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�à âª®¥ á®¤¥à¦ ­¨¥ ¤®ª« ¤ :

�« áá¨ç¥áª ï â¥®à¥¬  �®è¨ ®¡ ®¤­®§­ ç­®© ®¯à¥¤¥«ñ­­®áâ¨
¢ë¯ãª«ëå ¬­®£®£à ­­¨ª®¢ £« á¨â, çâ® ¥á«¨ ¤¢  ¢ë¯ãª«ëå

¬­®£®£à ­­¨ª  ¨¬¥îâ ¨§®¬¥âà¨ç­ë¥ à §¢ñàâª¨, â® ®­¨

ª®­£àãí­â­ë. �àã£¨¬¨ á«®¢ ¬¨, ¬ë ¬®¦¥¬ áã¤¨âì ® â®¬
¨§®¬¥âà¨ç­ë ¬­®£®£à ­­¨ª¨ ¨«¨ ­¥â, ¨á¯®«ì§ãï â®«ìª® ¨å
à §¢ñàâª¨.

� ¤®ª« ¤¥ à ááª §ë¢ ¥âáï ®¡  ­ «®£¨ç­®¬ ¢®¯à®á¥: ¬®¦­® «¨,
¨á¯®«ì§ãï â®«ìª® ­ âãà «ì­ë¥ à §¢ñàâª¨ ¤¢ãå ¢ë¯ãª«ëå
¬­®£®£à ­­¨ª®¢ ¢ R3, ¯®­ïâì, çâ® íâ¨ ¬­®£®£à ­­¨ª¨
ï¢«ïîâáï (¨«¨ ­¥ ï¢«ïîâáï)  ää¨­­®-íª¢¨¢ «¥­â­ë¬¨.

�®ª« ¤ ®á­®¢ ­ ­  ¯à¥¯à¨­â¥  ¢â®à  \Recognition of
a�ne-equivalent polyhedra by their natural developments,"
arXiv:2106.13659 [math.MG].

https://arxiv.org/abs/2106.13659
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�« ­ ¤®ª« ¤ :

§ 1. �¢¥¤¥­¨¥: ¯®áâ ­®¢ª  ¯à®¡«¥¬ë ¨ ãâ®ç­¥­¨¥ â¥à¬¨­®«®£¨¨

§ 2. �¥è¥­¨¥ ¯à®¡«¥¬ë ¤«ï ¯à®áâëå ¬­®£®£à ­­¨ª®¢

§ 3. �áá«¥¤®¢ ­¨¥ ¯à®¡«¥¬ë ¤«ï ¯®¤¢¥á®ª

§ 4. �áá«¥¤®¢ ­¨¥ ¯à®¡«¥¬ë ¤«ï ¯à®¨§¢®«ì­ëå ¬­®£®£à ­­¨ª®¢

§ 5. � ª«îç¨â¥«ì­ë¥ § ¬¥ç ­¨ï



4/35

§ 1. �¢¥¤¥­¨¥: ¯®áâ ­®¢ª  ¯à®¡«¥¬ë ¨

ãâ®ç­¥­¨¥ â¥à¬¨­®«®£¨¨
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�á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï

�ë¯ãª«ë© ¬­®£®ã£®«ì­¨ª = ¢ë¯ãª« ï ®¡®«®çª  ª®­¥ç­®£®
ç¨á«  â®ç¥ª ¢ R2, ­¥ «¥¦ é¨å ­  ®¤­®© ¯àï¬®©

�­®£®£à ­­¨ª = ª®­¥ç­ë© ­ ¡®à ¢ë¯ãª«ëå ¬­®£®ã£®«ì­¨ª®¢ ¢
R3, ã¤®¢«¥â¢®àïîé¨© á«¥¤ãîé¨¬ ãá«®¢¨ï¬:
(1) ª ¦¤ ï áâ®à®­  «î¡®£® ¨§ íâ¨å ¬­®£®ã£®«ì­¨ª®¢ ¥áâì

®¤­®¢à¥¬¥­­® áâ®à®­  ­¥ ¡®«¥¥, ç¥¬ ®¤­®£® ¤àã£®£®
¬­®£®ã£®«ì­¨ª , ­ §ë¢ ¥¬®£® á¬¥¦­ë¬ á ¯¥à¢ë¬;
(2) ­¨ª ª¨¥ ¤¢  á¬¥¦­ëå ¬­®£®ã£®«ì­¨ª  ­¥ ¯à¨­ ¤«¥¦ â

®¤­®© ¯«®áª®áâ¨;
(3) ®â ¢áïª®£® ¬­®£®ã£®«ì­¨ª  íâ®£® ­ ¡®à  ¬®¦­® ¤®©â¨ ¤®

«î¡®£® ¤àã£®£® ¨§ ­¨å, ¯¥à¥å®¤ï ç¥à¥§ àñ¡à  (â® ¥áâì ®â
á¬¥¦­®£® ª á¬¥¦­®¬ã)
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�®­ïâ¨¥ ­ âãà «ì­®© à §¢ñàâª¨ ¬­®£®£à ­­¨ª  ¨­âã¨â¨¢­®
®ç¥¢¨¤­® ¢áïª®¬ã, ªâ® å®âì à § áª«¥¨« ¬­®£®£à ­­¨ª ¨§ ­ ¡®à 
¥£® £à ­¥©, ¢ëà¥§ ­­ëå, ­ ¯à¨¬¥à, ¨§ ª àâ®­ . �®«¥¥
ä®à¬ «ì­®:

� âãà «ì­ ï à §¢ñàâª  ¬­®£®£à ­­¨ª  P = ¬­®¦¥áâ¢® R,
¢ë¯ãª«ëå ¬­®£®ã£®«ì­¨ª®¢ ¢ R2, á­ ¡¦ñ­­®¥ ý¯à ¢¨« ¬¨
áª«¥©ª¨þ â ª çâ®:
(a) R ­ å®¤¨âáï ¢® ¢§ ¨¬­®-®¤­®§­ ç­®¬ á®®â¢¥âáâ¢¨¨ á
¬­®¦¥áâ¢®¬ £à ­¥© P;
(b) ª ¦¤ë© ¬­®£®ã£®«ì­¨ª ¨§ R ª®­£àãí­â¥­ á®®â¢¥âáâ¢ãîé¥©
£à ­¨ P;
(á) ¢¥àè¨­ë ¬­®£®ã£®«ì­¨ª®¢ ¨§ R ®â®¦¤¥áâ¢«¥­ë (¨­®£¤ 
£®¢®àïâ ýáª«¥¥­ë ¤àã£ á ¤àã£®¬þ) ¥á«¨ ¨ â®«ìª® ¥á«¨ ®­¨
á®®â¢¥âáâ¢ãîâ ®¤­®© ¨ â®© ¦¥ ¢¥àè¨­¥ P;
(d) áâ®à®­ë ¬­®£®ã£®«ì­¨ª®¢ ¨§ R ®â®¦¤¥áâ¢«¥­ë
(ýáª«¥¥­ëþ), ¥á«¨ ¨ â®«ìª® ¥á«¨ ®­¨ á®®â¢¥âáâ¢ãîâ ®¤­®¬ã ¨
â®¬ã ¦¥ à¥¡àã P.



7/35

�à¥¤®áâ¥à¥¦¥­¨¥: � íâ®¬ ¤®ª« ¤¥ ¨á¯®«ì§ã¥âáï â®«ìª®
¯®­ïâ¨¥ ­ âãà «ì­®© à §¢ñàâª¨ ¨ á®¢á¥¬ ­¥ ¨á¯®«ì§ã¥âáï
¯®­ïâ¨¥  ¡áâà ªâ­®© à §¢ñàâª¨!

�¡áâà ªâ­ ï à §¢ñàâª  ¬­®£®£à ­­¨ª  P = ¬¥âà¨ç¥áª®¥
¯à®áâà ­áâ¢®, ¨§®¬¥âà¨ç­®¥ ¬­®£®£à ­­¨ªã P, á­ ¡¦ñ­­®¬ã
¢­ãâà¥­­¥© ¬¥âà¨ª®©.

�¡áâà ªâ­ãî à §¢ñàâªã ¬®¦­® ¬ëá«¨âì á¥¡¥ ª ª ª®­¥ç­ë©
­ ¡®à ¢ë¯ãª«ëå ¬­®£®ã£®«ì­¨ª®¢ ¢ R2 ¢¬¥áâ¥ á ¯à ¢¨«®¬
®â®¦¤¥áâ¢«¥­¨ï àñ¡¥à, ­® (¢ ®â«¨ç¨¥ ®â ­ âãà «ì­®©
à §¢ñàâª¨) ¬­®£®ã£®«ì­¨ª¨  ¡áâà ªâ­®© à §¢ñàâª¨ ¬®£ãâ ¨ ­¥
á®®â¢¥âáâ¢®¢ âì £à ­ï¬ ¬­®£®£à ­­¨ª  P.
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�à¨¬¥à:  ¡áâà ªâ­ ï à §¢ñàâª  ¬®¦¥â ­¥ ¡ëâì ­ âãà «ì­®©

x1
x2

x3

x0

(a)

x̃2 x̃1 x̃2

x̃0 x̃3 x̃0

(b)

x̃2 x̃1 x̃2

x̃0 x̃3 x̃0

(c)

(a) = ¯à ¢¨«ì­ë© â¥âà í¤à;
(b) = ­ âãà «ì­ ï à §¢ñàâª  ¯à ¢¨«ì­®£® â¥âà í¤à  (a);
(c) =  ¡áâà ªâ­ ï à §¢ñàâª  ¯à ¢¨«ì­®£® â¥âà í¤à  (a),
(c) = ­¥ ï¢«ïîé ïáï ¥£® ­ âãà «ì­®© à §¢ñàâª®©.
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�¥®à¥¬  (�.�. �®è¨ ®¡ ®¤­®§­ ç­®© ®¯à¥¤¥«ñ­­®áâ¨
¢ë¯ãª«®£® ¬­®£®£à ­­¨ª )

�ãáâì P ¨ P ′ | ª®¬¡¨­ â®à­® íª¢¨¢ «¥­â­ë¥ ¢ë¯ãª«ë¥

§ ¬ª­ãâë¥ ¬­®£®£à ­­¨ª¨ ¢ R3. �á«¨ ­ âãà «ì­ë¥ à §¢ñàâª¨

¬­®£®£à ­­¨ª®¢ P ¨ P ′ ¨§®¬¥âà¨ç­ë, â® P ¨ P ′ ª®­£àãí­â­ë.

�¥®à¥¬  (�.�. �«¥ªá ­¤à®¢  ® ¥¤¨­áâ¢¥­­®áâ¨ ¢ë¯ãª«®£®
¬­®£®£à ­­¨ª  á ¤ ­­®© à §¢ñàâª®©)

�ãáâì P ¨ P ′ | ¢ë¯ãª«ë¥ § ¬ª­ãâë¥ ¬­®£®£à ­­¨ª¨ ¢ R3,   R
¨ R ′ | «î¡ë¥ ¨å  ¡áâà ªâ­ë¥ à §¢ñàâª¨. �á«¨ à §¢ñàâª¨ R ¨

R ′ ¨§®¬¥âà¨ç­ë, â® ¬­®£®£à ­­¨ª¨ P ¨ P ′ ª®­£àãí­â­ë.

�àã£¨¬¨ á«®¢ ¬¨, â¥®à¥¬  �.�. �«¥ªá ­¤à®¢  ¯®ª §ë¢ ¥â, çâ®
¢ â¥®à¥¬¥ �.�. �®è¨ ­¥â ­¥®¡å®¤¨¬®áâ¨ ¯à®¢¥àïâì, çâ®
à §¢ñàâª¨ ¬­®£®£à ­­¨ª®¢ P ¨ P ′ ï¢«ïîâáï ­ âãà «ì­ë¬¨.
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�¥®à¥¬  ¥¤¨­áâ¢¥­­®áâ¨ �.�. �«¥ªá ­¤à®¢  ¨­â¥à¥á­  ­¥
â®«ìª® á ¬  ¯® á¥¡¥. �­  ¨£à ¥â áãé¥áâ¢¥­­ãî à®«ì ¯à¨
¤®ª § â¥«ìáâ¢¥ á«¥¤ãîé¥© â¥®à¥¬ë, â ª¦¥ ¤®ª § ­­®© �.�.
�«¥ªá ­¤à®¢ë¬:

�¥®à¥¬  (�.�. �«¥ªá ­¤à®¢  ® áãé¥áâ¢®¢ ­¨¨ ¢ë¯ãª«®£®
¬­®£®£à ­­¨ª  á ¤ ­­®© à §¢ñàâª®©)

�ãáâì  ¡áâà ªâ­ ï à §¢ñàâª  R â ª®¢ , çâ®:

(i) R £®¬¥®¬®à­  áä¥à¥,

(ii) ªà¨¢¨§­  R ¢ ª ¦¤®© ¢¥àè¨­¥ > 0 (â. ¥. áã¬¬  ã£«®¢

¬­®£®ã£®«ì­¨ª®¢, áå®¤ïé¨åáï ¢ «î¡®© ¢¥àè¨­¥ 6 2π),
(iii) ¯®«­ ï ªà¨¢¨§­  R à ¢­  4π.
�®£¤  ¢ R3 áãé¥áâ¢ã¥â § ¬ª­ãâë© ¢ë¯ãª«ë© ¬­®£®£à ­­¨ª,

¤«ï ª®â®à®£® R ï¢«ï¥âáï  ¡áâà ªâ­®© à §¢ñàâª®©.

� ¬¥ç ­¨¥: ¥á«¨ ¢ â¥®à¥¬¥ áãé¥áâ¢®¢ ­¨ï �.�. �«¥ªá ­¤à®¢ 
§ ¬¥­¨âì â¥à¬¨­ ý ¡áâà ªâ­ ï à §¢ñàâª þ â¥à¬¨­®¬
ý­ âãà «ì­ ï à §¢ñàâª þ, â® ¯®«ãç¨¬ ­¥¢¥à­®¥ ãâ¢¥à¦¤¥­¨¥.
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�â®ç­¥­­ ï ¯®áâ ­®¢ª  ­ è¥© ¯à®¡«¥¬ë:

• ­ ¬ ¤ ­ë ¤¢  ª®¬¡¨­ â®à­® íª¢¨¢ «¥­â­ëå ¢ë¯ãª«ëå
¬­®£®£à ­­¨ª  P ¨ P ′ ¢ R3;
• ¬ë áâà®¨¬ ­ âãà «ì­ë¥ à §¢ñàâª¨ ¬­®£®£à ­­¨ª®¢ P ¨ P ′;
• ¨á¯®«ì§ãï â®«ìª® íâ¨ ­ âãà «ì­ë¥ à §¢ñàâª¨ ¬ë å®â¨¬
®â¢¥â¨âì ­  ¢®¯à®á ï¢«ïîâáï ¨«¨ ­¥â ¬­®£®£à ­­¨ª¨ P ¨ P ′

 ää¨­­® íª¢¨¢ «¥­â­ë¬¨.

�ç¥¢¨¤­®, çâ® ¥á«¨ P ¨ P ′  ää¨­­® íª¢¨¢ «¥­â­ë, â®
á®®â¢¥âáâ¢ãîé¨¥ £à ­¨ ¨å ­ âãà «ì­ëå à §¢ñàâ®ª â®¦¥
 ää¨­­® íª¢¨¢ «¥­â­ë.

�â® ®ç¥¢¨¤­®¥ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¤«ï  ää¨­­®©
íª¢¨¢ «¥­â­®áâ¨ ¬­®£®£à ­­¨ª®¢.

�® ®­® ­¥ ï¢«ï¥âáï ¤®áâ â®ç­ë¬.
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�à¨¬¥à: áà¥¤¨ âà¥ã£®«ì­ëå ¡¨¯¨à ¬¨¤ ¥áâì  ää¨­­® ­¥
íª¢¨¢ «¥­â­ë¥
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§ 2. �¥è¥­¨¥ ¯à®¡«¥¬ë ¤«ï ¯à®áâëå

¬­®£®£à ­­¨ª®¢
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�¯à¥¤¥«¥­¨¥: �âà®£® ¢ë¯ãª«ë© ¬­®£®£à ­­¨ª ­ §ë¢ ¥âáï
¯à®áâë¬, ¥á«¨ «î¡ ï ¥£® ¢¥àè¨­  ¨­æ¨¤¥­â­  ¢ â®ç­®áâ¨ âà¥¬
¥£® à¥¡à ¬ (¨«¨, çâ® â® ¦¥ á ¬®¥, ¨¬¥¥â ¢ «¥­â­®áâì 3).

�à¨¬¥àë ¯à®áâëå ¬­®£®£à ­­¨ª®¢:
• â¥âà í¤à,
• ªã¡,
• ¤®¤¥ª í¤à,
• «î¡ ï áâà®£® ¢ë¯ãª« ï n-ã£®«ì­ ï ¯à¨§¬  ¯à¨ n > 3.

�®­áâàã¨à®¢ ­¨¥ ­®¢ëå ¯à®áâëå ¬­®£®£à ­­¨ª®¢:
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�¥®à¥¬  1 (¯®çâ¨ ®ç¥¢¨¤­ ï)

�ãáâì P ¨ P ′ ï¢«ïîâáï ¯à®áâë¬¨ ¬­®£®£à ­­¨ª ¬¨ ¢ R3,

ª®¬¡¨­ â®à­® íª¢¨¢ «¥­â­ë¬¨ ¤àã£ ¤àã£ã.

�á«¨ á®®â¢¥âáâ¢ãîé¨¥ £à ­¨ ­ âãà «ì­ëå à §¢ñàâ®ª

¬­®£®£à ­­¨ª®¢ P ¨ P ′  ää¨­­®-íª¢¨¢ «¥­â­ë, â® á ¬¨

¬­®£®£à ­­¨ª¨ P ¨ P ′  ää¨­­®-íª¢¨¢ «¥­â­ë.

�¥®à¥¬  1 ¯®ª §ë¢ ¥â, çâ® ¤«ï ¯à®áâëå ¬­®£®£à ­­¨ª®¢
 ää¨­­ ï íª¢¨¢ «¥­â­®áâì £à ­¥© ã¦¥ ¢«¥çñâ  ää¨­­ãî
íª¢¨¢ «¥­â­®áâì ¬­®£®£à ­­¨ª®¢.

�¥®à¥¬  1 ¬®¦¥â ¡ëâì ®¡®¡é¥­  ¢ ­¥áª®«ìª¨å ­ ¯à ¢«¥­¨ïå,
­ ¯à¨¬¥à, ®­  á¯à ¢¥¤«¨¢  ¤ ¦¥ ¥á«¨ ­¥ª®â®àë¥ ¢¥àè¨­ë
¨¬¥îâ ¢ «¥­â­®áâì > 4.

� íâ®¬ ­ ¯à ¢«¥­¨¨ ¢¥à­  á«¥¤ãîé ï â¥®à¥¬ :
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�¥®à¥¬  2

�ãáâì áâà®£® ¢ë¯ãª«ë¥ § ¬ª­ãâë¥ ¬­®£®£à ­­¨ª¨ P ¨ P ′ ¢ R3

¨¬¥îâ ®¤¨­ ª®¢®¥ ª®¬¡¨­ â®à­®¥ áâà®¥­¨¥, ¯à¨çñ¬ ¨å

á®®â¢¥âáâ¢ãîé¨¥ £à ­¨  ää¨­­®-íª¢¨¢ «¥­â­ë.

� ¯ãáâì ­  P ¨¬¥¥âáï á¢ï§­ë© àñ¡¥à­ë© ¯ãâì γ â ª®©, çâ®

(i) ¢ ª ¦¤®© ¢¥àè¨­¥ ¯ãâ¨ γ áå®¤¨âáï à®¢­® âà¨ à¥¡à  P ¨

(ii) ¤«ï «î¡®© £à ­¨ ¬­®£®£à ­­¨ª  P áãé¥áâ¢ã¥â ¨­æ¨¤¥­â­ ï

íâ®© £à ­¨ ¢¥àè¨­  ¯ãâ¨ γ.
�®£¤  ¬­®£®£à ­­¨ª¨ P ¨ P ′  ää¨­­®-íª¢¨¢ «¥­â­ë.

(a) (b) (c)
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�¥®à¥¬  1 ¯®§¢®«ï¥â ¤®ª § âì ¨ â ª®¥ ãâ¢¥à¦¤¥­¨¥:

�¥®à¥¬  3

�ãáâì n > 4 ¨ Mn | ¬­®¦¥áâ¢® ¢á¥å áâà®£® ¢ë¯ãª«ëå

§ ¬ª­ãâëå ¬­®£®£à ­­¨ª®¢ á n £à ­ï¬¨ ¢ R3, á­ ¡¦ñ­­®¥

¬¥âà¨ª®© � ãá¤®àä .

�ãé¥áâ¢ã¥â ®âªàëâ®¥ ¯«®â­®¥ ¯®¤¬­®¦¥áâ¢® Ωn ⊂ Mn, â ª®¥

çâ® ¤«ï «î¡ëå ¬­®£®£à ­­¨ª®¢ P,P ′ ∈ Ωn á«¥¤ãîé¨¥ ¤¢ 

ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:

(i) P ¨ P ′ ª®¬¡¨­ â®à­® íª¢¨¢ «¥­â­ë ¤àã£ ¤àã£ã, ¯à¨çñ¬

ª ¦¤ë¥ ¤¢¥ á®®â¢¥âáâ¢ãîé¨¥ £à ­¨  ää¨­­®-íª¢¨¢ «¥­â­ë;

(ii) P ¨ P ′  ää¨­­®-íª¢¨¢ «¥­â­ë.
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§ 3. �áá«¥¤®¢ ­¨¥ ¯à®¡«¥¬ë ¤«ï ¯®¤¢¥á®ª
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�¥¯¥àì ¨§«®¦¨¬ á®¢á¥¬ ¨­ãî ¨¤¥î, ç¥¬ â , çâ® ¡ë« 
¨á¯®«ì§®¢ ­  ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1. � ç­ñ¬ á ¯®¤¢¥á®ª.

�®¤¢¥áª®© ­ §ë¢ ¥âáï ¬­®£®£à ­­¨ª, ª®¬¡¨­ â®à­®
íª¢¨¢ «¥­â­ë© ¯à ¢¨«ì­®© n-ã£®«ì­®© ¡¨¯¨à ¬¨¤¥ ¯à¨ n > 3.

xn+1

x0

(a)

xn+1

x0

xj

xj+1

(b)

(a) = x0 ¨ xn+1 íâ® î¦­ë© ¨ á¥¢¥à­ë© ¯®«îáë ¯®¤¢¥áª¨ P
(b) = xj íâ® â®çª¨ ­  íª¢ â®à¥; á¥àë© æ¢¥â ®¡êïá­¨¬ ¯®§¦¥.
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�à¨ç¨­ë, ¯® ª®â®àë¬ ¨­â¥à¥á­ë ¯®¤¢¥áª¨:

(i) ®ªâ í¤à ï¢«ï¥âáï ¯®¤¢¥áª®©, ­® ­¥ ï¢«ï¥âáï ¯à®áâë¬
¬­®£®£à ­­¨ª®¬;

(ii) ­ è ®á­®¢­®© ¢®¯à®á ¬®â¨¢¨à®¢ ­ â¥®à¥¬®© �®è¨,   ¢ ¥ñ
¨áâ®à¨¨ ®ªâ í¤à áë£à « ¢ ¦­ãî à®«ì:
• A.-M. Legendre. El�ements de g�eom�etrie. Paris, 1794. Note XII
(pp. 321{334)
• A. L. Cauchy. Sur les polygones et poly�edres. Second M�emoire.
J. �Ecole Polyt�echnique, 9:87{98, 1813
• �. �. � ¡¨â®¢. �«£¥¡à ¨ç¥áª¨¥ ¬¥â®¤ë à¥è¥­¨ï ¬­®£®£à ­-
­¨ª®¢. �á¯¥å¨ ¬ â. ­ ãª, 66(3):3{66, 2011
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xn+1

x0

(a)

xn+1

x0

xj

xj+1

(b)

(a) = x0 ¨ xn+1 íâ® î¦­ë© ¨ á¥¢¥à­ë© ¯®«îáë ¯®¤¢¥áª¨ P;
(b) = â¥âà í¤à Tj á ¢¥àè¨­ ¬¨ x0, xj , xj+1, xn+1.

�âà¥§®ª x0xn+1 ï¢«ï¥âáï à¥¡à®¬ Tj , ­® ­¥ ï¢«ï¥âáï à¥¡à®¬ P.
�àã£¨¬¨ á«®¢ ¬¨, x0xn+1 ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ à¥¡à®¬ Tj ,
ª®â®à®¥ ­¥ ¬®¦¥â ¡ëâì ­¥¯®áà¥¤áâ¢¥­­® ­ ©¤¥­® ¨§
­ âãà «ì­®© à §¢ñàâª¨ ¯®¤¢¥áª¨ P. �£® ¤«¨­ã ¬ë ¡ã¤¥¬
­ §ë¢ âì ýá¢®¡®¤­ë¬ ¯ à ¬¥âà®¬þ ¨ ®¡®§­ ç âì ç¥à¥§ t.
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�ëà §¨¬ ®¡êñ¬ Tj ç¥à¥§ ¤«¨­ë ¥£® à¥¡¥à.

�ãáâì Dj ,k ®¡®§­ ç ¥â ª¢ ¤à â ¤«¨­ë ®âà¥§ª  xjxk , ¥á«¨ íâ®â
®âà¥§®ª ï¢«ï¥âáï à¥¡à®¬ ª ª P, â ª ¨ Tj .

�®«®¦¨¬ ¯® ®¯à¥¤¥«¥­¨î

qj(t) =

∣∣∣∣∣∣∣∣∣∣
0 1 1 1 1
1 0 D0,j D0,j+1 t2

1 Dj ,0 0 Dj ,j+1 Dj ,n+1

1 Dj+1,0 Dj+1,j 0 Dj+1,n+1

1 t2 Dn+1,j Dn+1,j+1 0

∣∣∣∣∣∣∣∣∣∣
.
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qj(t) =

∣∣∣∣∣∣∣∣∣∣
0 1 1 1 1
1 0 D0,j D0,j+1 t2

1 Dj ,0 0 Dj ,j+1 Dj ,n+1

1 Dj+1,0 Dj+1,j 0 Dj+1,n+1

1 t2 Dn+1,j Dn+1,j+1 0

∣∣∣∣∣∣∣∣∣∣
.

� ¬¥â¨¬, çâ®

(i) qj(t) ï¢«ï¥âáï ®¯à¥¤¥«¨â¥«¥¬ �í«¨{�¥­£¥à  â¥âà í¤à  Tj ;

(ii) qj(t) = 288(volTj)
2;

(iii) qj(t) ï¢«ï¥âáï ¡¨-ª¢ ¤à â­ë¬ ¬­®£®ç«¥­®¬ ®â
ýá¢®¡®¤­®£® ¯ à ¬¥âà þ t, ¯à¨çñ¬ ª®íää¨æ¨¥­âë íâ®£®
¬­®£®ç«¥­  ï¢­® áâà®ïâáï ¯® ­ âãà «ì­®© à §¢ñàâª¥.
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�á«¨ P ′ | ¥éñ ®¤­  ¯®¤¢¥áª , ª®¬¡¨­ â®à­® íª¢¨¢ «¥­â­ ï P,
â® ¬ë ®¯à¥¤¥«ï¥¬ ýá¢®¡®¤­ë© ¯ à ¬¥âàþ t ′, â¥âà í¤àë T ′

j ¨
¬­®£®ç«¥­ë q′j(t

′) â ª¦¥, ª ª ¢ëè¥ ¡ë«¨ ®¯à¥¤¥«¥­ë t, Tj ¨
qj(t) ¤«ï P.

�«îç¥¢®¥ á®®¡à ¦¥­¨¥: ¥á«¨ A : R3 → R3 ï¢«ï¥âáï  ää¨­­ë¬
¯à¥®¡à §®¢ ­¨¥¬, â ª¨¬, çâ® P ′ = A(P) (â®ç­¥¥, â ª¨¬, çâ®
x ′j = A(xj) ¤«ï ¢á¥å j = 1, . . . , n), â®

(
detA

)2
=

(volT ′
j )2

(volTj)2
=

q′j(|x ′0 − x ′n+1
|)

qj(|x0 − xn+1|)

¤«ï ¢á¥å j = 1, 2, . . . , n.



25/35

�¥®à¥¬  2

�ãáâì P ¨ P ′ | ¯®¤¢¥áª¨ ¢ R3 á ®¤¨­ ª®¢ë¬ ç¨á«®¬ ¢¥àè¨­

n > 3 ­  íª¢ â®à¥.

� ¯ãáâì á¨áâ¥¬  n > 3  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

q′j(t
′) = δqj(t), j = 1, 2, . . . , n,

®â­®á¨â¥«ì­® âàñå ­¥¨§¢¥áâ­ëå δ, t, ¨ t ′ ­¥ ¨¬¥¥â ¯®«®¦¨â¥«ì-

­®£® à¥è¥­¨ï (â. ¥., â ª®£® à¥è¥­¨ï, çâ® δ > 0, t > 0, ¨ t ′ > 0).
�®£¤  P ¨ P ′ ­¥ ï¢«ïîâáï  ää¨­­®-íª¢¨¢ «¥­â­ë¬¨.

�®ª § â¥«ìáâ¢®: �á«¨ P ¨ P ′ ï¢«ïîâáï  ää¨­­®-íª¢¨¢ «¥­â-
­ë¬¨, â® δ = (detA)2, t = |x0 − xn+1|, t ′ = |x ′

0
− x ′n+1

| ï¢«ï¥âáï
¯®«®¦¨â¥«ì­ë¬ à¥è¥­¨¥¬. �
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§ 4. �áá«¥¤®¢ ­¨¥ ¯à®¡«¥¬ë ¤«ï
¯à®¨§¢®«ì­ëå ¬­®£®£à ­­¨ª®¢

�å¥¬ â¨ç­®¥ ®¡êïá­¥­¨¥
â®£®, ¯®ç¥¬ã áª § ­­®¥ ¢ § 3
¤«ï ¯®¤¢¥á®ª, £®¤¨âáï â ª¦¥
¤«ï «î¡ëå ¬­®£®£à ­­¨ª®¢
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�¯à¥¤¥«¥­¨¥: �®¢®ªã¯­®áâì Z âàñå £à ­¥© ­ âãà «ì­®©
à §¢ñàâª¨ R ­ §ë¢ ¥âáï § ¯« âª®© ­  R, ¨­æ¨¤¥­â­®© ¢¥àè¨­¥
x̃0 ∈ R, ¥á«¨
• ª ¦¤ ï ¨§ £à ­¥©, á®áâ ¢«ïîé¨å Z , ¨­æ¨¤¥­â­  x̃0; ¨
• Z á¢ï§­ , â. ¥., ®â ¢áïª®© £à ­¨ § ¯« âª¨ Z ¬®¦­® ¯¥à¥©â¨ ª
¤àã£®©, ¯¥à¥å®¤ï ç¥à¥§ àñ¡à  Z .

x̃0

x̃1

x̃1

x̃2

x̃3

(a)

x̃0

x̃1
x̃2

x̃3

x̃4

x̃1

t

s

(b)

x̃0

x̃1
x̃2

x̃3

x̃4

x̃5

t

s

r

(c)
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�ãáâì P,P ′ ⊂ R3 | ¢ë¯ãª«ë¥ ª®¬¡¨­ â®à­® íª¢¨¢ «¥­â­ë¥
¬­®£®£à ­­¨ª¨ ¨ ¯ãáâì R,R ′ | ¨å ­ âãà «ì­ë¥ à §¢ñàâª¨.

�«£®à¨â¬ // � £ I: �¥à¥¡¨à ¥¬ ¢á¥ 3-¢ «¥­â­ë¥ ¢¥àè¨­ë x̃0
à §¢ñàâª¨ R. � ª ¢ § 3, ¨á¯®«ì§ãï ®¯à¥¤¥«¨â¥«ì �í«¨{�¥­£¥à 
¢ëç¨á«ï¥¬ ª¢ ¤à â ®¡êñ¬  vol23 (T ) â¥âà í¤à  T á ¢¥àè¨­ ¬¨
x0, . . . , x3 ¨ ª¢ ¤à â ®¡êñ¬  vol23 (T ′) â¥âà í¤à  T ′ á
¢¥àè¨­ ¬¨ x ′

0
, . . . , x ′

3
.

�á«¨ ¤à®¡ì vol23 (T ′)/vol23 (T ) ¯à¨­¨¬ ¥â ­¥ ®¤­® ¨ â®¦¥
§­ ç¥­¨¥ ­  ¬­®¦¥áâ¢¥ 3-¢ «¥­â­ëå ¢¥àè¨­, â® P ¨ P ′ ­¥
ï¢«ïîâáï  ää¨­­®-íª¢¨¢ «¥­â­ë¬¨ ¨  «£®à¨â¬ § ª ­ç¨¢ ¥â
à ¡®âã.

� ¯à®â¨¢­®¬ á«ãç ¥ ®¡é¥¥ §­ ç¥­¨¥ ¤à®¡¥© vol23 (T ′)/vol23 (T )
®¡®§­ ç ¥¬ ç¥à¥§ δ3 ¨ ¯¥à¥å®¤¨¬ ª � £ã II.
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x̃0

x̃1

x̃1

x̃2

x̃3

(a)

x̃0

x̃1
x̃2

x̃3

x̃4

x̃1

t

s

(b)

x̃0

x̃1
x̃2

x̃3

x̃4

x̃5

t

s

r

(c)

�«£®à¨â¬ // � £ II: �¥à¥¡¨à ¥¬ ¢á¥ 4-¢ «¥­â­ë¥ ¢¥àè¨­ë
x̃0 ∈ R ¨ ¢á¥ ç¥âëà¥ § ¯« âª¨ Z ⊂ R, ¨­æ¨¤¥­â­ë¥ ª ¦¤®¬ã x̃0.

�«ï ª ¦¤®© § ¯« âª¨ Z ®¡®§­ ç¨¬ ç¥à¥§ T0 4-¬¥à­ë©
â¥âà í¤à á ¢¥àè¨­ ¬¨ x0, . . . , x4. T0 ⊂ R3 ⇒ ¤«ï ¥£® 4-¬¥à­®£®
®¡êñ¬  ¨¬¥¥¬

vol24 (T0)(s, t) = 0. (1)

�¯à¥¤¥«¨â¥«ì �í«¨{�¥­£¥à  ⇒ ¢ «¥¢®© ç áâ¨ (1) áâ®¨â
¬­®£®ç«¥­ áâ¥¯¥­¨ 6 2 ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥­­ëå s2, t2.
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�«ï ª ¦¤®© § ¯« âª¨ Z ¨ ª ¦¤®£® j = 1, . . . , 4 ®¡®§­ ç¨¬
ç¥à¥§ Tj 3-¬¥à­ë© â¥âà í¤à á ¢¥àè¨­ ¬¨

(
∪4k=0

{xk}
)
\ {xj}.

�¯à¥¤¥«¨â¥«ì �í«¨{�¥­£¥à  ⇒ vol23 (Tj)(s, t) ï¢«ï¥âáï
¬­®£®ç«¥­®¬ áâ¥¯¥­¨ 6 2 ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥­­ëå s2, t2.

�­ «®£¨ç­®, ®¡®§­ ç¨¬:
• T ′

0
| 4-¬¥à­ë© â¥âà í¤à á ¢¥àè¨­ ¬¨ x ′

0
, . . . , x ′

4
;

• T ′
j | 3-¬¥à­ë© â¥âà í¤à á ¢¥àè¨­ ¬¨

(
∪4k=0

{x ′k}
)
\ {x ′j}

§ ¯« âª¨ Z ′ (j = 1, . . . , 4).

�®£¤ 
vol24 (T ′

0)(s ′, t ′) = 0, (2)

£¤¥ ¢ «¥¢®© ç áâ¨ (2) áâ®¨â ¬­®£®ç«¥­ áâ¥¯¥­¨ 6 2 ¯® ª ¦¤®©
¨§ ¯¥à¥¬¥­­ëå (s ′)2, (t ′)2.
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� ª®­¥æ, ¥á«¨ ¬­®£®£à ­­¨ª¨ P,P ′ (  §­ ç¨â, ¨ § ¯« âª¨
Z ,Z ′)  ää¨­­®-íª¢¨¢ «¥­â­ë, â® ¤«ï ª ¦¤®£® j = 1, . . . , 4
¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥

vol23 (T ′
j )(s ′, t ′) = δ · vol23 (Tj)(s, t), (3)

£¤¥ δ = (detA)2, A : R3 → R3, P ′ = A(P).

�«¥¤®¢ â¥«ì­®, ¥á«¨ ¯¥à¥®¯à¥¤¥«ñ­­ ï á¨áâ¥¬  (1){(3) ¨§
è¥áâ¨  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨¥© ®â­®á¨â¥«ì­® ¯ïâ¨
ýá¢®¡®¤­ëå ¯ à ¬¥âà®¢þ s, t, s ′, t ′, δ ­¥ ¨¬¥¥â ¯®«®¦¨â¥«ì­®£®
à¥è¥­¨ï, â® P ¨ P ′ ­¥ ï¢«ïîâáï  ää¨­­®-íª¢¨¢ «¥­â­ë¬¨.

�â¬¥â¨¬, çâ® ¥á«¨ P ¨¬¥¥â å®âì ®¤­ã 3-¢ «¥­â­ãî ¢¥àè¨­ã, â®
á¨áâ¥¬  (1){(3) áâ ­®¢¨âáï ý¥éñ ¡®«¥¥ ¯¥à¥®¯à¥¤¥«ñ­­®©þ,
¢¥¤ì ®­  á®¤¥à¦¨â è¥áâì  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨¥©
®â­®á¨â¥«ì­® ç¥âëàñå ýá¢®¡®¤­ëå ¯ à ¬¥âà®¢þ s, t, s ′, t ′

(¯®áª®«ìªã δ ®¡ï§ ­® ¡ëâì à ¢­ë¬ δ3).
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�«£®à¨â¬ // � £ III: �¥à¥¡¨à ¥¬ ¢á¥ æ¥«ë¥ n > 4, ¢á¥
n-¢ «¥­â­ë¥ ¢¥àè¨­ë x̃0 ∈ R ¨ ¢á¥ § ¯« âª¨ Z ⊂ R,
¨­æ¨¤¥­â­ë¥ x̃0.

� ª ¦¥, ª ª ­  � £¥ II, ã¡¥¦¤ ¥¬áï, çâ® ¤«ï ª ¦¤®£® x̃0 ­ ¡®à
§ ¯« â®ª, ¨­æ¨¤¥­â­ëå x̃0, ¯®à®¦¤ ¥â ¯¥à¥®¯à¥¤¥«ñ­­ãî
á¨áâ¥¬ã  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ®â­®á¨â¥«ì­® á¥¬¨
ýá¢®¡®¤­ëå ¯ à ¬¥âà®¢þ s, t, r , s ′, t ′, r ′, δ.

�á«¨ íâ  ¯¥à¥®¯à¥¤¥«ñ­­ ï á¨áâ¥¬  ­¥ ¨¬¥¥â ¯®«®¦¨â¥«ì­®£®
à¥è¥­¨ï, â® P ¨ P ′ ­¥ ï¢«ïîâáï  ää¨­­®-íª¢¨¢ «¥­â­ë¬¨.
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§ 5. � ª«îç¨â¥«ì­ë¥ § ¬¥ç ­¨ï
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(i) �ë à¥è¨«¨ â®«ìª® ý¯®«®¢¨­ãþ ¯à®¡«¥¬ë, â. ¥. ¬ë ¬®¦¥¬
£ à ­â¨à®¢ âì, çâ® ­¥ª®â®àë¥ ¬­®£®£à ­­¨ª¨ P,P ′ ­¥
ï¢«ïîâáï  ää¨­­®-íª¢¨¢ «¥­â­ë¬¨;

(ii) ­ è¥ à¥è¥­¨¥ ï¢«ï¥âáï  «£®à¨â¬¨ç¥áª¨¬, â. ¥.  ¯¥««¨àã¥â
ª ª ª¨¬-â® ¢ëç¨á«¥­¨ï¬ á ¯à¨¢«¥ç¥­¨¥¬ ¤ ­­ëå,
­¥¯®áà¥¤áâ¢¥­­® ¯®«ãç ¥¬ëå ¨§ à §¢ñàâ®ª R,R ′;

(iii) ­ è¥ à¥è¥­¨¥ ý«®ª «ì­®þ, â. ¥. ­  á ¬®¬ ¤¥«¥ ¬ë
¯à®¢¥àï¥¬, çâ® §¢ñ§¤ë á®®â¢¥âáâ¢ãîé¨å ¢¥àè¨­ P,P ′ ­¥
¬®£ãâ ¡ëâì  ää¨­­®-íª¢¨¢ «¥­â­ë¬¨;

(iv) ¢ ¯à¨­æ¨¯¥ ­ è ¬¥â®¤ ¬®¦¥â ¡ëâì ¯à¨¬¥­ñ­ ª ª ª
­¥¢ë¯ãª«ë¬ ¬­®£®£à ­­¨ª ¬, â ª ¨ ª ¬­®£®£à ­­¨ª ¬ á
£à ­¨æ¥©;

(v) ­ è ¬¥â®¤ ­¥ ¯à¨¬¥­¨¬ ª ¨§ãç¥­¨î ¢®¯à®á  ® ¯à®¥ªâ¨¢­®©
íª¢¨¢ «¥­â­®áâ¨ P,P ′ (  íâ® ¥áâ¥áâ¢¥­­ë© ¢®¯à®á);

(vi) ¬ë ­ å®¤¨¬áï ¢ ­ ç «¥ ¯ãâ¨ ¨ ­ã¦­ë ­®¢ë¥ ¨¤¥¨.
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�¯ á¨¡® §  ¢­¨¬ ­¨¥!


