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OBOBIIEHUY BEHT-®YHKIINN. OB30P PABOT *)

H. H. Tokapesa

Awnnorauus. Benr-dyukiun (Gynessl dbyHKINM, 001a/aM0IIHe IKCTPE-
MaJIbHBIMK HEJIMHEHHBIMU CBOWCTBAMM) UHTEHCUBHO M3Y4AIOTCA B CHILY
CBOUX MHOTOYHCJIEHHBIX IPUJIOYKEHUY B KPUNITOIPAMDUN, TEOPUH KOJIUPO-
BaHUs U APYrux obsactsax. HoBble TOCTAHOBKY 3a/1a9 IPUBOAAT K 00JIb-
IIOMY YHUCJTy 0DO0OIeHuit OeHT-PYHKINI, MHOTHE U3 KOTOPBIX OCTAIOTCSI
MaJIO U3BECTHBIMHU CIIEIMAINCTaM B obsacTu OyseBbix dynKnmii. x cu-
CTEMATHIECKUT 0030 IPEJJIaraeTcsl B HACTOSINEN CTaThe.

KuaroueBbie ciioBa: Oynesa dyHKIWMsA, Mpeodpa3oBanne Youa — Aia-
Mapa, HeJiuHeHoCTh, OeHT-pyHKImsa, CDMA.

BBenenune

Tepmun «obo61ERHAsT 6eHT-DYHKIUA» YIIOTPEOIISETCs JTOBOJIBHO YaCTO.
W nourn KaxkIplil pa3 OH O3HAYAET HEYTO HOBOE. BeHT-DYHKIMY B CUJTYy CBO-
X MHOTOYUCJ/IEHHBIX ITPUJIOXKEHUH B Teopun uHMOpMAINU, Kpunrorpaduu,
TEOPUHU KOJUPOBAHUs U JIPYTUX ODJIACTAX MHTEHCUBHO uidydaiorcs. Hobbre
ITIOCTAHOBKU 3a/1a4 IIPUBOJISIT K BOSHUKHOBEHHUIO OOJIBIIIOTO YHCIa 0000IIeHm
OerT-pyHKIU, pa300dpaThcst B KOTOPBIX CTAHOBUTCS BCE TPY/IHEE.

B macrosieit crarbe mpejiaracTcs CUCTEMATHIECKUI 0030p CYIIECTBY-
oIMx 06001eHnit 6eHT-DYHKIMI 1 cJleJaHa HOIBITKA YCTAaHOBUTD (Tjie 9TO
BO3MOXKHO) B3aMMOCBSI3M MEXKJy pas3JndIHbiMu 0600menusMu. Crarbs Mo-
JKeT PacCMaTpUBaThCsl Kak 1pojoskenue o63opa [17]. [Ipeamonaraercs, 1ro
qUTaTe b 3HAKOM C OCHOBHBIMU Pe3yJIbTaraMu B obsiacTi OeHT-DyHKITNH.

O60061IeHnsT GeHT-DYHKIUN pas3jie/ieHbl Ha HeCKOJIBKO rpymi. Cpa3y or-
METHM, 9TO pa3jiejieHne JIOBOJBHO YCJIOBHOE, HO OHO IOKA3aJI0Ch YIOOHBIM
JUTST M3JIO2KeHUst MaTepuaJia. [Ipu onucannu kaxk1oro o0o0IIeHnsI BHUMAHHE,
[0 BO3MOXKHOCTH, ODpaIaeTcss Ha TO, KOrJa, KeM U IoYeMy OBLIO BBEIEHO

“)lcceioBaHIe BBITIOJHEHO TP (DUHAHCOBOH MOIEp:KKe I'paHTa llpesmmeH-
ta P® s mosozpix poceniickux yaenbrx (rpanr MK-1250.2009.1), Poc-
cuiickoro donga GyHmaMenTaababix uccaenoBanuii (npoektsr 08-01-00671,
09-01-00528) u OIIII «Hayunble u HAyIHO-IIEJATOIMYECKIE KAJPbl MHHOBA~
rronnoit Poccnms na 2009-2013 rr. (roc. konrpakr 02.740.11.0429).

(© 2010 Tokapesa H. H.



34 H. H. Tokapesa

00001IIeHre; KaKoM BUJ UMEIOT (DYHKIMH U IpeobpaszoBaHue Youma — Ama-
mapa (uan @ypbe), Kak IPABUIO BOSHUKAIOIIEE B KAYXKJIOM CJIydae; KaKue
M3BECTHLI PE3y/IbTAThl O JAHHOM OOOOINEHNN; KaK paccMarpuBaeMoe 0000-
IeHne CBA3aHO ¢ apyruMmu U T. 1. [lo kaxxomy oOOOIIEHUIO IIPUBOJISITCS CO-
OTBETCTBYIOIIUE CCHLIKU.

[IpuBeném CTPYKTYPY CTATBU TO PA3/IEIaM.

Pazn. 1. Anrebpanueckue 0600menust 6enr-dbyuknuii (¢-3Ha4HbIE GEHT-
dyuKImT; 6eHT-QYHKIINN Hal KOHEIHBIM 10JIeM; 00001EHHbIe OyIeBbI OEHT-
dbyukiun; 6eHT-QyHKINN 13 KOHEYHON abeIeBOil IPYIIbl B MHO2KECTBO KOM-
[JIEKCHBIX YHUCEJ €IUHUIHON OKPYKHOCTHU; OeHT-(DYyHKINN U3 KOHEYHOH ade-
JIEBOIl I'PYIIBI B JPYIYyI0 KOHEUHYIO abejieBy rpyly; BeKTopHble G-OeHT-
dyuknmn; MHOroMepHbIe 6eHT-MYHKINI Ha KOHETHON abesIeBoil rpyiiie)

Pazn. 2. Kombunaropubie 06001eHust 6eHT-QyHKIMNA (4acTUIHO OIpe-
nejieHHbie 0eHT-QyHKINY; IIaTOBUTHbIE (DYyHKINHN; Z-0eHT-PYHKIUN, OIHO-
pojiHbie 6eHT-DYHKIN )

Pazz. 3. Kpunrorpadudeckne 06061ienust 6eHT-DyHKIM (ypaBHOBEIIEH-
Hble OeHT-(QYHKIINK, YaCTUIHO OeHT-(QYyHKINK; TUIepOeHT-PYHKIINNA; TOYTH
GenT-dyHkium; 6eHT-QyHKIMU nopsijika 1; k-6eHT-QyHKIN®)

Pasn. 4. KBanrosbie 06061menust 6eHT-dyHKImit (Hera-6eHT-GyHKIN; 6GeHTy-
dyukun; [-6enr-dyHKIIN)

[IpuBemém cnmcok 0OO3HAYEHU U ONPeaeTeHMIA.

¢, N — HATypAJIbHbIE UUCJIA;

+ — cJoxKeHune 110 MOIYJIIO ¢;

x = (x1,...,%,) — ¢-3HAUHBINA BEKTOD;

Zq — MHOYKECTBO BCEX ¢-3HAYHBIX BEKTODOB JIJIMHBI 1

Fyn — nose lamya nopajka g";

(x,y) =x1y1 + ... + TnyYn — CKAISIPHOE IPOU3BEJIEHUE BEKTOPOB;

f 1 Z5 — Zy — OyneBa QpyHKIUSA OT N II€PEMEHHBIX;

Wi(y) = 3 (—=1)@0+ (@) — npeobpasosanue Yosma — Anamapa;

T€ELY

Ny — neaunetinocms Gynesoit dynxmun f, T.e. paccrognue XIMMUHIA
OT JaHHOU (DYHKINN JI0 MHOXKECTBA BceX addOUHHBIX (YyHKIUI;

benm-gynryua (n aérHoe) — OyneBa QYHKIMs Takas, 9TO BCe €6 KO-
dbunpentsr Youma — Ajamapa pasubt £27/2;

B,, — kitacc 6eHT-DYHKIHH OT N ePeMEeHHbBIX.

1. Anrebpanyeckue 06001eHns 6eHT-PyHKITUIT

B sToMm pazgeste npuBogsTcst 0000IIEHUsI, B KOTOPBIX pacCMaTpUBacMble
GYHKINNT OTINIaOTCA OT Oy/ieBbIX. Kak mpaBmiio, 9T0 0TOOparKeHusT U3 O]l
HOIl aJiIreOparmdecKoil CHCTEMBI B APYTYIO.
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1.1. ¢-BHaunbie 6eHT-QYHKIUU. DTO €CTECTBEHHOE 0000IIeHe OEHT-
dyukumit npemoxkuau B8 1985 r. Kymap, [osbn u Bemru [37] ¢ nembio mo-
CTPOEHUSI ¢-3HAYHBIX OEHT-IIOCJIe0BATEIbHOCTEN, TPUMEHUMBIX B CHCTEMAX
CDMA (cm. nogpobHee Jrasbiie).

IIycThb ¢ > 2 — HATYpAJIbHOE YHCIIO, i = v/—1 — MEUMag eqununa. Ilycrs
W — NPUMETHBHDI KOMILUIEKCHBIH KOPEHb CTEICHH ¢ U3 ¢IHHHAIbL, w = 274,
Pacemorpnm g-snavnyto dynkumio f 1 Zy — Zg.

Ipeobpasosanuem Yorua — Adamapa GyHKIME [ Ha3BIBAETCS KOMILIEKC-
Hast QyHKIIHS

We(y) = Z w @@ 119 moboro y € Ly, (1)
TELy

I7Ie CKaJIIpDHOEe IIPOM3BeleHNe U CJIOXKEHNE + PacCMaTPUBAIOTCS 110 MOILYJIIO
q. IlycTb |¢| — MOMy/Ib KOMILJIEKCHOIO YUCJIA C.

Onpepenienne 1 (Kymap, [losbi u Bea, 1985). Ilycrs ¢ — HaTypasib-
noe uncno. Oynkmmsa f : Zy — Z4 naspBaercs q-snaunol benm-gpynryued,

n/2

eciu |Wy(y)| = ¢"/* nns kaxgoro y € Zy.

IIpu ¢ = 2 370 IOHATHE COBIAIAET C MOHATUEM OYJIeBOIl OEHT-(DYHKIUN.
MHO>XKeCcTBO BCeX ¢-3HAYHLIX OEHT-(PYHKIUN OT 7 ITePEeMEHHBIX 0003HAINM
qepes By, 4. B [37] mosydenst cieqyromue pe3yIbraTeL.

Teopema 1. Kiracc B,, ; 3aMKHYT OTHOCHTEIHHO
(1) sir060r0 HEBBIPOXKIEHHOTO ahPHHHOTO HIPEOOPA30BAHHSI IEPEMEHHBIX,;
(ii) npubasienust 060kt q-3Ha4YHOIH ahuHHOI DyHKIUH.

Kpanparnas n X n-marpuna A U3 HeIbIX CTeIeHel 3/IeMeHTa W Ha3bIBACT-
W y —T
cs1 obobwernoti mampuuyetd Adamapa, ecmu AA° = nE, rne E — equnnanas
MaTpHIA.

Teopema 2. Ciegyrorue yTBep>KACHUsT SKBUBAJICHTHBI:

(1) g-3naunas pyuknus [ sBisiercs 6eHT-QyHKIIHEIT,

(i) marpuna A = (agy), 1€ Gz y = W@+ gpngerca o6obménHOM MaT-
pureii Aamapa.

OrMmernM, 9T0 TIpU ¢ = 2 TeopeMbl 1 U 2 HPeJCTaBJISIOT CODOU XOPO-
o u3BecTHble HaKThl 0 OyseBbix GenT-byHkuax (cM., Hanpumep, [17]). K
OCOBEHHOCTSIM ¢-3HAYHOIO CjIydasi orHocuTcst ToT dakr [37], uro dyHkiums
[ ocraércsa Genr-dynxiumeil npu 3amene w B onpenenennn Wy(y) na jmo-
6oit IpyToil MPUMUTUBHBIN KOPEHDb 7y CTENEHU ¢ U3 euHuIbl. OTMETUM TaK-
JKe, ITO ¢-3HAYTHBbIE OEHT-(DYHKITUHN CYIIECTBYIOT KaK JIJIsT 96THBIX, TAK U JIJIsT
HEYETHBIX 7.
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Teopema 3. Ilycts m, n, ¢ — Jfobble HATYpPaJJIbHBIE ducC/Ia. Jlj1sT mpouns-
BOJIbHBIX QyHKIHiT g € By, 4, h € By, Gyuknus f(2’,2") = g(z') + h(z")
SIBJISIETCST -3HATHOH OEHT-(DYHKIHEH.

Umeer mecro anasor Teopembl Maitopana — Mak®apiana [40].

Teopewma 4. Ilycrs n dérHO, ¢ — Jroboe gmcio. Torga
f@',2") = (2’ h(z")) + g(z")

SIBJISIETCST (-3HAYHOH O€HT-(pyHKIHEH, e ¢ — HOpPOU3BOJIbHAST (-3HATHAS
n/2
¢yHKIIST OT N /2 HIEpeMeHHBIX, h — Jir0bast IepecTaHOBKa Ha MHOYKECTBE Zq/ .

ITycrs n HewérHO, ¢ = 2mod4, ¢ > 2. B [37] nokasano, 4ro eciu cy-
mecTByer mesoe uncio b Takoe, uro 2 + 1 memmTcs Ha ¢/2, TO g-3HAMHBIX
OeHT-DYHKIUI OT N IEPEMEHHBIX HE CYIIECTBYET.

s Kaxkaoro ¢ Takoro, 4ro ¢ # 2mod4, u oboro n 6eHT-QPYHKIMHT
cymiecTByioT. OHI MOT'YT OBITH IIOCTPOEHBI, HAIIPIMED, C IIOMOIIHIO TEOPEMBI 3
U3 cyeyomux ofHoMepHbIX (n = 1) dyHkuuii.

Teopema 5. Ciexnyiomniue q-3Havduble (GYyHKIUH OT OMHOH IT€PEMEHHOH
SIBJISTIOTCST O€HT-(DYHKI[HSIMU:

(i) f(z) = 2% + cz, ae ¢ € Zy — mobas KoHcranTa (ec q HeYSTHO);

(i) f(z) = ra’h(2") + g(2"), tre x = ra’ + 2" € Zy, 0 < 2/, 2" <r —1,
h — smobast mepecranoBka Ha Z,, g — jobast pyHKnus Buga L, — Ly (ecan
q = r? j1s mexkoTOporo ).

Cwm. mogpobuee [37]. Koncrpykuuu g-3Hadnbix 6eHT-QYHKIMIN, 10Ty YeH-
HbIE C [IOMOIIBIO TIEIHBIX KOJIell, ObLIn 1pe iozkeHbl Xoy [35].

Hawuboutee oo cBoiicTBa Oy/1eBbIX OeHT-(DYHKIINN COXPAHIIOTCS s pe-
2YAAPHVIT q-3Haunvir benm-pynxyud. Benr-bynkuusa f : Zy — Z, nasvisa-
eTcst pe2yaapHol, ecan Joboit eé kosddunment Yosma — Agamapa mpes-
crapusiercs B Buze Wy (y) = q"/2wI9W) 17151 HEKOTOPOI ¢-3HAUHOM (DyHKIMK g.
Moxno jokasars [37], 94T0 g Takwke siBjsieTcsi PeryJsipHoi GeHT-byHKIumi,
e€ Ha3BIBAIOT JYaavoHoli K MyHKImH f.

IIpuBesiéM HECKOJIBKO IIPUMEPOB.

Hpun =1, q=4 f(z) = 23 +322 asnsgerca peryiapHoit 6enT-byHKImeii.
Eé cuekrp Yosma — Anamapa (Habop KoabUIMEHTOB B TIOpsiKEe BO3pac-
TaHMA apryMenTta) mveer Bug (2, 2,2, —2i) = (2w°, 2w, 200, 2w3), Tie w =
e™/2; nyanpmas byskuus g(z) = 5.

[lIpu n = 1, ¢ = 3 Genr-byukuus f(z) = z
€€ CIIEeKTp paBeH (\/32,% — @z,% — @z), WJIA, TIPEJICTABJISIS Yepe3 CTelle-
HII IPAMHATHUBHOTIO KOPHH, (\/§w3/4, V3wit/4, \/§w11/4), e w = e2™/3, TIpn
9TOM BCE IMOKA3aTeJl CTEleHell w He TeJIbe.

2 He gBJIAETCA PETYJISPHOI,
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Herpynuo 3amernts, uto OysieBa 6eHT-QyHKIMs (¢ = 2) BCeria siBIAETCS
perysisipaoit. Benr-dyHkimm, mocrpoentbie B reopemax 4, 5 (npu ¢ = 1 mod 4
B 1. (1)) siBasitorcst perynsipabivu. [Ipu HewérHom n u ¢ = 2,3 mod 4 pery-
JpHbIX GenT-dyuknuii He cymecrsyer [37]. C. B. Aruesndem [19]| nokaszano,
YTO PEryJIApPHBIE g-3HAYHbBIE OEHT-(PYHKIUA MOTYT OBITH OIMUCAHBI C TIOMOIIHIO
6EHM-NPAMOY20ALHUKOE; JIJIST TBOUYHOTO CJIydasi TAKOe OTMMUCAHUE MTPUBO/IU-
noce B [17].

B [56] uccrenosasmice g-3naunbie 6enT-dyukimn npu g = 4. [Tpoussosib-
HYIO 9eTBEPUIHYIO (PYHKIWIO f OT 7N MEPEMEHHBIX MOYKHO MPEJICTABUTDL B
Buze f(z+2y) = a(x,y) + 2b(z,y) mis noaxonsamux OysieBbix GyHKIMA a, b
OT 2n IepeMeHHBIX, IJe T,y € Zi.

Bynesnr dyuknum ¢ u d or 2n mepeMeHHBIX HA30BEM OeHM-KOPPeAupy-
1ouwgumu (TIpA 3aJaHHOM Pa30MEHNN MHOXKECTBA IIEPEMEHHBIX Ha, J[BE DABHBIC
9YaCTH), €CJI IPHU JIOObIX X,y € 7 BBIIOJIHAIOTCS YCIOBUSL:

(1) W@, y) + Wz +y,y) + Wiz, y) + Wiz +y,y) = 4"

(i) We(z,y) = Wy(z + y,y) = £2" <= We(z + y,y) = Wa(x,y) = £2™.

Eciu ¢ u d — Genr-dyukimu, yciosue (i) Beerya BBILIOJIHSIETCS. YCIIO-
Bue (ii) 3a1a6T HEKYIO COTIACOBAHHOCTH 3HAKOB ¥ KO3 duimenTos Yosrma —
Atamapa stux yuaxnmit. OT™MeTHM, 9TO OEHT-KOpPeUpYomue (DyHKITUT Ol
HOBPEMEHHO JIN0O SIBJISIIOTCsI, MO0 He siBjsiiorTcst GeHT-dbyHKimsivu. B [56]
JIOKa3aHa

Teopema 6. Qyuxnnsa f : Zj — Zs — 6eHT-PYHKIHUA B CMBIC]IE OIIPE-
Jgesernsi 1 torga u ToJIBKO TOrAa, Korjga ¢GyHkuu b, a + b saBjsitorcst 6eHT-
KOPPEJTUPYIOTITHMHE.

Hasee 0 g-3Ha9HBIX OeHT-DYHKIMAX CM., Hanpumep, |34, 36|, o Genr-m0-
ciieoBarebHOCTAX — [44].

1.2. Benr-dyskuuu Hag KoHedHbIM mojem. A. C. AmGpocumos [2]
B 1994 1. mpeIoKUI Ipyroe — BEPOATHOCTHOE — OIMpEIe/IeHNe ¢-3HATHBIX
GenT-pyukiuit. B oTyimyane 0T mpeabIayIero ciydas 37eCh PACCMATPUBAIOTCS
TOJIBKO @-3Ha4YHble (DYHKIMI HaJl KOHEYHBIM HOTeM Fyn.

Iycrs ¢ = p*, tae p — npocroe, £ — Harypasbroe. IIycTh w — TpEMH-
TUBHBII KOMIIICKCHBIH KOPEHb CTEICHN P U3 eIUHUIBI, w = e2™/P

ITycrs f: Fgn — Fyq — g-3naunaa bynxmusa. [Ipeamonoxnm, 9T0 BEKTOP
x € Fyn BolOupaercsa ciydaiino u pasHoseposTHO. [lis caydaiinoit Besnau-
uel § = f(x) onpenenserca xapakTepucrudeckas yHknud ¢¢(z) = E wl€2),
z € Fgy, e sseMenTsl £ U 2 pacCMaTPUBAIOTCA KaK BEKTODBI JIIMHBL { HaJl
noseM Fp,, u ckassiproe npoussenenue (£, z) 6epércs o moaymo p. [Ipu dbuk-
cupoBannoM z € F, npeobpasosarue Yorwa — Adamapa dynknun f oupese-
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astercst Kak Wy - (Y) = ¢" Pz y)+f(x) (2), WII, 9TO TO 3Ke camoe,
W .(y)=q¢"E W @VH@)2) g moboro y € Fgn,

rJle CKaJIsIpHOE NIPOM3BeJIeHNe (T, y) pacCMaTpUBAaeTCs 10 MOJyJIo ¢. Pacru-
ChbIBasl MaTeMaTUIeCKOe OXKUJIAHUE, TTOJTyIaeM

Wio(y)= > w90 @2 1ng y € Fyn. 2)

Z’E]Fqn

OrmeruM, 9TO B onpejiejieHnn npeobpasosanus Youma — Agamapa (1)
Kywmapa, [oubia u Bemua u onpejenennn (2) AGpocuMoBa UCIOIB3YIOTCSI
MPUMHUTHBHBIE KOPHU U3 €JIMHUIBI PA3HBIX CTENEHeHl — CTENeHn ¢ U P COOT-
BercTBeHHO. [lapamerp z B (2) 3azaér npoeknuio snementa (x,y) + f(x) u3
nons [y B mpocroe none [,

MOo>KHO TIpEJIJIOKUTDH U 3KBUBAJIEHTHOE OIIPE/IEC/IEHUE

legz(y) = Z wT‘r(<x:y>+Zf(x))7

:EG]Fqn

3aMeHHUB CKaJdpHoe Ipousselenne na dynknuio ciaena Tr : Fy, — [Fp. Ilpn
Takom onpezenennn Wy .(y) n W} _(y) oTimdaiores JmIIs ¢ TOIHOCTDBIO 10
[ePECTAHOBKH Ha 3JIEMEHTaX Z, Y.
Corutacro [2| muist mro6oit dbysknuu f 1 1106010 HEHYJIEBOTO 2 BBIIOJIHS-
ercst paBenctso Ilapcesams ) |Wy, -(y)|> = ¢*", m3 KoTOpOTO CIIETYET, UTO
yEIFqn

max |Wy.(y)| > ¢"/.
yEFqn

Onpegenenne 2 (Am6pocumos, 1994). Ilycrs ¢ = pf, p — mpocroe.
Oynknus f : Fgn — Fy maseiBaercsa benm-gpynryueti, ecim mpu JIOOBIX BeK-
Topax z € F,\{0}, y € Fyn somonnsiercs |Wy, ,(y)| = ¢"/2.

3ameTnM, 9TO

o [Ipu ¢ = p, £ = 1 onpenenenue 2 ¢-3Ha9HON OGEHT-PYHKIIUU COBIAIAET
c onpenenerneMm 1 Kymapa, [Hlonbma nu Berga.

e B onpenenenun 2 koaddurmentsr Yosina — AjgaMapa TOJXKHBI OBITh
OJIMHAKOBBIMHU TI0 MOJLYJIIO ITpU JTIFOOO0Y HEHYJIEBOM IPOEKIINN ITOKA3ATENST CTe-
II€HN IPUMATHBHOTO 3j1eMenTa B (2) u3 nosst I, B noste [F),. Torza kak B ompe-
JleJieHNH | OHM OJIMHAKOBBI 110 MOJIYJIIO 6e3 PacCMOTPEHUs! IPOeKIuii (Kpome
TOrO, Zg MOXKET He OBITDH HOJIEM).

[TpuBeném meckoabKO mpuMepoB. Jlobas g-3HauHass QYHKINAST OT OIHON
nepemennoit Buga f(x) = agx? + ayx + ag, e ag # 0 u p # 2 aABgETCH
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benT-pyHKIMed Mo AMOpocuMoBy. JIobast GYHKINST OT JABYX IEpPEeMEHHBIX
suna f(z1,72) = x122 + azw? + bax3 + a1m1 + bize + ¢ HaJ MOJNEM XapakTe-
puctuku 2 — 6eHT-QYHKITHS.

Hust 6enr-dynknuii Has nosem cupaseyus 2] kpurepuit Porxayca.

Teopema 7. Qynkmusa f : Fp — F, aprgerca benr-¢ynkiueii To-
Ijla M TOJIbKO TOIJa, Korja npH JitoboMm ukcuposanoM y € Fyn ynrnms
f(z+vy)— f(x) umeer paBrOMepHOe pacipenesenne ua F, npn paBHomepHOM
pacnpe/iejieHnd aprymenTta x Ha Fgn.

B |2] upuBoxuTcst onncanne Bcex KBaJIpaTHIHBIX ¢-3HAYHBIX OEHT-(DYHK-
Uil OT M MEPEeMEHHBIX U IMOJCYUTBIBACTCS UX YHCIIO, KOTOPOE O00O3HAYUM
qepes My(n).

Teopema 8. ITycrs ¢ = pb. CupaBeiBbl yTBEpK qeHHsT
(i) ectup =2, £ > 2, 10

n n/2
<2> I+l 1 —2j+1 -
q — opu 9€THOM T,
7\1q(n) — j—l( q )

0 IIPU HEYETHOM N

(ii) ecom p # 2, To My(n) = (g—1)q"My(n—1)+q¢" 1 (¢" "t —1)My(n—2)
apuan = 3.

K coxanenuio, B [2] He mpociekuBaercst sIBHO B3aNMOCBSI3b MEXKILY
benT-pyukiusymu AmbpocumoBa u 6enT-dyukiusavu Kymapa, [Hlombrna u
Bemrua. IIpu g = p® e sicro, HampuMep, sIBJIsieTCst /i 6eHT-(DYHKIIHS B OIHOM
cMbIcsIe OEHT-(PYHKITUEH B IPYyTOM.

1.3. O606ménnnie 6yneBbl beur-dyukuu IHIvmuara. Ipyroe 0606-
menne Genr-dyukuuit cran pacemarpuarh B 2006 r. HImuar [55] B cea-
3H C IOCTPOEHUEM YEeTBEPHUHBIX KOJIOB IIOCTOSIHHON aMIIUTY/IbI (quaternary
constant-amplitude codes) mist mysprukonosbix cucreM CDMA. OcranoBim-
csI Ha, 9TOM IIOIpOoOHEE.

Texuosorust mudposoit coropoii ceszu CDMA (Code Division Multiple
Access — MHOXKECTBEHHBI JOCTYII C KOJOBBIM Da3/eJIeHHeM KaHAJIOB) Obl-
Ja craHgapTu3oBada B 1993 1. aMepuKaHCKOM TeJIEKOMMYHUKAITMOHHOMN TIPO-
mbiiuternoit accormanmeit (US TIA) B Buge cranmapra [S-95 (Mobile Sta-
tion — Base Station Compatibility Standard for Dual-Mode Wideband
Spread Spectrum Cellular System). B nacrosiiee Bpemst TeXHOIOT s AKTHBHO
UCIIOJIB3YeTCsT OOJIBIMMHCTBOM ITOCTABIIUKOB OECIIPOBOIHOIO 0OOPY/IOBAHUST

BO BceM mmupe coryiacHo ctangapram IMT—2000 MoOuIbHOM CBA3M TPETHETO
nokostennst (B Poccun — crangaprsr IMT-MC 450 wim CDMA-450). Or-
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MeTHuM, 4To nepsasi pabora [1], mocesimgénnast 3Toit TexHosornn, GplIA OLy6-
smkoBara B CCCP emé B 1935 1. JI. B. AreeBbiM. B cucremax CDMA mpn-
MEHSIFOTCsI IMMPOKOIIOJIOCHBIE CUTHAJIBI, IIPA 3TOM BCsI TI0JIOCA YaCTOT KaHAJa
OJTHOBPEMEHHO HCIOJIb3yeTCsI MHOMUMEU aboHeHTaMHU. [[OCKONBKY KayKI0My
abOHEHTY IPUCBAMBAETCST CBOW YHUKAJbHBIN KOJ, OH JIETKO BBIJIE/ISIETCS U3
obmero «mrymas. B cucremax CDMA cy1mecTBeHHO MOBBIIAETCS MTPOITYCKHAST
C11ocoOHOCTH KaHaJIa, KPOME TOTO, OHU SIBJISTFOTCSI BECbMa SKOHOMUIHBIMU.

Cas13p Mexx ity GeHT-pyHKnusMu u kogamu it CDMA ycranoeun Bana
B 2000 1. [57], cm. Takke pabory [larepcona [47].

PaccMmoTpum mpocTeiiiinyto Moiesib epeadn HPOPMAIME B MYJIBTUKO-
nosoit cucreme CDMA. Ilycte N = 2" — crenens gpoitku, Ay = (aji)
— wmarpuria Anamapa tuna Cusiabecrpa pasmepa N X N. Mwmetorcs N ma-
pAJLIeTbHBIX MMOTOKOB JaHHBIX. [lepemaBaeMyio nHGOPMAIIIO MOXKHO MPEJI-
CTaBUTh JBOUYHBIM BEKTOPOM ¢ jiyinHbl N (10 GUTY OT KaXKJIOro MOTOKA).

N-1

Curnan B MC-CDMA wmonemupyercsa B Buge Sc(t) = > (—1)9aj, rue
j=0

t=20,1,..., N—1 — quckpeTHbIl apaMeTp BPEMEHHU, T. €. j-s1 CTPOKA MaTPH-

bl A jjomHOXKaeTcst Ha (—1)% ) a nlepeaBaeMblil CUIHAI S, SIBJISIETCST CYMMOTi
9TUX HOBBIX CTPOK. B KayKIblii MOMEHT BPEMEHH TepeIaéTcst OJIuH OUT Toce-
JIOBATEIBHOCTH S.. BaXKHBIM TTAPAMETPOM SIBJISIETCS OMHOWEHUE NUKOGOT U
cpedneti mougnocmeti cuenana (peak-to-average power ratio), KoTopoe orpe-
nensiercst kak PAPR(c) = & max |S.()|%. Ormerun, uro 1 < PAPR(c) < N.
Bemmunna |S.(t)|? mponopuonabia MOITHOCTH, HEOBXOMUMOil J/1s TIepeia-
YU JAHHOTO CUTHAJIA, II03TOMY HamboJIee MOAXOMAIIUME IS IIEPEIAdn TBJIIs-
I0TCsI TaKne BEKTOPHI ¢, Jyist KoTopbix PAPR(¢) Munnmasnsaa. Moxuo cun-

TaTh, YTO BEKTOPHI ¢ BHIOUPAIOTCS U3 HEKOTOPOro JABOMYHOTO Koia C JJIMHBI

N, nycts PAPR(C) = ma(/chAPR(c). Ecan PAPR(C) = 1, to C nasbl-
ce

BaeTCst K00OM NOCMOAHHOT amnaumyds.. 3ajiada MOCTPOEHUsT TAKUX KOJIOB C
6OJIBIION MOIIHOCTBHIO ¥ GOJIBINUM KOJOBBIM PACCTOSIHUEM BECbMa aKTyaJIbHA.
CupaseiuBa [47, 57|

Teopema 9. Kox C' gymHbr 2™ sIBJISI€TCsI KOJAOM IIOCTOSHHONH aMILIHTYIbI
TOIJIa U TOJIBKO TOIJIa, KOIa KaXkJ[0e ero KOJOBOE CJIOBO — BEKTOD 3HATEHHT
HEKOTOpOH 6eHT-(DYHKIIHH OT N IePEMEHHDIX.

eficTBUTEIBHO, €CJIN ¢ — BEKTOP 3HadeHuil OyseBoit GyHKuu f or n 1e-

pemennbix, 10 PAPR(c) = % max |W(x)|?. Takum obpasom, GenT-pyHKIuI
TELy

UT'PAIOT CYIECTBEHHYIO POJIb Ipu mocTpoeHnn Koios jisi CDMA cucrem.
O6o6menune HImuara [55] cocrour B crenytomem. Iycrs ¢ > 2 — Hary-
PaJIbHOE YHCJIO, W — INPUMUTUBHBIA KOMILIEKCHBIA KOPEHb CTEIEHU ¢ 13 €lIM-
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L2 . 7n . . o
HULEL, w = e2™/9 Oyukmus f Ly — ZLq nasbiBaeTCs 0000uiErnoti 6y.ae6otl
Pynryuet. Eé npeobpasosaruem Yoauwa — Adamapa HA3bIBAETCS KOMILIEKC-
Hast DYHKIUA

Wi(y) = Z (—1)<x’y>wf(x) JUIst J1ioboro y € 7.
TELy

Onpenenienne 3 (IImuar, 2006). Ilycts ¢ — Harypaabaoe. OyHKIUS
f 25 — Z4 naspiBaeTca 0600wénnoti benm-@pynryuet, ecam IId KazxKJ0ro
y € Z3 semommsercs |Wy(y)| = 27/2.

C moMompio TakuX (MYHKIUHA CTPOSITCS KOJBI MOCTOSTHHONW aMILTATY/IbI

qtst g-3aaaroro Bapuanta MC—-CDMA, B KOTOPOM JIBOUYHBII BEKTOD € JJIU-
N—-1

el N Mozenupyercst Kak Seq(t) = Y w%aj. OrmernM Takxke, 4TO IS
=0

HEKOTOPBIX 38184 B 00/1aCTH U,I/IKJII/I‘{eCjKI/IX ko108 onpesiesienne [Imura npei-

CTaBJIAETCSA 00JTee €CTECTBEHHDBIM, UM OIIPeeIeHIe ¢-3HAIHON OeHT-DYyHKITNN

Kywmapa, Hlonbia u Berya.

Mmuar [55] moapobHo pasbupaer ciaydaii ¢ = 4, uccyeryer B3auMoCBsI3u
MexK, 1y OOOOIIEHHBIMEU OEHT-(DYHKITUSIME, KOJAME [TOCTOSTHHONW aMIIATY/IbI U
U3BECTHBIMU Z4-TMHEHHBIMI KOJTAMH.

NuTepecHbIM 0OCTaéTCst BOIIPOC O TOM, KaK COOTHOCSITCSI MEXKJIy COOOi
6err-pyukun [IMmuara, g-3Ha4unble 1 OyI1eBbl OeHT-(DYHKIIH.

B [56] jar oTBeT Ha STOT BOIPOC B OJHOM YacTHOM ciydae. IlycTs 0606-
ménnast OymeBa yuknusa f : Z§ — Za (¢ = 4) npencrasisercs B BHJE
f(z) = a(x) + 2b(z), vae a,b — Gynessl byHKIMU OT N MepeMeHHBIX. B [56]
MoKa3aHo, 910 f — 0000ménnast 6eHT-(pyHKITUS TOT/Ia U TOJIHKO TOT/Ia, KOTJIA
dbyurnun b u a + b ABASIOTCS OOBIYHBIMU OEHT-(DYHKIIUSIMHU.

Ormernm, aTo deticmeumenvrosnayunvie benm-@pynryuu (real-valued bent
functions) suga Z5 — {0,1/2,1,3/2}, paccmorpennsie B [41], coBnagator ¢
00001ménabIMu OeHT-DyHKIIAMET TIpu § = 4.

1.4. Benr-dbyHKIuu U3 KOHEYHOU abejieBoOii TpPyIibl B MHOXKe-
CTBO KOMIJIEKCHBIX YHCEJI €AWHWYHOI OKpy>kHoctu. B 1997 r
O. A.Jloraues, A.A. Canpaukos u B. B. flmenko [10] BBesn nonsitme Gent-
bYHKIIMN Ha TPOM3BOJILHON KOHedHOU abejeBoit rpymme. B ciaydae, ecim
CPYIIa SIBJISIETCST 3JIEMEHTAPHON abesieBoii 2-TpyImoi, 3T0 TMOHSATHE COBIAa-
TaeT ¢ IOoHATHEM Oy/ieBoi OeHT-(DyHKIUN.

[Tycts (A, +) — KoHeuHas abeJieBa IPYIINA TMOPSIKA 1 U MAKCUMAJIbHBII
HOPSIJIOK €€ 9JIEMEHTOB (9Kcnonenma rpymibl) paseH ¢. [lycrs

T, = {e¥* | k=0,1,...,q—1}
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— TpyIIa KOpHEil CTeNeHn ¢ w3 enHuIGl. depes A obosnaM TpYIIy TO-
Momopdusmos x : A — T,. Ona Ha3BIBaeTCA 2pynnotll rapaxmepos 2pynnui
A (mmu eé dyanvhot epynnot). VI3BecTHO, 9TO rpymnnbl A u A n30MOpQHHI,
IyCTb y — Xy — HEKOTODBLI (pUKCHpOBaHHEI H30MOpdusM, y € A.

Bwmecro npeobpazopanust Yosima—A ramapa yi00HO BBECTH npeodpa3osa-
nue Dypve KoMmiutekcHosHauHoit dyukmuu f : A — C. Ono onpejensercs
KaK N

Fy) =Y fl@)xy(x).
€A

Hastee paccmaTpuBaioTcs ToJibKO Takue pyukiuu u3 A B C, Bce 3HaUCHUS
KOTODBIX JIeKaT Ha exanundHoii okpykuoctu S1(C) ¢ menrpom B Hyte.

Ounpenenenne 4 (Jloraues, Canbuukos, dmenko, 1997). Ilycrs A —
KoHeuHasl abesieBa rpynna nopsaka n. Oynxmus f: A — 5y (C) nasbiBaercs
6erm-gynryuet, ecm | f(y)|> = n npn mobom y € A.

CrenaeM cjegyone 3aMeIaHms.

e Eciu A — syiemeHTapHast abejeBa 2-rpynna, T.e. ¢ = 2, n = 2" 14 1e-
JIOTO M, TO JTAHHOE MTOHSITHE COBIAIAET C IMOHSITHEM OOBITHON 6eHT-(hyHKIIMI
OT M TIePEMEHHbIX.

e Ilycts ¢, m — memnwie. Torma g-3uaannie 6enr-pyukiuu Kymapa, [Tlos-
na 1 Beaa or m nepemeHHbIX (cM. onpeiesienne 1) siBISIOTCS 9aCTHBIM CJTy-
vaeM OGent-pynkumit us onpenenenus 4 upn A = Zg' nn = ¢". s sroro
HeoOxoanMa, HeDOJIbINas MoAnUKAIM: OT PYHKIHUH Buga [ : ZZ]“ — Ly
HyxHO nepeiitn x bynxmuam 1 Z70 — T, C C, rae f'(z) = wf@ A
B KadyecTBe m3oMopdu3aMa Mexy A u e€ rpymmoil XapakTepoB A BBIOpATH
COOTBETCTBHE Y — Xy(T) = WY | rre w = e2/4,

Oyuxius f 1 A — S1(C) nasbBaercs ypasrosewennotl, ecim

Zf(x) = 0.

€A

Kpurepuem Porxayca jgist 6enr-dbynkiumit Ha rpye [10] siBisiercst

Teopema 10. Qynkiust f — 6eHT-pyHKIUS Ha rpyiiine A Torga i TOJbKO
rorya, korga dyukmusa f(z)f(x + y) ypaBHOBemena st Kaxkjaoro y € A,

y # 0.

B [10] MoxkHO HaliTH U Jpyrue KpUTEpUN.

s Genr-bynxuun f na rpynie A tax ke Kak B 6yJI€BOM CJlydae MOKHO
oupegennTsb dyasvnyto byukmuio f: A — S1(C). Ona 3amaércst paBeHCTBOM
flz) = %f(x) U TOXKe siBJIsieTCst GeHT-DyHKIMeid.
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Ecnu a1 HeKOTOPOTO pas3iioyKeHusi TPyNnbl A B MpsSMOe TTPOU3BEICHIE
rpyun A; u Ay dyukuus f : A — S1(C) moxker GbITH IIpejICTABICHA B BHIE
f@' 2") = fi(@) f2(2"), vne f1: Ay — S1(C), fa : Az — S1(C), ro dbynximsa

f naswiBaercs pasaootcumoti. Cupasemusa [10]

Teopema 11. Pazioxumast ¢yuknus f spiasercs 6eHT-(yHKIHEH Ha
rpymme A Torza H TOJBKO Torga, Korga fi1 u fo — 6eHT-(pyHKIHH Ha I'PYIIITax
A1 u Ay coorBeTCTBEHHO.

1.5. BenT-dbyHKIu U3 KOHEYHOI abejieBOil IPynnbl B JAPYTYIO
KOoHeuHy0 abeseBy rpymnmy. B. 1. Comonosrukos [13] B 2002 r. upeyio-
KU1 HanboJ1ee OO MOIX01 K airedpanieckoMmy 0000IeHno 6eHT-DyHKITHIA.
[Ipu uznoxkernu ero pe3yJsibTaToB OyJIEM HCIOJB30BATH KaK OPUIMHAJIbHBIE
obo3HaveHus, Tak U 0b603HAUeHUsT U3 |24, mpe cTaBsoNecs HHOT A 6oee
yaobubivMu. Ormerm, aro B 2004 1. Kapse u dunr [24] nosropuin pesyibra-
el B. U. CojlonoBHUKOBA, K COXKAJIEHUIO, O€3 CCHLIKNA Ha IIPEIIICCTBEHHUKA.

IIycrs (A,+) u (B,+) — KoHedHble abesIeBbl IPYIIIBI TOPSIIKOB N U M
COOTBETCTBEHHO, G U b — MaKCHMAaJIbHBIE MTOPSJIKA 3JIEMEHTOB B 9TUX I'PYII-
max. IlycTo AubB— pyIIbl XapakTepos rpynn A u B. 3adukcupyeM m30-
MOPQUBMEL i — Xy B Z2 — 1), Mexay A u 121\, BuB COOTBETCTBEHHO, TJIe
Xy : A — Ty un, : B— T, — xapaxrepsl. Ilycts f : A — B — npous-
BoJibHas yukius. Creayomue onpeesenns 13 [13] npuBeéM B HECKOJIBKO
uHOil opme (BBEJEM HOPMHUPOBOUHBbIE MHOXKHUTEJIN), HE UCKaXKasl IIPH 9TOM
ux cMmbici. [Ipeobpasosaruem Pypve xapaxmepa dyrxyuu f 1pu GUKCHPO-
BaHHOM z € B Ha3zbiBaeTcsad QPyHKIINA

F) =D n(f(@)xy(@), tre y € A, (3)

z€EA

IIpu mobom 2z Bomommsiercs pasencrso Hapcesans Y | f2(y)|2 = n?.

yeA
Onpepenenne 5 (Comonosrukos, 2002). Oyuknus f : A — B Has3bl-

Baercsa benm-pynryuet, ecan ]J?Z(y)|2 = n g jgoboro z € B, z # 0 n
POU3BOJILHOTO Y € A.

Qukcupys 31eMenT z € B, oT GyHKIUn f MOXKHO MepeiTH K KOMILICKC-
Ho3HauHOW dyHKuU 71, o f : A — T, MoxHo ckazarb, uro (3) siBisier-
Cs1 pa3JIoYKeHWeM 3TOi (pyHKIUU™ 10 T'PYIIIe XapaKTepoB A. QOyHKINT BUIA
A — 51(C) yxe paccmarpusaiuch Jloragebiv, CanbHUKOBBIM 1 Zl1ieHKO
(cMm. onpenenenne 4). Mmeer mecro [13, 24|

*Baeck n panee 3anuck g o f(z) osnagaer dyuknuio g(f(x)).
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Teopema 12. QOyurnust f : A — B sBisiercst 6eHT-(yHKIIHEH Toraa 1
TOJIBKO TOIJfa, KOrja 1pu KaxkjaoM z # 0 ¢pyHkIus 1, o f — 6eHT-(DyHKIINS B
cumbiciie Jloradesa, CajbnukoBa u Slienko.

Ipouseodnoti pynrxyuu f no nanpasienuro y € A HasbiBaeTCsi (PyHKIUST
D,f(xz) = f(x+y) — f(z). CupaBeniusa |13, 24|

Teopema 13. Qymrnusa f : A — B sapiasercs GeHT-(pyHKIHeEH, ecin
u TosbKO ecan QpyHKIma Dy f(x) ypaBHOBeIeHa JIs KazKJIOrO HEHyJIeBOIro
y € A, T. e. MoImHOCTH BCeX €€ MPOooOPa30B OTHHAKOBBIL.

[Iycts f — Genr-dyukius. Torma mist 000t guHeHON witn adduHHONK
nepectaHoBku 7 Ha rpymnme A dyukunus fow : A — B sBiasercs GeHT-
dyukupmeii. Eciu £ : B — C — nuneiinas dynknus «Ha» (C' — KoHedHast
abesteBa rpymma), To dyuknus £ o f : A — C — takke 6eHT-QYHKIHS.

B. 1. ConomosuukosbiM [13] onpezensiercst pyukiumst 6.ausocmu 18yx GyHK-
mnit f, g: A — B xax

1/2

6(f,9) =

. ) — glx) = 2
Ly (st =il 1) @)

m n m
yeB

C 1omoIbIo 910l (bYHKIUE IPEJIIoJIaraeTcs OleHuBATh KadecTBo (um 3dh-
bexkTUBHOCTH) 3aMeHbI O/HON GYHKIUYN Ha JAPyTyio. Jem MeHblle 3HAUeHue
napamerpa o(f,g), rem menee «bausku» jgpyr japyry dynaknun f u g. U3
oupesesiernst 6auzocru cieayer, aro d(f,g) = 0 Torjga u TOJIBKO TOIJIA, KO-
raa f U g OTVIMYAIOTCS Ha YPABHOBEIIEHHYIO (DYHKITHIO.

[Tycrs Hom(A, B) — MHOXkKeCTBO BeeXx TOMOMOPMHU3MOB rpymiibl A B TpyII-
iy B. Io onpezemnenuio [yist Kax0ro romomopdusma, h mpoussoaast Dy h(x)
o J1iIoboMy HEHYJIEBOMY HAIPABJIEHUIO Y € A SBJIAETCS TOCTOSTHHON dPyHK-
nueit. Torma dyukmuo f : A — B Takyo, 9T0 IJjis JIOO0r0 HEHYJIEBOro
y € A bynxmus Dy f(x) ypaBHOBelleHa, eCTeCTBEHHO Ha3biBaTh [13] abco-
A0MHO He2omomopProt. CoracHo TeopeMe 13 abCOIOTHO HEFOMOMOPQHBIE
byHKINT 1 6eHT-QYHKIIUT COBIAIAIOT.

Teopema 14. /Lis jiroboii 6eaT-byHKIIME f U TPOU3BOJIBEHOIO TOMOMOD-
m—1
Jpyrumu cioBamu, 6eHT-DYHKINS HAXOIUTCS B OJUHAKOBOM «O/IM30CTI»
oT Bcex roMoMopdu3MoB. THTEPECHO paccMOTPETh MUHUMAADHBLE OYHKUUU —
dbyHKIIMN HauMeHnee O/IU3KHE K TOMOMOpPGU3MAM, T.€. TaKue JJisi KOTOPBIX

snauenne 05 = 6(f, Hom(A, B)) munumassso. Ilpn A = Zg, B = Z; noxaza-
1o [13], uro dbynkuus f MunuMambHa, ecan §f = /m — 1/(my/n). Pynkius

¢uzma h Beimosasiercs: §(f, h) =
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HA3BIBAETCH AOCOANOMHO MUHUMAALHOU, €CTH €€ CBOWCTBO MUHUMAJIbHOCTU
WHBAPUAHTHO OTHOCUTEJIFHO JIFOOBIX MUMOP(MU3MOB rpynibl B.

Teopema 15. Ilycre ¢ — npocroe, A = Zf}, B = 7y n 6enr-ynknun uz
A B B cymecrsyior. Torma

(1) Jrrobast 6enT-hyHKIHSI SIBJISTETCST ABCOJIFOTHO MIUHUMAJIBHOI;

(ii) mpm q = 2 kacc Bcex GEHT-(YHKIUI COBIAJACT C KJIACCOM BCEX
abCoJIFOTHO MUHUMAJIBHBIX (DYHKITHI.

CwM. masiee Ha a1y Temy [25]. Ckopo, BUIMMO, NOSBIATCS pabOThl O GEHT-
dbyHKIMIX 1 HA KOHEUHBIX HeabesieBbIX rpyimax [49)].

1.6. BekTopuble G-6eHT-dbyHKIMNU. Ujies sToro obobienus 1y GpyHK-
muit Buga f : A — B suepsble upemnoxkena B. 1. ConogoBankosbiM B [13].
[Mounco u Xapapu [50] B 2004 1. moppoGHO €€ paccMOTpean JJisi CJiydast
A = (Zg, —|—) uB = ( 5, —I—), T.€. BEKTOPHBIX OyJieBbix (pyHKImit. OcHO-
By O0ODIIEHUsI COCTABJIsIET BO3MOXKHOCTH MHAYE OIPEJE/UTh TPOU3BOJIHYTO
dyukuun f: A — B.

A nmenno, mycrs S(A) — cummerpudeckast rpyiia A B MyJIbTUILIMKATHB-
Hoit 3armcu. [Tepecranoska o € S(A) nHassiBaeTcst ungoatoyuel, eCiu oo = e,
rjie e — TOXKJeCTBEeHHAsl IlepecTaHoBKa. [lepecTaHOBKA 0 6€3 HENOJBUNCHBLL
mowex, ecan Jiist Jiroboro x € A cnipasemiiuBo o(x) # x. MHOXKeCcTBO BCex WH-
BOJTIOIMI 0 63 HeroBUKHBIX ToUYeK 06o3uaunM depe3 Inv(A). [Toxrpynna G
rpymst S(A) rakas, ato G C Inv(A)U{e}, HaspiBaercs epynnoti uneoaoyul
epynnov, A.

IIycTs Temepp A = Z’Qg , B =Z5. OrmernM, 4To

. 2k

}InV(ZQ)‘ = PYSPo
B [50] nokazato, uro sobast TpyIIia MHBOIONMH G TPYIIIBI Z'§ SIBJIsTETCS abe-
nesoit u |G| < 2%, Bynem paccMarpusaTh TOIBLKO IPYIHIBL G MAKCHMAJIBLHOTO
nopsizika 28, TIpoCTBIM HPEMEPOM TAaKOil IPYIIIBI SBISETCS 2PYNNa Mmparc-
AAUUT T(Z’g), COCTOSAIIAs U3 BCEX HEPECTaHOBOK Oy, Y € 7k, raxux, uro
oy(z) = x+y. Ho cymecrsytor [50] u npyrie MakcuMaIbHBIE IPYIIIBI HHBO-
JIIOIHIA.

[ycts f: Zg — 7%, G — MakcuMaJibHasT TPYTIITa HHBOJIIONNN TPYIIILI Zg.
0606w,énnoti npoussodnoti f no nanpasseruro o € G Ha3bIBaeTCsT PYHKIUS

Do f(z) = f(o(z)) = f(2).

OtmermM, uTo, ecim G — Tpynma Tpancasmuit T(ZK), o o6o6ménnas mpo-
U3BOJHAs coBIagaeT ¢ obpranoit Dy f(x) = f(x +y) — f(x).
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Ounpenestenne 6 (Ilounco, Xapapm, 2004). Ilyctre A = (ZIIQC , +),
B= ( " —1—), G — MakcuMaJbHAs TPYIIa MHBOJMONUA rpymnsl A. @yHKOMs
f: A — B nmazwbiBaercs G-b6enm-dynryuetl, eciim 0000IIEHHAS TTPOU3BOTHAS
D, f(x) mo kaxjomy Hanpasyenuio o € G, o # e, ypaBHOBEIIIEHA.

B unrepnperamuu B. U. ConomosaukoBa G-0eHT-QYHKIMS — 3TO (PYHK-
must f, KoTopyio Jobast mepecraHoBka o € (G, 0 # e, U3MEHsIeT HACTOJIBKO
CHJILHO, HACKOJIBKO 9TO BO3MOXKHO, T.¢. §(f, foo) = 0.

B [50] npemiaraercsi nepeBoj onpejenenus G-6eHT-MDYHKIMNA Ha sI3BIK
006001ménnbIX KO3 durnenTo Pypbe, HO MOKA, KAK IPEICTABISICTCS, OH HE
BIIOJIHE JIOPabOTaH W COJAEPXKHUT HETOYHOCTH. He sicHO Tak>Ke B Kakoil Mepe
nozxoz [50] npumenum, eciim A u B — 1pou3BoJIbHbIE abesIeBbl IPYIIIIBL.

1.7. Muoromepubie 6eHT-(YHKIINY HA KOHEeYHOI abGesieBoii rpyI-
me. D10 npsimoe obobienne GenT-pyuknuit O. A. Jloragesa, A. A. CaibHu-
kosa 1 B. B. fmenko [10]| mpemtoxmnr pacemarpusars lonmco [48] B 2005 1.

[Tycte C™ — m-MepHOE YHUTApPHOE MPOCTPAHCTBO C OOBIYHBIM CKAJISP-

m

HBIM TponsBeenueM (r,y) = Y 2;Y;, Hopmoii ||z]|? = (z,2) n Merpuxoit
j=1

d(z,y) = |ly — z||. Hycrs S1(C™) — MHOXKeCTBO €ro To4eK, JeKalux Ha

cepe paguyca 1 ¢ eHTPOM B HyJIE.
ITycrs, kKak u BhIle, A — KoOHeUHast abejieBa rpyia nopsiaka n. Ilycrs
A= {xy | y € A} — €€ rpymmna xapakTepos.
IIpeobpasosarnuem Pypve pyarnuu f: A — C™ Ha3bIBAETCS CJIEIYIOIIASI
dyukmusa 3z A 8 C™:
F) =" fla)xy(@).

€A

Oupenesnenne 7 (ITounco, 2005). [Tycts A — KoHeuHast abesieBa rpyImna
nopsiika n. Oyukmus f 1 A — S1(C™) HasbiBaercss muo2omephot, benm-

dynryued, ecim ||J?(y)|]2 = n I KaxkJIoro y € A.

IIpr m = 1 mamHOe omperesieHNe TOJHOCTBIO COBIIAIAET C ONpeae/eHN-
eM 4. AHAJOrMYHO, IJIT MHOTOMEPHBLIX OEHT-(PYHKIMIA BBITOJIHSIETCS KPH-
Tepuit Porxayca, omnpenesnsieTcs ayaJibHasi MHOTOMEpHasi OeHT-(DYyHKIUS 1
T.11. [48]. Ho noka He sICHO NpeNCTABJISIOT JIn MHOrOMepHble GeHT-hyHKIUI
CaMOCTOSITE/ILHBIN NHTEPEC, HJIH YK€ ABJISIIOTCSI HECKOJIBKO (POPMaJIbHBIM 0000~
meHneM OeHT-QYHKINN u3 onpeaesaeHus 4.

2. KombuHaTopHbie 0000111eHust 6eHT-DyHKITUI

B sToMm pasmerne paccMaTpHUBAIOTCS JOBOJIBHO €CTECTBEHHBIE ODODIIEHNST.
MoxKHO CKa3aTb, 9TO B OCHOBY KaXKIOIO M3 HHUX 3aJI0YKeHa IPoCcTasd KOMOH-
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HaTOpHadAd NIAed.

n
2.1. HactuyHo omnpeneneHHble 6eHT-OyHKIun. Ilycte S C Z5 —
[IPOM3BOJIBHOE MMOJAMHOXKECTBO, f 1S — Zo — wacmuuno onpedeaernas 6yie-
sa pynryua. K& nenoanvim npeobpasosaruem Yoawa — Adamapa Ha3bIBACTCS
oTobparkeHne

Wys(y) = Z(—1)<x’y>+f(x) JUTs1 JII000TO Y € Ziy .
xeS
st rakoro nmpeobpasoBaHusi ClipaBe/InB aHaIor paseHcTsa [lapcesadis:

> Wisly) =2"19].

yEZg

Onpenenenue 8. Bynesa dyukims f Ha3bIBAETCSI 4acmuwHo onpede-
nennot benm-pynryuets, ecimm Wy g(y) = £4/|S| aus soboro y € Zy.

[Monpobuee rakue dyukiuu pasbupatorcest B [12, . 6]. 3mech ormerum
JINIIb, 9TO IOKa HE M3BECTHO IIPU KAKUX YCJIOBUSIX Ha MHOYKECTBO S IaCTHIHO
ompejiesieHHble OeHT-QYHKIUN CYIIECTBYIOT.

2.2. IlnaroBugnbie PYyHKIIANA. DTO JOCTATOYHO U3BECTHOE 0DODIIEHIE
OeHT-pyHKINT, HA KOTOPOM TaKXKe He OyJIeM OCTaHABJIUBATHLCS II0JIPOOHO.

Onpenenenue 9. ByjieBa (pyHKIUsT HAZBIBAETCS NAAGMOBUIHOU, €CTTT BCE
€€ HeHyJIeBble KO PUIMEHTHI YoJia — AjaMapa paBHBI 10 MOJYJIIO.

N3 pasencrsa IlapceBasis cieryer, 9T0 HEHY/I€BbIE KOIMDMUITUEHTHI TOIK-
2"=h 1151 mekoroporo nenoro h, rae 0 < h < n. Komudecrso
TaKUX HEHYJIEBBIX KO3(PDUIMEHTOB MOJI2KHO ObITH PaBHO 22" Tlokazareinb

HBI IMETh BUJ, &

2h u BermunHy 2" " HA3BIBAIOT COOTBETCTBEHHO NOPAJKOM U AMIAUMYOOT
wiaropuauoi dyukiunu. benr-byukinn n adduHHbIe QYHKINT ABJISTIOTCA
KPaiHIMI YaCTHBIME CJIy9asiMU IUTATOBUAHBIX QyHKIM (mopsiakos n u 0
COOTBETCTBEHHO).

Pesynbrars 0 Takux yHKIUAX MOKHO HaiiTh B 0630pax [12, 23], a Takke
B [27,62,63].

2.3. Z-6enr-dyukmuu. B 2005 r. Jo66eprun [32] npemioxun ucce-
JoBaTh O0eHT-DYHKIINKA B KOHTEKCTE D0Jiee 0DIIero moaxo/ia, KOTOPhI MOYKHO
Ha3BaTh peKypcuBHbIM. He OyaeM paszimdarh OObIYHYIO OyJsieBy DYyHKIIHIO
f(z), tae x € Z%, u nenounciaennyio dbyaknmo F(z) = (=1)7®) . ITpeobpaso-
sarnue Pypve pyuknun F': 25 — 7 onpenesnsercd Kak

~

Fly) = 5 S0 (DD E(@)

TELy
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Torma +1-znaunas pyukius F sBiasercs O0eHT-QyHKIMEH, €Cu U TOJIBKO
ecan I rakske +1-3Haunasi. OO0OIIEHNE COCTOUT B CJIELYIOIIEM.

Onpepesnienne 10 (To66eprun, 2005). Ilycre T C Z. ®Dyukuus
F : Z5 — T naspBaerca T-6enm-gpynrkyuer, ecam Bce 3Hadenns pynknun F
[IPpUHAJIEXKAT MHOXKeCTBY 1.

Jlob6OepTrH BBILIEINIT €CTECTBEHHYIO IEIOYKY BJIOXKEHHBIX JIDYT B JIpyTa
MHOXKECTB:

Ty = {*1’+1};
T, ={weZ| -2 <w< 2™ (upu r > 0).

T'.-6eHT-hyHKIINST HA3BIBACTCS Z-6eHm-PyHKuuet YyposHs T, a Bce TaKue OEHT-
dbyukiyu (npu r € Z) cocrasisiior Kiaace Z-benm-dynxyud. B [32] uccnery-
I0TCsl BOBMOYKHOCTHU PEKYPCUBHOIO MOCTPOeHus (pasiioxkenust) Z-6enr-hyHK-
Ui ¢ TOBBIMIEHNEM WMJIN TIOHMXKEHNEM X YPOBHS M UUCJIa TePEMEHHDIX.

2.4. Oguopoausbie 6enr-pyukimu (homogeneous bent functions).
Dror noakiaacc Genr-byHkuit BoieseH B [52] kak cocrosiuii u3 GyHKImii
C OTHOCHUTEJILHO IIPOCTBLIMU AJIN€0PAnICCKIMU HOPMAaIbHLIMUA (POPMAMI.

Onpepenenne 11 (Ky, Cebeppu, [ummpkuk, 2000). Benr-dynkuus na-
3BIBAETCA 00HOPOOHOT, €CIN BCe OJHOUICHBI €€ aJiredpamdecKoil HOpMaJIbHOM
GOpPMBI IMEIOT OJUHAKOBBIE CTEIIEHM.

B [52] Ky, Cebeppu u ITumpkuk mepeducamim Bee OJHOPOJHbIE GeHT-
dbyukimu crenern 3 or 6 epeMeHHbIX (MX 0Ka3a10ch PoBHO 30) U mOCTABUIM
BOIIPOC O KJIACCUPUKAINYN TAKUX OEHT-(DYHKIMI OT OOJIBIIEro Ynucja mnepe-
mennbix. Yapuec, Porrenep u Ber [28| gokazasu, 4To cyiecTByoT 0HOPOI-
Hble OeHT-(PYHKIMU CTEIeHN 3 OT JII000ro Jrcsa nepeMeHHsix n > 2. B [59]
Kcu, Cebeppu, Ilummkuk u YapHec ycTaHOBUJIN, UTO OIHOPOIHBIX OEHT-
dbyHKIHMt 0T N IepeMeHHBIX MAKCHMAaJILHO BO3MOXKHOIT cTerenn n/2 He cyrie-
creyer ipu n > 3. Vccnenosarenu u3 Kuras Menr, 2Kanr, fur u Lyn [42, 43]
[I0Ka3aJIi, 9TO HE CYIIECTBYEeT TaKKe OJIHOPOJHBIX OeHT-DYHKIHI cTerneHn
(n/2) — 1 upu n > 4. Ho kakoBa ke TOYHAsi BEPXHsisl OIEHKA CTEIIEHU HeJIU-
HeitHocTu ojHOponHON OeHT-byHKIMU? Ha sroT BOmpoc Her orBera. EcThb
TOJILKO Tpe/osioxkenne [42] o rom, uro jyist jioboro k > 1 naiigéres N > 2
Takoe, 4TO OJHOpPOAHAs OeHT-(QYHKIUS CTeleHu k OT 1 IMepEeMEeHHBIX CyIIe-
CTBYET 1pU KaxKJIoM n > N.

3. Kpunrorpadpuieckue 060611ieHusi 6€eHT-pyHKITU

Kax m3BecTHO, OHOIT BHICOKOH HEJIMHEHHOCTH MJIsT XOPOIIe KPUIITOrpa-
duyeckoii PyHKINHA HEJOCTATOYHO. B 3TOM paseiie paccMaTpuBaioTCst 0000-
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IIeHnsd, KOTOPbIe BOSHUKJIN HYTéM HaJIO?KEHHN A Ha MHOZKECTBO 6yneBbe Cl)yHK—
HI/II7I APpYyTrux JOIIOJTHUTEIbHBIX OFpaHI/I‘IGHI/IfI.

3.1. YpaBHoBemnieHHble O0eHT-QyHKIuU. C TOYKH 3PEHUST KPHUIITO-
rpadur K BayKHBIM KPHUTEPUSIM, KOTOPBIM JIOJIZKHA YJIOBJIETBOPATL OyJeBa
dbyuxIms f oT N nepeMeHHBIX, OTHOCATCs cieytontue [11,23]:

® YpPasHOGEWEHHOCMY (WK COAAGHCUPOSANHOCTY) — DYHKIMs f UPUHE-
MaeT 3HadeHnsd 0 u 1 oMHaKOBO YacCTO;

e xpumeputi pacnpocmpanenus PC (k) nopadka k (Propagation Criterion)
— J71s 110000 HEHYJIeBOTO BeKTopa y € Z5 Beca He bosee k, rne 1 < k < n,
dyukmus f(x +y) + f(x) ypasuosemena [51];

® MAKCUMAALHAA HeAuneldHocmb — GyHKIMs f TaKOBa, 9TO 3HAYEHUE €6
HeJIHeHOCTH N ¢ MaKCHMAJIBHO;

® DAGHOMEPHOCTIVD KOPPEAAUUU C MUHETHBMU GYHKYUAMU; SHATCHHEE KO-
pessnun Mexkay Gyakmuamu f u g oupesensiercs kak c(f,g) =1 — %;
Jutst pyHKIMK f paBHOMEpHasi KOPPeJIsilust O3Ha4daeT, 9To 3Hadenue |c(f, )]
[TOCTOSTHHO TIpH JII000# mHeitnoil by g.

Ho stu xpurepun nporuBopedar Apyr Apyry. BeHT-DyHKINN sABISIIOT-
sl MAKCHMAJIbHO-HEJIMHEHHBIMIE, y/10BJIeTBOPsifoT Kpurepuio PC(n), obrama-
10T PABHOMEDHOi KOppeJisiiiueli ¢ JInHeHHbIMY (DYHKIUIMU (3HAUYEHUE PABHO
+2-"/ 2), 5O He ABIAIOTCSA yPABHOBEIMTEHHBIMH. J[OBOJILHO €CTECTBEHHO BO3-
HUKaeT cJeyIollee olpeieseHue.

Onpenenenue 12. Bynesa dyukmust f oT n mepeMeHHBIX Ha3bIBACTCSI
ypasroseuerrot benm-@dyrruyud, eCIu OHa YPABHOBEIICHA 1 UMEET TP 9TOM
MaKCUMAJIbHO BO3MOXKHYIO HEJTNHEHHOCTD.

B [18] ycranoBieHO, 9TO eciim n HEUETHO U [ — ypaBHOBeIeHHast (DYHK-
nus, To Ny < gn—1 _ 9(n=1)/2,

B 1994 r. Yu, JIu u Kuwm [29] nupegiozkuau crocob mocTpoeHus: ypaBHO-
BEIIEHHBIX OCHT-(QYHKIWIT OT HEYETHOrO YMCJIa MEPEMEHHBIX, UMEIOIINAX IIPA
9TOM IIOYTH PABHOMEPHYIO KOPPEJISINIO ¢ JUHEHHbIME (DYHKIUAMA U Y0~
BaerBopsiorux Kpurepuio PC(k) nist nocrarouno Gosbimoro k. Ilpuseném
9TOT CIIOCOD0.

ITycts n — HewéTHO, A — HEBBIPOXKIECHHASA JBOMYHAS MATPHUIIA Pa3Mepa
(n—1) x (n—1), b — nBouvHbIil BeKTOp JJIUHBI N — 1.

Teopema 16. Ilycre fy — 6err-yHKImMs or n — 1 nmepemenHodt, fi —
sxBuBaJieHTHAs eif benT-pyuknus: fi(x) = fo(Ax + b) + 1. Torma @ynrmms
g(z,2) = f.(x) or n mepemenubrx, e x € Zgil, z € Zo,

(1) staIsIeTCST ypaBHOBEIeHHOH beHT-DyHKIHElT,

(ii) siBiIstercst mourn GeHT-pyHKIHEH (CM. OoIpeesIeHne jJaee);
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(ili) mmeer cieiyromie BO3MOKHbIE 3HAYCHUST KOPPEJISIIHU C JIF0OOIT JiH-
meiinoii ¢pynxmeii: 0, £2-~1/2;

(iv) yzoersopsier kpureputo PC' jyist iio6oro Henysieoro sekropa (y, 0),
ey € Zgil;

(v) yaosmersopsier kpureputo PC(n — 1), eciu A = E u b — BekTop u3
BCEX CIUHHIL.

3.2. Hacruuno 6enr-dynkiun partially bent functions). Kak yxe
OBLIO OTMEYEHO, OeHT-(DYHKITUU HE SIBJISIFOTCsT HU YPABHOBEITEHHBIMU, HU KOP-
pessnuonHo-uMMyHEbIMU. Kapie [20] npejgiozkui cBoit criocod pacumpurhb
kjacc B, GyHKIUsIMEA, 00 TAIONUMA JAHHBIMA CBONCTBAMU U UMEIOITUMUI
[IPU 9TOM JTOCTATOYHO BBICOKYIO HEMMHEHHOCTD. Ompesiesienne TaKuX 4acmu-
HO benm-PynKyut Ta8Tcs ¢ MOMOIIBIO CJIEIYIONIEr0 IKCTPEMAIBLHOTO CBO-

Af(y) _ Z (_1)f(ac)+f(x+y)

TELy

crBa. [lycTp

— asmoxoppeasyus 6ynesoit pynxiun f mo nanpasiaenuio y. [lycte NWy n
NA; — xommuecTsa HeHyneBbIX KoadduimenTos Yomma — Anamapa 1 Ko-
s dunmerToB aBTOKOppe A 6yaeBoit dyHKIun f coorBeTcTBeHHO. Torma
[20] morst 10608t GyseBoit dyuknun Boinosnsiercs NWy - NAy > 2™,

Ounpenenenne 13. (Kapie, 1993). Bynesa dyuxius f, 1is KOTOpOi
NWy - NAy = 2", naseiBaercd wacmuyno benm-@yrryuer.

Teopema 17. Ciexyrolipe yTBep>KICHUST SKBUBAJICHTHBI:

(i) pymknus f — gacruano 6eHT-PYHKITHS,

(ii) cymecrByer BeKTOp z TaKOii, 9TO JIsi JIIOOOr0O T 3HAYEHUE ABTOKOD-
pensimn A ¢(z) pasro 0w (—1)(@2)27;

(iii) cymecTByroT BEKTOD 2 M pasbneHne HpocTpaHcTBa Zh B IPSIMYIO CYyM-
My noanpocrpancts L u L' takme, wro | — wactmano onpenenénnas 6eHT-
¢ynkmus (B cmbicse onpegesenust 8) u jist obbix © € L, y € L' Boious-
erca f(x +y) = (x,2) + f(y).

Haugee z obo3HaIaeT BEKTOP, ONpeaeaéHHbIi B TeopeMe 17. IloampocTpan-
crBO L 151 9acTudHO OeHT-PYHKIUN [ OIpeIessieTcs KaK MHOXKECTBO BeK-
TOPOB & TakuX, 970 Af(z) # 0. DKBUBAJIEHTHO, MOXKHO OIPEIEIUTh L Kak
IPOCTPAHCTBO JIMHEHHBIX CTPYKTYP f, T. €. IPOCTPAHCTBO, COCTOSIINEE U3 BCEX
BeKTOpOB ¥y Takux, uro f(z + y) + f(x) = const. [ognpocrpancreo L' mis
pazyiozKeHns 74 B IPAMYyIO CyMMY BBIONPaETCA IPOU3BOJBHO. 3aMETUM, UTO
pa3MepHOCTL HojanpocrpancTBa L' jomzKHa ObITh YETHOI, IMyCTh OHa paB-
ua 2h. Corutacuo [20] cupaBe/yiuBbl ciejyiomiue pe3yabTarbl (HEOOXOAuMbIE
oupeesenns cM. B [12]).
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Teopema 18. Yacrtuaro 6eHT-(pYyHKIIHS SIBISIETCS

(i) ypaBHOBereHHO# TOTIa U TOJBLKO Torja, Korja f|r # const;

(ii) HeypaBHOBemIeHHOI Beca w Tor/a U TOJBKO ToIja, Koraa f|r — KOH-
cranra, npuaém w = 21 + 271 e dim L = n — 2h;

(iil) mraroBmaHOM mopsika 2h;

(iv) KOppesIsIIIHOHHO-UMMYHHOI IIOPSIIKa k, €CJIN U TOJIBKO €CJIH CMEXKHBbII
Kaacc z + Lt me comepsxur BexTopos Beca w, 1 < w < k;

(V) ypaBHOBEIIEHHOI KOPPEISIIHOHHO-UMMYHHOIT 1TOpsi/iKa k, ecJii 1 TOJIb-
KO ec/in Kiacc z + Lt me comep:kur BekTopos Beca me 6obie k;

(vi) ymosaerBopsier kpurepuio pacupocrpanennss PC (k) rorma u tonpko
Tora, koraa L He comep>kut BekTopoB Beca w, 1 < w < k.

OrMmeruM, 9TO 9acTUIHO OEHT-(DYHKIUSMU SIBJISIOTCH Bce addUHHBIE,
KBasipaTuyHble u 6eHT-pyHKImu. Crnpaseymsa [20]

Teopema 19. Ilycrs f — wactwuso benr-gyukmmsa, dimL = n — 2h.

n—nh 1.
Torza Nf:2”*1_2n*h717 Wf(x) _ { +2 npu x € z + L—;
0 B IIPOTUBHOM CJIydae.

O4eBHUIHO, UYTO Y€M MEHBIIE PA3MEPHOCTH MTOJIIIPOCTPAHCTBA L, TeM BbIIIIE
HEJIMTHEHHOCTD acTUIHO OeHT-(DYHKITIH.
CwM. najiee Ha 91y Temy [23,58].

3.3. Tunep6enr-bynkmun (hyper-bent functions). Hocced u
Tonr [60] B 2001 r. BBesM IOHsATHE rUnepbeHT-DyHKIMKI" . VX pabore mpe/iiie-
cTBOBaJIa cTarbs ['oslomba u Tonra [33] 1999 r., B KoTOpOIt anroputm mrudpo-
Banusi DES paccmarpuBasicst KAk perucTp CJABUTA C HEJTUHEHHBIMU 0OpATHBI-
MM CBSI3SIMU U IIPOBO/IMJICS aHAIN3 ero S-0,10koB. [1pn TakoM mmoaxome aBToOpbI
[33] mpe oK nIM NCIoIB30BaTh Jist HPUOJINKEHUST KOOPIMHATHBIX (DYHKITHI
S-6JI0KOB BMECTO JIMHEHHDBIX OYIeBBIX (DYHKINIH COOCTBEHHBIE MOHOMUATLHBIE
dyukmu. dra uges u Gpuia passura B [60].

ByneBy dyHKIUIO OT N epeMeHHBIX MOXKHO PacCMaTpPUBaTh KaK (PyHK-
nuio u3 Fon B o, conocraniisisi KaXKJ0My BEKTOPY T COOTBETCTBYIOMIUN 3Jie-
MeHT noJist Fon. M3BectHo, uro sobast smneiinas dbyukuus (r,y) Moxer
ObITh mpejcTaBiena Kak 1r(azy) JUisi MOAXOMSINEro 3jaeMeHTa a; € Fon,
rme Tr : Fon — Fo — ¢dyskmuma ciaema. Torma npeobpaszoBanne YoJiira —

Anamapa npuobperaer skpupasentHuii sux Wy(y) = > (—1)T@0)+/ (@),
z€Fon
Oyuxmus suna Tr(a,y®), rme memoe dmeso s Takoe, aro 1 < s < 2" — 1

u ged (s,2™ — 1) = 1, HasbiBaeTCsl COOCMEEHHOT MOHOMUAAOHOT PYHKUUET.

*ITo 9TOro TepMHH 2unepbenm-PyYHKUUA OJHAXKIBI UCHoIb30Bascs B [21] aist 06o3Ha-
JeHUSA TOro Kii HKILWUH, H JIBIIE B 3TOM 3HAYEHMU OH HE YIHOTPEOISEeTCS.
e Or0 KJIACCa , HO 60 € B 9TOM 3Ha4e OH HE yIOTPEeDJIAeTC:
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Pacwupenrnoe npeobpasosarue Yoawa — Adamapa 0ynesoit pyukimn [ nme-

€T BHUJT
Wisly) = Y (1)),

zE€Fon

Omnpenenenne 14 (Mocced, Tonr, 2001). Bynesa dbynxmus f nasbisa-
ercst eunepbenm-dynryuet, ecan st aoboro y € Fon um srroboro mesoro s,
ged (5,2 — 1) = 1, semonnsiercs |[Wy 4(y)| = 27/2

Jpyruvmu cioBamMu, THIEPOEHT-PYHKIUS OJMHAKOBO ILIOXO MTPHOJIMXKAa-
eTCsl BCeMU COOCTBEHHBIMM MOHOMUAJLHBIMUA (DYHKIIUSIMU, €€ 0O60OIIEHHAS
HEeJIMHEIHOCTD

NLG() =2 - max (W)

2 y,se{y,s | ged (5,27 —1)=1} ’
MaKCHMATBHA, T. €. pasaa 2"~ 1 — 2(M/2)=1 Agroper [60] mst Kazkoro géTHO-
ro m JIoKa3aju CyIeCTBOBAHUE TUIepOeHT-(DYHKIHHA, MTPEJJIOKIIN UX BEK-
TOPHBIA BapuUaHT, JJjIsl MaJoro YHC/Ia MEPEMEHHBIX PACcCMOTPEJIN YPaBHOBE-
merHble runepbent-dyukimn. B 2006 1. Kapse u I'abopu [26] u HesaBucumo
A.C.Kysbmun, B.T. Mapkos, A. A. Heuaes u A.B. Iumkos [6] nokasasn,
9TO CTEMEeHb HEJUHEHHOCTH JI0O0H rumepbeHT-(OYHKINT OT 7 TePEMEHHBIX
pasHa n/2.

A.C.Kyspmun u gp. |7, 8] o6obmman nonsitue runepoenT-hyHKINI: 0T
OyJieBBIX (PYHKIH OHU TIEPENIN K PyHKIMAM Ha| IPOU3BOIHLHBIM KOHETHBIM
OJTEM XapaKTepUCTUKN 2.

A umenno, nycrs g = 2¢. B [8] paccmarpuBaercs 3a1aua npubIHKeHIs
npounssoabHOil Gynkmun s Fy B Fy (KaK ¥ BBIIIE OHA OTOXKJIECTBIISIETCS C
dbyukuueit f: Fgn — Fy) dyHKunsMu 13 HEKOTOPOro OIPAHUTIEHHOTO KJIAC-
ca A. st onenku s3¢gppekruBHOCTH TpUb/IMKeHUsT DyHKIWMU f dyHKIMEHR
g € A BBomuTcst mapamerp cozaacue V(f,g), cBsi3anHblil ¢ dyHKIHENH 611-
soctu B. . Cosonosaukosa (4) coornomenuem V(f, g) = \/%6( f,9), ecnn
KoHeuHble rpymnsl Beibupars kKak A = (Fgn,+) u B = (Fy,+). Dror napa-
MeTp IHpeJicTaBiisieTcs: 6ojiee ecrecTBeHHbIM, OCKOJIbKY 0 < V(f,g) < 1 u
mpu Kpaitanx 3uadennsx 0 u 1 pyHKImm [ 1 g OTAMIa0TCs Ha yPaBHOBEITEH-
Hy10 (PYHKIUIO U Ha KOHCTAHTY COOTBETCTBEHHO. [Ipu ¢ = 2 cripaBeyinBo

1‘ V(f.9)

P(f =) -5 =~ 52

2 b
T. €. YeM MEHBIIE COTJIAaCHe MEXKIy (PYHKIUSIMU, TeM HIKe 3PPEKTUBHOCTD

3aMeHbI OjIHOM Ha aApyryio. [lyers V(f, A) = max V(f,g) — appexmusnocms
ge

annpoxcumayuy, Gyaxun [ GyHKIuayMu u3 A.
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e Ecom A = Hom(A, B) — riacc Bcex romomopdusmos u3 A B B, To
dbyukuus f : Fgn — F, Taxas, aro napamerp V(f, Hom(A, B)) npunuMaer

—n/2 gpnsercs GenT-dyHKINENH B CMbBIC-

MUHUMAJIBHO BO3MOYXKHOE 3HAYEHHE
Jie omnpe/iesieHus 1.

e [Iycts A = M — kjacc Bcex COOCTBEHHBIX ODOOIIEHHBIX MOHOMUAJIb-
HbIX GyHKIWA, T. e. dynkuumit Buna g(z) = h(z®), rne h € Hom(A, B), s —

nesoe, ged (s,¢" — 1) = 1.

Omnpenenenne 15 (Kyspmun u ap., 2007). Qynkmus f : Fepn — F, na-
3bIBaeTCsl 2unepbenm-pynryued, ecau napamerp V(f, M) npuaumaer MuHu-
MAJIBHO BO3MOZKHOE 3HaueHne ¢ /2

[Tpu g = 2 370 onpee/ieHre COBIAJIAET ¢ onpeesenneM 14.

B [7] upoBeneno jeranbHOE HCC/EIOBAHHE TaKUX OOOOIIEHHBIX THUIIED-
Genr-dpyukuumit. [Tpusegém 31ech JUIIb OJIHY KOHCTPYKIUIO TaKUX (DyHKITHIA.
MynbruimkaTuBHas rpyIa 1ojst Fgn ects npsimoe npousseenue (F g2 )
Ha IEK/MYecKyio rpymny V nopsiika ¢/ 2+ 1. Iycrs Zq,d PABHO euHuIe (Hy-
mo) st a,d € Fy, ecam smementst a u d paBHBI (He PaBHBI) COOTBETCTBEHHO.

Teopema 20. Ilycrs 3anana pynknus g : V — F, Ttaxas, 1To naiiaércs
sstement d € Fy, npu koropom 4duciio pemmennii ypasraenust §() = a B MHOXKe-
cree V pasmo q™/ 2)_1+za,d, ripea € Fy. Torna ¢pynkmus f : Fpn — Fy Takas,
aro f(0) =d, f(z) = g(an/zfl) mpu x # 0, siBiIsiercst ruirepbeHT-QyHKIHEH.

Cwm. nasee Ha o1y Temy |[9,61]. Monomuanbable npubsmkennst GyIeBbIxX
dyukumit Takxke nsydaaucs A. B. Banossim (3, 4]. Hanpumep, um 6pu10 mmo-
KazaHo |5, uro coiicTBo GenT-dyHKIMN 6bITH TUepOeHT-DYHKIHET, BOObIIE
rOBOPs, 3aBUCUT OT BbIOOpa Oa3uca, pu KOTOPOM PACCMATPUBAETCS €€ IIPH-
BEJIEHHOE IIPEJICTABIICHIE.

3.4. Ilourn 6enr-dpyuknun (near bent functions). Benr-dyukuun
CYIIECTBYIOT TOJIBKO JIjIs YETHOTO YHCJIa IepeMeHHbIX. [Ipu HeuéTHOM N 0J1-
HUM U3 UX AHAJOrOB MOXKHO CUYUTATH MOYTU OEHT-DYHKIINM, 00JIa A0IIne
JOCTATOYHO BBICOKOUN HEJINMHEHHOCTHIO.

Onpenenenue 16. Bynesa dyukmust f oT n mepeMeHHBIX Ha3bIBACTCS
noumu benwm-@pyHryued, eciu Kaxkaplii eé koadduimeHt YoJna — Amamapa
paBen 6o Hymo, tuto +£2(H1/2,

[Toutu 6eHT-QyHKIUHN CYyTh HUYTO UHOE KAK IJIATOBUIHbIE (DYHKITMU MaK-
CUMAJILHOTO MOPsiJIKa M — 1 OT HEYETHOrO YHCJ/Ia [IEPEMEHHBIX, CM. OIpese-
senne 9. He Oynem paccmarpuBaTh ux mojpobno. Ormerum Juimh, 910 Oy-
JieBbI (PYHKIINK, UMEIONUE TPU PABIUIHBIX 3HAYEHUS B CIIEKTPe YOJIIia —
Anamapa, UHTEpPECHBI JJIsi 0obecIiedeHusl 3allUuThl OT TaK Ha3blBaeMoil Soft
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output joint attack Ha reHepaTOpBI MCEBAOITYMOBBIX IIOCJIEI0BATEILHOCTEM
(PN-generators) [39]. Takue rermepaTopbl HCIIOJIb3YIOTCS B yKe YIOMUHAB-
memcst Boime crapgapre 1S-95 rexunosorun CDMA. Ilouru GenT-dyHKIMN
UCIIOJIb3YIOTCSI TAKZKe JIJIsi TIOCTPOEeHUs Kpunrorpahpuiecku cToikux S-6710-
koB [30].

Cwm. o nourn Gent-pyHKIwsx [31, 38].

3.5. Benr-dbyHknun 0oJiee BBICOKOTO MHOPAAKA HEJIMHEWHOCTH.
DTO JTOBOJILHO €CTECTBEHHOE HAIIPABJIEHUE, TECHO CBSI3aHHOE C HEJIMHEHHBIMU
ODODIIEHNAMI PA3INIHBIX METOA0B KPHUIITOAHAIN3A.

N3BecTHO, 9TO 3pDEKTUBHOCTD TPUOIMKEHUS OeHT-(DYHKIIUN JTI000M JIH-
HeliHo# (byHKIMeH saBasgeTcss caMoil HU3Koit. Pacimupsist Kiace TuHeRHBIX DyHK-
U, eCTECTBEHHO PaCcCMATPUBATD JIJIsi TTPUOJIMKEHUsT OYJIeBbI (DYHKITUU CTe-
meHn He BoImme 7, e 2 < r < n— 1. Ilpu 37oM BO3HMKaeT MOHSITHE HeauHel-
nocmu r-20 nopadka Ny (f) Oysnesoit dynkuun f Kak paccrosgHust XOMMUHIA
oT f 1m0 BcexX TakKuxX (PYHKIIHIA.

Onpenenenue 17. Bysnesa dynkims, yaarénnas oT Bcex (OyHKIINA cTe-
[IEHU He BBIIIE 7" Ha, MaKCUMaJIbHOE PacCTOSHUE, HA3hIBACTCA benm-pynruuet
nopsadka .

Ho TpymHOCTE 3aK/I09aeTcst B OIPEIeJIEHUN 3TOIN0 MAaKCUMAJIBHOTO BO3-
moxkHOro 3nadenusi jyisi Ny (f). Ilpu r > 2 1o Hepeménnas 3amada, 6osee
n3BECTHadA B TeOPpUUN KOJUPOBaHNA KaK OIIpeJeJICHue pa,ZLI/cha IIOKPBITHA KOJa
Puna—Mauiepa mopsiika r. 3Bectrbl moka HekoTopsie orenku st Ny (f),
€ro acCUMIITOTUYECKOe 3HAYEHNE, CBS3b C APYTUMH KPUIITOrpadpuIeCKUMNI I1a-
pamerpamu u T. 1. [Togpo6uee Ha 3Ty Temy cm. 0630p Kapie [22] 2008 r.

3.6. k-Bent-dynkmuu. B 2007 r. aBTopoM ObLIO BBEIEHO CJIEYIOIIEE
nousitre [14], ocHOBHOIT njeeli KOTOPOro GBIIIO PACCMOTPEHHE ATIIPOKCUMHU-
pytonux QyHKIHUH, OTIMIHBIX OT JIMHEHHBIX, HO SIBJISIONIUXCS B KAKOH-TO
CTEIIeHN WX AHAJIOTAMH.

[lycts z, y — mBowdHBIE BEeKTOpHI JiUHBL N. Ilycte k — jr0boe 1iesoe
quciio, rakoe uto 1 < k < n/2. Oupenennm GUHAPHYIO ONEPAITUIO

kK

@k = | DD (wai1+m2:) (wo5 1 +225) (Y2i1 +y2i) (Y2j-1+v2) | +(z,9),
i=1 j=i

KOTOpad CIIy2KUT HeJIMHENHBIM aHaJOTOM CKaJIAPHOI'O IIPOMU3BEIACHMA. Same-
TUM, 9TO KOMIIOHEHTBI BEKTOPOB HEPaBHOIIPDaBHBI B 3TOM orepamnum: 2k nep-
BBIX KOMIIOHEHT KazKJI0I'O N3 HUX BXOIAT B KBaJPAaTUIHbIC U JUHENHBIE CJIa-
raeMble, OCTaJIbHbl€ — TOJIbKO B JINHENHEBIE.
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QyuxIus W]Ek) (y) = 3 (—=1)@¥stf(*) gaspsaercs k-npeobpasosanuem
TELy

Yoawa — Adamapa Gynepoit dyuknuu f. Ilpu k = 1 umeem 3KBUBaJIEHT-

HyIO 3alliCh OOBIYHOrO mpeobpasoBanust Youma — Anamapa. Crnpasem-

BO paBencTBo IlapceBamss ) (W;k) (y))2 = 22" Oyukius f Ha3bBIBaETCS
yELy

k-6enm-gynryued npu PurcuposarHom nopadke nepemMeHHviT, eCii Bee eé

KO3 PUIUEHTBI W}])(y), j =1,...,k, paubl +2"/2. Takue dbyHKIIT pac-

cMarpuBaauch B [14]. OgHako, UX HEJTOCTATKOM SIBJISLIACH 3aBUCUMOCTH OT

nopsiika rnepemenubix gyuxmnuu. [Ipuseném 6osee obiiee ompejiesienue, u3-

HaBJIEHHOE OT 9TOIO HEJIOCTATKA.

Omnpenenenne 18. ByneBa dpyHKImMsa f OT n MepeMEHHBIX HA3BIBAETCS
k-benm-gynxyuet, ecim Jyisi MIPOUSBOJIBHON HOACTAHOBKU T € Sy, J1H000r0
j=1,...,k u 060ro BEKTOpa Y BBHIIOJHSIETCS W}J)ﬂ(y) = +27/2,

[Tosicaum cmbics onpesenennsi. PaccMoTpuM MHOXKeCTBA (DYHKITHIA
AL () = { (m(z),y)x +aly € Z8,a € Zs}

OT M TIepeMenHbIX. BeKTophl 3Hadenuii GyHKImil 13 Kaxaoro kiacca AL (1)
06pasyIoT JABOMYHBIA KOJ AjaMapa. DTOT KOJ SIBJISIETCsS HEJIMHEHHBIM (TIpu
k > 1), Ho y Hero cymecTByeT JIMHEHHDINH 1poobpa3 B IIPOCTPAHCTBE Z] OT-
HOCHUTEJIbHO HEKOTOPOI'O MPOCTOro 0ToOpazkenust, cM. nojgpobuee [14]. [Tosro-
My GYyHKIAA U3 Q[ﬁ(ﬂ') MOXKHO CUYUTATHL aHajioraMu adpOUHHBIX QyHKIHH.
3aMeTnM, 9TO OHU SIBJIAIOTCS KBAIPATHIHBIMU. k-Heaunetinocmoio OymneBoit
dyHKIMK [ Ha3BIBAETCS MUHUMAJIBLHOE PACCTOsTHIE XIMMUHTa [N ](ek) oT Heé 10
MHOXKecTBa Beex (yukuuit Buga (m(x), y)k+a, nae m — jobasi mepecTaHoBKa.
CupaBeyIiBO paBEHCTBO

1 k
N(k) — 2n—1 = W( ) )
; max yn;%! ox(®)]

Takum obpazom, k-6enT-pyHKims — 310 DYHKIUA, JIJIT KOTOPOit N}(cj ) Mak-
CAMAJIBHO, NJ(CJ) = on—1 _9(/2)=1 ppy jgiobom j = 1,...,k, T.e. oHa OmHO-
BPEMEHHO MaKCHUMAJILHO yjlaJdeHa OT BeexX Kiaaccos gynkuuit A, (7), m € Sy,
j=1,... k. 3amernm, aro 1-6eHT-DYHKIUU COBIAIAIOT ¢ OOBITHBIMU OEHT-
dbyukimavu. C pocToMm k HeJuHeRHbIE CBOMCTBA (PYHKIINN YCUIUBAIOTCSI, 110~
9TOMY HamboJIee MHTEPECHOH 3a/1aveil IpeICTaBIIsIeTCsl OIUCAHNE KJIACCa BCeX

(n/2)-6enr-pynknuii. Kak cuemyer uz [14], stor kiacc He mycr, npu ao6om
YETHOM 1 €My [IPUHAJJIEXKAT, HAIIPUMED, BCe CUMMeTPUIHbIE GeHT-hYyHKIMN:
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n n n n
fla) =20 20 @y, f(@)+1, f(x)+ 30 @i, f(2)+ )] xi+1, xapakrepusarus
i=1j=i+1 i=1 i=1

KOTOPBIX IIPUBOIUTCS B [54].

[Tpu n = 4 Bee (n/2)-6enr-dyuKimu 6b1m onucansl B [16]. 9o 128 kBa-
paTuaHbIX (DYHKIUHA ¢ KBaJPATUIHON YaCThIO OJHOIO U3 YETHIPEX BHJIOB:
T1X2+T3%4, T1X3+T2Xq, T1X4+T2X3, T1X2+T123+ X124+ X2T3+T2T4+T324
¥ IIPOM3BOJILHON JnHeiiHOf gacTbio. CM. Tak:ke Ha 3Ty Temy [15].

4. KBanToBbie 000011ieHusI 6€HT-PyHKITUI

4.1. Hera-6eut-pyukimuu, 06eHT -PpyHukIiuu, I[-6eHT-pyHKIAN.
Benr-dyHnkimo yacto onpenensior Kak (PYHKIUIO, KOTOPasi UMEET NA0CKUL
CIIEKTD OTHOCHUTEJIFHO Ipeobpas3oBannst Yourra — Amamapa. Ilmocknit o3Ha-
YaeT, 9T0 MOy BceX KoaddurmeHTon Yourra — Agamapa pasubl. B 2006 .
Puepa u ITapkep [53] cramu uccienoBars GysieBbl (DyHKIMN, IMEOIINE [I7I0C-
KUe€ CIEKTPBI OTHOCUTEIBHO MHOXKECTBA YHUTAPHBIX MPEOOPA30BaHUI CIICIH-
aabHOro Buja. Hamomuum, uro npeobpasosanue npocrpancrsa C™, 3amanHoe
KBajipaTHOil MaTpuneir A, ynumapno, eciu AAT = E, tne E — eaunnunas
Marpuria. Beibpanuble mpeobpa3zoBaHusl UCIOJIB3YIOTCs MIPU aHAJIN3E CTabu-
JIM3aTOPOB KBAHTOBBIX cocrosiamii [53]. ITycrs

v )=( ) ()

Jna moboit 2 x 2-marpunel A myctb A; = I ® ... QI QARI®...®1 —
TeH30pHOE (KPOHEKEPOBO) IPOU3BEJIEHNE N MaTpHIl, rje A BCTpedaeTcst Ha
j-M MecTe. PaceMOTpHM e yIomue MHOKECTBA, TPeodpa3oBaHmii:
n—1
v {H}", cocrosimee u3 npeobpasosammns U = [[ H;. Eem F = (—1)f —
J=0
dyukImsa anaxa 6ymeBoit GyHKIUNU f OT N MEPEMEHHBIX, TO BEKTOP CIIEK-
TpaJIbHBIX 3HaYeHUil [ oTHOCUTENLHO peobpasoBanus U onpejensercs Kak
F =UF. Torna f — benm-pynryua (B 0OLITHOM CMBICTIE), €C/I €€ CHEKTP
oTHOCUTeNbHO U — TIJI0CKWi, T. . KaxKaasl KoMIoHeHTa F' paBra +1.

n—1
v {N}", cocrosimee u3 npeobpasosanus U = [[ Nj.
Jj=0
Ounpenenenne 19 (Puepa, [Tapkep, 2006). Bynesa dbyHKIus ¢ MII0CKIM
CTIEKTPOM OTHOCUTENBHO U HA3BIBAETCS Heaa-benm-Pynkyued.

OtmernM, 9TO MOCKOJLKY U — KOMIUIEKCHASI MaTPHUIA, IIPU OIpeesie-
HUU CIeKTpa (DYHKIME 37€Ch BO3HUKAOT cBoM ocobennoctu [46]. JlroGast
addunnas Oynesa dyukius spisiercss nera-6ent. [lapkep (2000, 2007) u
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ITorr (2007) m3ywann Hera-Genr-dyukimu B [45,46]. B [46] uccienosasics
BOIIPOC O MTEPECEUEHIN KJIACCOB OEHT- 1 Hera-OeHT-(PyHKITHIA, TOJHOCTHIO pas3-
PEIIEHHBIN JIJIT KBAIPATUIHBIX (PYHKITAIA.

v {H,N}", cocrosimee n3 2" mnpeobpasosanuit Buga [[ H; [[ Nj,

JERH JERN

rae Ry u Ry pasouBator mHOxkectBo {0,1,...,n — 1}. Bynesa dynkuus
f OT m mepeMeHHBbIX ABJIAETCA beHmy-PynKryuet, ecii CyIEecTBYeT XOTs Obl
ojHO pasbuenne Ry, Ry, OTHOCHTEHLHO KOTOPOTrO f MMeeT TIOCKHii CITEKT.

v’ {I,H}", cocrosimee u3 2" npeobpasosanuii Buma [[ I; [[ Hj, rae

JER; jERH

R; u Ry pasbusator muoxkectso {0, 1,...,n—1}. AHaIornaHo npeabiiyie-
My ciyuaro pyaKIusa [ sBiasiercs I-6enm-gynryuedi, eCau CyIecTByeT XOTs
661 oniHO pasbuenue Ry, Ry, rie |Ry| < n, OTHOCHTENIBHO KOTOPOTO CIEKTD
f — mnockwmii.

v {I,H,N}", cocrosmee u3 3" upeobpasosanuit [[ I; [[ H; [[ Ny,

JERr jERHy JERN

riae Ry, Ry u Ry pas6usaior {0, 1,...,n—1}. B arom ciryuaae onpenessiiorcst
TaK Has3bIBaeMble [-0enmy-@yrkyuu, He MPEICTaBISIONIe, OJHAKO, 0CODOro
WHTEpeca, TaK KaK 9TOMY KJIACCy MPUHAIIeKUT J1obast OyreBa OyHKITHSI.

Puepa u [Tapkep [53| pasBuBatoT KBAHTOBBIII MOTHB CBOUX MCCJIE/OBAHMUI,
M3y9aioT CBOWCTBa OeHT-(PYHKIIMI HOBOIO THUIIA W UX CBA3b C rpadaMu.

Bripaxkaio ¢Boio 61aro1apHOCTb PEIEH3EHTY 38 BHUMATEILHOE ITPOITeHNE
paboThl U I0JIE3HbIE 3aMeYaHUsl.
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