Hamming
code and fixed coordinate 7 is at most (n — 1 — logyn)" 1. A

6. EXAMPLE OF DESCRIPTION OF ONE QUATERNARY LINEAR
PREPARATA CODE USING A TRANSLATION FUNCTION

Let us present a construction of a known quaternary linear Preparata code [5] and determine
the pair (H™, ) corresponding to it according to Theorem 3.

With the help of the standard map = : Zy — Zs given by the rule 0 =2 =0and 1 =3 =1
(see [23]), define the ring homomorphism

- : Z4[X] — ZQ[X]
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which takes a polynomial ag+a1; X +...4a, X™ to ag+a1 X +...+a,X". For any natural number m
there exists a reduced polynomial h(X) € Z4[X] of degree m such that h(X) divides X2 1 —1
in Z4[X] and h(X) is a primitive polynomial of degree m in Zy[X]. Let (h(X)) denote the ideal gen-
erated by h(X). Then the quotient ring Z4[X]/(h(X)) is the Galois ring GR(4™) and coincides with
the ring Z4[¢], where £ = X + (h(X)). Note that € is a root of h(X). Consider the homomorphism

1 Za[X]/(W(X)) — Zo[X]/(h(X)).

Then the element £ equals X + (h(X)) and is a root of the primitive polynomial ~A(X). The ring
Zo[€] is the Galois field GF'(2™). Thus, the map

D Za[g] — Zof€]

defines a homomorphism, which takes ag+a1&+. . .4+a,£™ ! to ag+a E+. . .—l—an§m71 (see [23, Chap-
ter 6]).

An arbitrary element of GR(4™) is uniquely represented in the form

a+2b fora,beT, WhereT:{0’175752’”.@%_2}'

The quaternary linear Preparata code P(m) of length n = 2, m odd, m > 3, is defined by the
parity-check matrix

111 1 ... 1

0 1 ¢ & ... e2)

The base quaternary Vasil’ev code V%‘{ has the parity-check matrix

11 1 1 .. 1

0 2 26 262 ... 2a"n2)°
By Theorem 2, to P(m) corresponds a binary extended linear Hamming code H", which is uniquely
determined by the equality 2P = 2H™. It has the parity-check matrix

111 1 ... 1
01 ¢ & ... &7
Let the coordinates be enumerated as follows:

I ={00,0,1,2,...,n— 2}

Let us assume that £€*° = 0. Then we easily establish a correspondence between the sets [
and 7, assigning to i the element £'. Let us select the coordinate oo and define a shift function
p: SQS(H™) — I'\{oo}. For any vector y in SQS(H™) with nonzero coordinates j, k, £, m, we have

j l
dret e+ =0,
Hence, '
&gt rem=ag
for some r in I. Note that £" # 0; i.e.,  # oo since otherwise the code P(m) would contain the
vector y of weight 4. Then the equality & +&F +£64-¢™ +2¢" = 0 implies that the quaternary vector

Y+ 2eo + 26,

belongs to the code P(m). Set ¢(y) = r. Thus, y + T)\(y) + Sy(y) is a code vector. The pair
(H™, ¢) corresponding to the code P(m) is well defined.

The author is deeply grateful to F.I. Solov’eva for fruitful discussions and valuable advice.
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