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Abstract: The spectrum of a finite group is the set of its element orders. Two groups are said to be
1sospectral if their spectra coincide. We deal with the class of finite groups isospectral to simple and
orthogonal groups over a field of an arbitrary positive characteristic p. It is known that a group of this
class has a unique nonabelian composition factor. We prove that this factor cannot be isomorphic to
an alternating or sporadic group. We also consider the case where this factor is isomorphic to a group
of Lie type over a field of the same characteristic p.
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The spectrum w(G) of a finite group G is the set of its element orders. Two groups are said to be
isospectral if their spectra coincide. A finite group L is recognizable by spectrum if every finite group G
with w(G) = w(L) is isomorphic to L. More generally, a group L is a group for which the problem of
recognition by spectrum is solved if the number (up to isomorphism) of finite groups isospectral to L is
known. The recent results on the problem of recognition by spectrum can be found in the survey by
V. D. Mazurov [1].

The present paper addresses the problem of recognition for finite simple symplectic and orthogonal
groups. Within this class, the problem is solved for the groups Ba(q) [2, 3], B3(2) [4,5], B3(3) [5], Bam(2)
[6,7], C5(3) [2], Da(2) [4,5], Da(3) [5], D5(2) [8], 2Da(2) [5], 2Dp(3) [9], *Dom1(2) [7], 2Dam41(3) [10],
where m > 2 and p is an odd prime. Also some series of symplectic and orthogonal groups are proved to
be quasirecognizable by spectrum (see [7,11,12]). A finite nonabelian simple group L is quasirecognizable
by spectrum if each finite group G with w(G) = w(L) has a unique nonabelian composition factor and
this factor is isomorphic to L.

The results of the paper provide restrictions on the composition structure of a finite group isospectral
to a simple symplectic or orthogonal group.

Theorem 1. Let L be one of the simple groups By(q) with n > 2 and (n,q) # (2,3), Cn(q)
with n > 3, and D,(q), ?D,(q) with n > 4. Then there are no alternating groups among nonabelian
composition factors of finite groups isospectral to L.

Theorem 2. Let L be one of the simple groups By (q) with n > 2 and (n,q) # (2,3), Cy(g) with
n > 3, and Dy(q), 2Dy, (q) with n > 4. Then there are no sporadic groups nor the Tits group 2Fy(2)’
among nonabelian composition factors of finite groups isospectral to L.

Theorem 3. Let q be a power of a prime p, let L be one of the simple groups By,(q) with n > 2
and (n,q) # (2,3), Cn(q) with n > 3, and D,(q), 2Dy(q) with n > 4, and let G be the finite group with
w(G) = w(L). Suppose that there is a factor S among nonabelian composition factors of G which is
isomorphic to a group of Lie type over a field of characteristic p.

(1) If L = Bs(q), where ¢ > 3, then S € {A1(¢%), B2(q)}-

(2) If L € {Bs(q), C3(q), D4(q)} then S € {A1(¢*), B3(q), C3(q), D4(q), G2(q)}-
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(3) Ifn >4 and L € {By(q),Cn(q),?Dn(q)} then S € {B,(q),Cn(q),?Dn(q)}.
(4) If n > 6 is even and L = D,(q) then S € {B,-1(q), Crn—-1(q), Dn(q)}.
(5) If n > 5 is odd and L = Dy(q) then S ~ L.

Note that our choice of symplectic and orthogonal groups as the topic of study is partially caused
by Question 12.39 of the Kourovka Notebook [13] which concerns the validity of Shi’s conjecture first
appeared in [14]. The conjecture says that every finite simple group is uniquely determined by its
spectrum and order in the class of finite groups. At present the conjecture is verified for all simple groups
except for symplectic and some orthogonal groups (see [15]).

§ 1. Preliminaries

Our notation for sporadic and simple groups of Lie type follows [16]. In this connection if a group of
Lie type L is denoted by X, (q) [16, pp. xiv—xv] then we say that L is a group of rank n over a field of
order q. In particular, the rank of a twisted group is supposed equal to that of the associated untwisted
group. The alternating group of degree n is denoted by Alt,,.

Given a natural number n, let 7(n) denote the set of prime divisors of n, and n,, where r is a prime,
denotes the r-part of n; i.e., the largest power of r that divides n, while n,, denotes the r’-part of n,
i.e., the ratio n/n,. If n and m > 2 are coprime natural numbers, then we write e(m,n) to denote the
multiplicative order of n modulo m. Given an odd n, we put e(2,n) = 1 if n = 1 (mod 4) and put
e(2,n) =2if n =3 (mod 4).

Let n > 1. A prime r is said to be a primitive prime divisor of the difference n* — 1 if e(r,n) = i.
The existence of primitive divisors for almost all pairs of n and i was established by Zsigmondy.

Lemma 1.1 [17]. Let n > 1 be a natural number. Then for every natural number i there is a prime r
with e(r,n) =i, except whenn =2 andi=1,n=3 andi=1,n=2 and i = 6.

In what follows the notation 7;(n) means a primitive prime divisor of n’ —1 if such exist. The product
of all primitive divisors of n’ — 1 taken with multiplicities is said to be the greatest primitive divisor and
denoted by k;(n). Note that for a divisor, the property of being primitive depends on the pair (n,7) and
is not determined by the number n’ — 1. For example, kg(2) = 1, k3(4) = 7, k2(8) = 9, and k1(64) = 63.

It is not hard to check that k1(n) =n—1ifn # 3 (mod 4), and k1(n) = (n—1)/2 if n =3 (mod 4),
and also that ka(n) = (n+1)/(2,n—1) if n # 3 (mod 4), and k2(n) =n+1if n =3 (mod 4). It follows
from [18] that for i > 2

kl(n) = (I)l(n)/(rv (I)iT/ (n))v

where ®;(x) is the ith cyclotomic polynomial and r is the largest prime dividing 4, and if i,» does not
divide r — 1 then (r, ®; ,(n)) = 1.

The Gruenberg—Kegel graph GK(G), or the prime graph, of G is the graph with vertex set 7(G) in
which two distinct vertices p and ¢ are adjacent if and only if pg € w(G). The number of connected
components of GK(G) is denoted by s(G), and the connected components are denoted by m;(G) with
1 < i < s(G). If G has even order then by default 2 € 71 (G). According to this partition, w;(G) is the
subset of 7;(G)-numbers of w(G) for every 1 < ¢ < s(G). The structure of finite groups with disconnected
prime graph is described by Gruenberg and Kegel.

Lemma 1.2 [19]. If G is a finite group with s(G) > 1 then one of the following holds:

(1) s(G) =2, G is a Frobenius group;

(2) s(G) =2, G = ABC, where A and AB are normal subgroups of G, B is a normal subgroup of
BC, and AB and BC are Frobenius groups;

(3) there is a nonabelian simple group S such that S < G = G/K < Aut S for some nilpotent normal
subgroup K of G; moreover, K and G/S are m1(G)-groups, s(S) > s(G), and for every 1 < i < s(G)
there is 1 < j < s(S) such that w;(G) = w;(.5).

Finite simple groups with disconnected prime graph were described by Williams [19] and Kondrat'ev
[20]. The complete list of these groups, with corrected inaccuracies, can be found in [2, Tables la—Ic]|.
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It follows from the results of Williams and Kondrat’ev that if S is a simple group and s(S) > 1, then
for every 1 < i < s(S) the set w;(S) has the unique element maximal under divisibility [21, Lemma 4].
In the tables mentioned above and in the present paper, this maximal element is denoted by n;(.S).
Recall that an independent set of vertices, or coclique, in a graph I' is a set of vertices that are
pairwise nonadjacent to each other in I'. We write ¢(I") to denote the independence number of T, i.e., the
maximal number of vertices in its cocliques. Given a group G, put t(G) = t(GK(G)). By analogy, for
each prime r, define the r-independence number ¢(r, G) to be the maximal number of vertices in cocliques
of GK(G) containing the vertex r. In [22,23], for every finite nonabelian simple group, an adjacency
criterion of its prime graph is developed and all cocliques of maximal size in this graph are found.

Lemma 1.3 [24,25]. Let L be a finite nonabelian simple group such that t(L) > 3 and t(2,L) > 2,
and let G be a finite group with w(G) = w(L). Then the following hold:

(1) There exists a nonabelian simple group S such that S < G = G/K < Aut S, where K is the
maximal normal soluble subgroup of GG.

(2) For every coclique p of GK(G) of size at least 2, at most one prime of p lies in m(K) U w(G/S).
In particular, t(S) > t(G) — 1.

(3) Every prime r € 7(G) not adjacent to 2 in GK(G) does not divide the product |K|-|G/S|. In
particular, t(2,5) > t(2, G).

If T is a prime graph and 7 is a set of natural numbers, we write I'\ 7 to denote the maximal subgraph

of I' all whose vertices do not lie in w. Observe that (2) of Lemma 1.3 yields, alongside the inequality
t(S) > t(G) — 1, the inequality t(GK(S) \ 7) > t(GK(G) \ ) — 1 for every set of primes 7.

Lemma 1.4. Let G be a finite group, let K be a normal r-subgroup of G, and let G/ K be a noncyclic
abelian p-group, where r and p are different primes. Then rp € w(G).

ProoF. This is a direct corollary of [26, Chapter 5, Theorem 3.16).

§ 2. Finite Groups Isospectral to Symplectic and Orthogonal Groups

Lemma 2.1. Let L be one of the simple groups By(q) with n > 2 and (n,q) # (2,3), Cyn(q) with
n > 3, Dn(q), 2Dn(q) with n > 4, and let G be a finite group with w(G) = w(L). Then there exists
a simple nonabelian group S such that

S<G=G/K < AutS,

where K is the soluble radical of G. Furthermore, G, K and S satisfy (2) and (3) of Lemma 1.3.

PROOF. If n > 2 and L # D4(2) then, as is shown in [22], L satisfies ¢(L) > 3 and ¢(2,L) > 2. So
the assertion follows from Lemma 1.3. Let n = 2 or L = D4(2). Then L has prime graph disconnected.
Therefore, the claim follows from the Gruenberg—Kegel theorem and the main result of [27] together with
the fact that in this case t(L) = 2. The lemma is proved.

Some adjacency criterion for prime graphs of symplectic and orthogonal groups is formulated in [22,
Propositions 3.1, 4.3, and 4.4] and [23, Propositions 2.4 and 2.5]. The formulation involves the function

1 : N — N defined as
(n) = n, if n is odd;
= n/2, if n even.

Lemma 2.2. Let L, G, S, and K be as in Lemma 2.1.

(1) Suppose that L = B, (q) or L = Cy,(q), where n > 3 and (n, q
n/2 < n(i) <n and k;i(q) & w(S), then for every j # i with n/2 < n(
to |K|-|G/S| and lies in w(S).

(2) Suppose that L = Dy(q), where n > 4 and (n,q) # (4,2). If there exists i # 2n such that
n/2 < n(i) < n and ki(q) € w(S), then for every j & {i,2n} with n/2 < n(j) < n the number k;(q) is
coprime to |K| - |G/S| and lies in w(S).

) # (3,2). If there exists i such that
j) < n the number k;(q) is coprime



(3) Suppose that L = 2D,,(q), where n > 4 and (n,q) # (4,2), (5,2). If there exists i # n such that
n/2 < n(i) < n and k;i(q) & w(S), then for every j & {i,n} with n/2 < n(j) < n the number k;(q) is
coprime to |K| - |G/S| and lies in w(S).

PROOF. Since k;(q) & w(S), some r; = r;(g) divides |K| - |G/S|. Let r; = r;(g) be a primitive prime
divisor of the difference ¢/ — 1.

(1) Put 7 = ran(q) if 2n & {i,j}. If 2n € {i,j} and 2(n — 1) & {7,j} then put 7 = ro,_1)(q). If
{i,7} = {2n,2(n — 1)} then put r = r,(q) for odd n and r = r,,_1(q) for even n. If (n,q) # (4,2), the
required divisors exist. By [23, Proposition 2.4], the numbers ;,7;, and r are pairwise nonadjacent in
GK(G). So, it follows from (2) of Lemma 1.3 that r; does not divide |K|-|G/S|. Thus, k;(g) € w(S).

Put (n,q) = (4,2). By the Gruenberg—Kegel theorem, no(L) = ks(q) lies in w(K). Since kg(q) = 1,
we may assume that ¢ = 3 and j = 2. The numbers r3(q), 72(q), and rg(q) compose a coclique in GK (G),
and hence r(q) does not divide |K| - |G/S|. Thus, k2(q) € w(9).

(2) Let n be even. Put r = ro(,_1)(q) if 2(n — 1) & {4, 5}, and r = r,_1(q) if 2(n — 1) € {i,j} and
n—1¢{i,j}. If {i,j} ={2(n —1),n — 1} then put r = r,(q). Since (n,q) # (4, 2), the required divisors
exist.

Let n be odd. Put r = ry,_1)(q) if 2(n —1) & {4,5}, and r = 7, (q) if 2(n—1) € {3, j} and n & {37, j}.
If {i,7} = {2(n — 1),n} then put r = ry,_9)(q) for n > 5 and r = r,_2(q) for n = 5. Since n > 5, the
required divisors exist.

By [23, Proposition 2.5], the specified number r and r;, r; are pairwise nonadjacent in GK(G).
Hence, r; does not divide |K| - |G/S|. Thus, k;(q) € w(S).

(3) Put r = rau(q) if 2n & {35}, and r = 79,_1)(q) if 2n € {4,j} and 2(n — 1) & {3,j}. If
{i,5} = {2n,2(n — 1)} then put r = ry,,_9)(q). Since (n,q) & {(4,2),(5,2)}, the required divisors exist.
By [23, Proposition 2.5], the numbers r;,r;, and r are pairwise nonadjacent in GK(G). So, r; does not
divide |K| - |G/S|. Therefore, kj(q) € w(S). The lemma is proved.

As we mentioned in the Introduction, for a number of symplectic and orthogonal groups, the recog-
nition problem was already solved or quasirecognizability was proved. The only previous results that we
use are those on a few groups of small order. These groups are listed in the following lemma. Observe
that the assertions of Theorems 1-3 are true for all these groups, and so they may be omitted from
a proof.

Lemma 2.3. Let L be one of the simple groups By, (q), Cn(q), Dn(q), 2Dn(q) and let G be a finite
group with w(G) = w(L).

(1) If L = Bs(2) then G ~ B3(2) or G ~ D4(2) [2, 5].
(2) If L = B3(3) then G ~ B3(3) or G ~ Dy(3) [5].
(3) If L = B4(2) then G has a unique nonabelian composition factor S and S € {B4(2),2D4(2)} [6].
(4) If L = B4(3) then G has a unique nonabelian composition factor S and S € {B4(3),2D4(3)} [11].
(5) If L = C5(3) then G ~ C5(3) [4].
(6) If L = C4(3) then G has a unique nonabelian composition factor S and S € {C4(3),2D4(3)} [11].
(7) If L = D4(2) then G ~ B3(2) or G ~ D4(2) [2,5].
(8) then G ~ Bs(3) or G ~ D4(3) [5].
(9)
(10
(11
(12
(13

(2)
IfL = D4(3)
2) then G ~ D5(2) [8].
(
(
(

If L = Ds(
) If L = 2D4(2) then G ~2Dy(2) [5].

) If L = 2D4(3) then G has a unique nonabelian composition factor S and S ~ 2D4(3) [11].
) If L = 2D4(4) then G has a unique nonabelian composition factor S and S ~ 2D, (4) [7].
) If L = 2D5(2) then G ~ 2D5(2) [4].

Lemma 2.4. If L € {B3(4),D4(4)} then the assertion of Theorem 3 holds for L.

PROOF. Let G be a finite group with w(G) = w(L). By Lemma 2.1, we have S < G = G/K < Aut S,
where K is the soluble radical of G. The numbers 7 and 13 are in 7(L) and not adjacent to 2 in GK (L),
thus they lie in 7(S), and also n(S) C n(L) = {2,3,5,7,13,17}. According to [28, Table 1], the only
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groups of Lie type over fields of characteristic 2 satisfying these conditions are A;(64), A2(16), Ba(8),
Bs(4), D4(4), Gao(4), Fu(2), 3D4(2), and Sz(8). The group A3(16) has an element of order 91, and
the groups Ba(8), F4(2), and 3D, (2) have elements of order 14. Therefore, to complete the proof, it is
sufficient to show that S % Sz(8).

Suppose that S ~ Sz(8). Then 17 ¢ w(AutS), and thus 17 € n(K). In S, there is a Frobenius
subgroup with kernel of order 26 and cyclic complement of order 7 (see [16]). Applying [29, Lemma 3],
we conclude that 17 -7 € w(G). However, 17 -7 ¢ w(L); a contradiction.

§ 3. Proof of Theorem 1

Let L be one of the groups in the statement of Theorem 1, and let ¢ be a power of a prime p. Let
G be a finite group isospectral to L. Assume to the contrary that there is an alternating group among
nonabelian composition factors of G. Then S < G = G/K < AutS by Lemma 2.1, where K is the
soluble radical of G and S ~ Alt,, with m > 5.

Suppose that for L, there is a set M of three natural numbers satisfying the following conditions:

(1) for every i € M, we have n/2 < n(i) < n, and i # 2n if L = D,(q), i # n if L = 2D,(q);

(2) for every i € M, the number k;(q) is not equal to one.

Consider the numbers k;(gq), where ¢ runs over M. It follows from Lemma 2.2 that at least two of
these three numbers are coprime to |K| - |G/S| and lie in w(S). Denote them by a and b. Suppose that
there is a prime divisor r of a such that » < m/2. Since all prime divisors of b are not adjacent to r in
GK(G), they all are larger than m/2. Therefore, either all prime divisors of a or all prime divisors of b
are larger than m/2. Denote by k that of the numbers a and b for which this is true.

Let 7" and r” be two different prime divisors of k. Then r' + r” > m. Thus, 7'r" ¢ w(S) and
hence m'r” € w(L) \ w(G), which is impossible. Let k be a power of a prime r larger than r. Then
r?2 > (m/2)? > m and hence r? € w(L) \ w(G); a contradiction. Therefore, k is a prime and from
k € w(S) it follows that m > k. Thus, m > k;(q) for some i € M.

The idea of the further proof is as follows: Choosing a set M in a special way, we bound m from
below in terms of n and gq. Then we derive a contradiction by showing that the p-period of S is strictly
larger than the p-period of L with a few exceptions which are analyzed one by one.

Lemma 3.1. Let i be an odd prime and let g be a power of a prime p. Then ki(q) > g2 If
(i,q) # (3,2) then kg;(q) > ¢"~%/p and ifi # q + 1 then ko;(q) > ¢* 2.
PROOF. Since k;(q) = (¢* —1)/(q — 1)(i,q — 1), it follows that

k; > = > =
@ (g—1)2 q—1 g 1

Suppose that ¢ > 2. Then (q+1)? < 2¢* < pg?, and so the equality k2;(q) = (¢ +1)/(¢+1)(i,q+1)
yields

kQ' q Z > - 3
i(9) (g+1)2 " p®2  p

and ) )
¢ +1 > q' i—2

ko; >2
w022 e 7 g

provided that i # q + 1. ' '
Let ¢ = 2. Then i # 3 and so (i,q + 1) = 1. Thus, ko;(q) = (2 +1)/3 > 2¢=2. The lemma is proved.

CASE L = B,(q) or L = Cy(q), where n > 3.
Denote the p-period of L by p'. It follows from [30, Proposition 0.5] that [ satisfies the inequalities

Pl +1)/2<n< (P +1)/2. (%)
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Suppose that n > 11. Denote by i the largest prime in the interval (n/2,n]. Since n > 11, there are
at least two different primes in this interval. Thus, i > (n + 5)/2. Put

g —1
(¢—1)(,q—-1)

Denote by j the unique power of 2 lying in (n/2,n]. Put

¢ +1

ki = ki(q) = (q+1)(i,q+1)

and ]{721' = kgi(q) =

¢ +1
(2,(]_1)

Since M = {3,2i,2j} satisfies (1) and (2), at least one of the numbers k;, ky;, and ka; is a prime at
most m. Therefore, m > min{k;, ko;, ka; }.

Since i > max{(n + 5)/2,11}, it follows from Lemma 3.1 that each of the numbers k; and ky; is at
least max{q"*1/2/p, ¢°/p}. Furthermore, j > max{(n +1)/2,8} and hence k; > max{q"*/2/p ¢%/p}.
Thus,

koj = koj(q) =

m > min{k;, ka;, koj } > max{anH/pa q¢®/p}.

Since m > ¢®/p > p®+1, the group S has an element of order pS. Thus, p® € w(L) and ! > 6. Forl > 6,
we have [ +2 < (2171 +3)/4, and so I +2 < (p! =1 +3)/4. It follows from (x) that (p'~1+3)/4 < (n+1)/2.
Thus, [ + 2 < (n+ 1)/2 and so m > ¢"*D/2/p > pl*2 /p = p!*1 which implies that p!*! € w(G) \ w(L);
a contradiction.

Suppose that n =9,10. The set M = {9,18,16} satisfies (1) and (2). Hence, m > min{kyg, k13, k16}-
Therefore, m > ¢%/q for ¢ # 2, and m > 19 for ¢ = 2. If p # 2 then m > p°, and so | > 5. But then
n > (p=1 +1)/2 > (3% +1)/2 = 41; a contradiction. If p = 2 and ¢ > 2 then m > 4%/4 = 1024 and so
29 ¢ w(G) \ w(L). Finally, let ¢ = 2. If n = 9 then the equality e(73,2) = 9 implies that 73 lies in 7(L)
and is not adjacent to 2 in GK(L). This yields, by (3) of Lemma 1.3, that 73 € w(S), and so m > 73.
Similarly, if n = 10 then 41 is not adjacent to 2 in the prime graph of L and so 41 lies in w(S), and thus
m > 41. In both cases 29 € w(G) \ w(L); a contradiction.

Suppose that n = 8. Then GK (L) has two connected components, and na(L) = (¢ +1)/(2,q — 1).
By the Gruenberg—Kegel theorem, GK(S) is disconnected either and ny(L) = n2(S). Hence, m >
(®+1)/(2,¢g—1). Thenm > ¢"+1,andsol > 7 and n > (p%+1)/2 > (26 +1)/2 > 32; a contradiction.

Suppose that n = 5,6,7. The set M = {5,10, 8} satisfies (1) and (2). Hence, m > ¢3 if ¢ # 4, and
m > 41 if ¢ = 4. For p > 3, we have n > (p? +1)/2 > (5% +1)/2 = 13, which is impossible. If p € {2, 3},
q>p,and ¢ # 4 then m > ¢ > p® and son > (p® +1)/2 > (2° +1)/2 > 16. If ¢ = 3 then m > 27, and
if ¢ =4 then m > 41. In both cases 19 € w(S). Since €(19,2) = (19, 3) = 18, the number 19 can divide
the order of L only for n > 9; a contradiction.

Let ¢ = 2. If n =5 then 31 is not adjacent to 2 inGK (L) and so 31 lies in w(S). Similarly, if n =7,
then 127 is not adjacent to 2 in GK(L). In both cases m > 31, and so 19 € w(S) \ w(L); a contradiction.
Let n = 6. In this case 13 is not adjacent to 2 in GK(L). Thus, 13 is coprime to |K| - |G/S| and lies in
w(S). Therefore, 13 < m < 16. Since 65 and 31 lie in w(L) but not in w(Aut S), the order of the soluble
radical K is divisible by 5 and 31. We write T to denote the preimage of a Sylow 11-subgroup of G in G.
The group T is soluble, and thus, by [24, Proposition 1], its prime graph cannot include cocliques of three
and more elements. Since o = {5,11,31} C 7(7T), at least two primes of ¢ are adjacent in GK(T'), and
so in GK(G) = GK (L) as well. This is a contradiction since L contains no elements of order 5-11, 5- 31,
or 11 - 31.

Suppose that n = 4. By Lemma 2.3, we may assume that ¢ > 3. The graph GK (L) has two connected
components and nz(L) = (¢* +1)/(2,q — 1). By the Gruenberg-Kegel theorem, GK (S) is disconnected
either and na(L) = na(S). Thus, m > (¢*+1)/(2,¢—1). If ¢ > pthen m > (¢*+1)/(2,q—1) > ¢*/p > p',
and so n > (p® +1)/2 > (26 +1)/2 > 32; a contradiction. If ¢ = p > 3 then m > p® and hence
n > (p* +1)/2 > 5, which is impossible.
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Suppose that n = 3. By Lemma 2.3, we may assume that ¢ > 3, and so M = {3,6,4} satisfies (1)
and (2).

Let ¢ = 2% > 2. Since the 2-period of L is 8; therefore, m < 17. If o is odd then m > min{ks, k4, k¢ } =
ke = (¢> —q+1)/3 > (82 —8+1)/3 = 19; a contradiction. If a is even then m > min{ks, k4, k¢} = k3 =
(¢> + q+1)/3. For ¢ > 4, we have m > 91. It remains to consider C5(4). Since kg = 13 is not adjacent
to 2 in GK (L), it lies in w(S). Thus, m > 13. Then 11 € w(S) \ w(L); a contradiction.

Let ¢ = 3% > 3. Then the 3-period of L is 9, and so m < 26. On the other hand, m >
min{ks, kg, ke} = ks = (¢> + 1)/2 > 41; a contradiction.

Let ¢ = p®, where p ¢ {2,3}. In this case min{ks, k4, ks} = (¢*> + ¢ + 1)/3, where ¢ = €1 (mod 3).
If p > 5 then the p-period of L is p, and if p = 5 then it is equal to 52. If ¢ > p > 5 then m >
(p* — p? +1)/3 > p?, which is impossible. If ¢ = 5% > 5 then m > (5* + 52 +1)/3 > 52; a contradiction.
Thus we may assume that ¢ = p. We now examine four possibilities that depend on the remainder of p
modulo 12.

If p=11 (mod 12) then every prime divisor r of k3 = p? +p+1 is not adjacent to 2 in GK(L). Thus,
7 is coprime to |K|-|G/S| and r € w(S). This is impossible unless 7 = k3 is a prime and m —3 < k3 < m.
Thus, p? € w(S) \ w(L).

If p=1 (mod 12) then p > 13 and every prime divisor 7 of kg = p*> — p + 1 is not adjacent to 2 in
GK(L). Thus, r is coprime to |K|-|G/S| and r € w(S). This is impossible unless r = kg is a prime and
m — 3 < kg < m. Let s be a prime divisor of k3 = (p? + p + 1)/3. Then sp € w(L). However, for p > 13
we have s +p < (P> +p+1)/3+p= (p*> +4p+1)/3 <p?> —p+1 < m. Thus, sp € w(S) \ w(L).

If p=7 (mod 12) then p > 7 and every prime divisor r of k3 = (p? + p + 1)/3 is not adjacent to 2
in GK(L). Then r is coprime to |K|-|G/S| and r € w(S). This is impossible unless r = k3 is a prime
and m — 3 < k3 < m. Since p > 7, we derive that m > 2p, and so a Sylow p-subgroup of S includes an
elementary abelian subgroup of order p?>. Thus, by Lemma 1.4, each prime divisor of |K| other than p
is adjacent to p in GK(G). Each prime divisor of k¢ = p> — p + 1 is not adjacent to p in GK (L), and
so kg = p?> —p+1 € w(S). Since kg > k3 + 3 > m, k¢ must be a composite number. Therefore, there is
a prime divisor s of kg at most v/p? — p+ 1. We have s+p < /p?2 —p+ 1+p < 2p < m; a contradiction.

If p=5 (mod 12) then every prime divisor r of kg = (p?> — p + 1)/3 is not adjacent to 2 in GK(L).
Thus, r is coprime to |K|-|G/S| and » € w(S). This is impossible unless r = kg is a prime and
m — 3 < kg < m. Suppose that p # 5, and hence p > 17. Then m > 2p, and so a Sylow p-subgroup of
S includes an elementary abelian subgroup of order p?. Therefore, by Lemma 1.4, each prime divisor of
| K| other than p is adjacent to p in GK(G). Each prime divisor of k3 = p? + p + 1 is not adjacent to p
in GK(L); hence, k3 = p?> + p+ 1 € w(S). Since k3 > kg + 3 > m; therefore, k3 must be a composite
number. Consequently, there is a prime divisor s of k3 that does not exceed \/p2 +p-+ 1. We have
s+p<Vp*+p+1+p<2p+1<m;a contradiction. Finally, let p = 5. Then 7 < m < 10. Thus,
31 = k3 does not divide the order of Aut S. Therefore, 31 € w(K). However, S includes an elementary
abelian group of order 32. So, 31 -3 € w(G) \ w(L) by Lemma 1.4.

CASE L = Dy(q) or L =2D,(q), where n > 4.

By [30, Proposition 0.5], if the p-period of L is p' then (p!~! +3)/2 < n < (p' + 3)/2. In particular,
n > (p'~1 4 3)/2 > (p'~! 4+ 1)/2. This implies that the Lie rank of a group of type D,, or 2D,, is at least
the rank of a group of type B,, or C),, provided that p-periods of these groups are equal.

Suppose that n > 12. Denote by i the largest prime in the interval (n/2,n). Since for n > 12 there
are at least two different primes in this interval, ¢ > (n + 5)/2. Put

¢ -1 ¢ +1
e S (Y B G Dig+ D’
We write j to denote the power of 2 such that j € (n/2,n]| with the following exception: if L = D,(q)
and n is a power of 2 then j denotes n/2. Put

koj = koj(q) =

and k‘gi = k'Qi(q) =

¢ +1
(2,(]_1)



Since the three-element set M = {4, 2i,2;} satisfies (1) and (2), at least one of the numbers k;, k;, ka;
is a prime not exceeding m. Thus, m > min{k;, k;, k2; }.
Since ¢ > max{(n +5)/2,11} and j > max{(n + 1)/2, 8}, we derive that

, nil
min{k;, kai, ko;} > max{q 2 /p,q%/p}.

Reasoning by analogy to the case of groups of types B, and C,, we infer that [ + 2 < (n+ 1)/2, and so
m > qtD/2 /p > ¢+2/p > p'*1. But then p!t! € w(G) \ w(L); a contradiction.

Suppose that n = 10,11. Since M = {9,18,16} satisfies (1) and (2), the proof is similar to that for
groups By, (q) and C,(q) with n = 9,10. Indeed, all estimations remain valid, and so in all cases but ¢ = 2,
we immediately infer that the p-period of L is strictly less than the p-period of S, which is impossible.
Let ¢ = 2. In the prime graphs of 2D10(2), 2D11(2), and D11(2), the number 41 is not adjacent to 2.
Thus, m > 41 for these groups. For Dj((2) the number 73 is not adjacent to 2, and so m > 73. In all
cases 29 € w(G) \ w(L); a contradiction.

Suppose that n = 9. The set M = {7, 14,16} satisfies (1) and (2), thus m > min{k7, ko, k16} > ¢°/p.
If p # 2 then p* € w(L), and so n > (p® + 3)/2 > (33 + 3)/2 = 15; a contradiction. If p = 2 and ¢ > 2
then p8 € w(L), and so n > (27 + 3)/2 > 9; a contradiction. If ¢ = 2 then 257 is not adjacent to 2 in
GK(L). Thus, m > 257. Therefore, 28 € w(L) and n > (27 + 3)/2 > 9; a contradiction.

Since the prime graph of L = 2Dg(q) has two connected components and na(L) = (¢® +1)/(2,¢— 1),
this case can be examined in the same manner as in the case of Bg(q) and Cs(q).

Suppose that n = 6,7 for L = 2D,,(¢) and n = 6,7,8 for L = D, (gq). Then M = {5,10,8} satisfies
(1) and (2). So, for ¢ # 2, the argument is analogous to that for B, (q) and C,(q) with n = 5,6,7. Let
q=2. In GK(L), the number 2 is not adjacent to 31 if L = Dg(2) or L = 2Dg(2), to 127 if L = D7(2) or
L = Dg(2), and to 43 if L = 2D7(2). This yields that m > 31. But then 19 € w(S)\w(L); a contradiction.

Suppose that n = 5. By Lemma 2.3, we may assume that ¢ > 2. Put

. {5,ifL—D5<q), | {3,if<3,q—1>—1,
1= =

10, if L = 2Ds(q), 6 otherwise

and consider kg = kg(q), ki = ki(q), and k; = k;(q).

The three-element set M = {8,4,j} satisfies (1) and (2). Thus, m > ¢®> — ¢ + 1. Since for ¢ > 2
we have ¢> — ¢+ 1 > 2p, a Sylow p-subgroup of S includes an elementary abelian p-subgroup of order
p?. Therefore, by Lemma 1.4 each prime divisor of |K| other than p is adjacent to p in GK(G). All
prime divisors of kg and k; are not adjacent to p in GK(L). Hence, kg and k; are in w(S). Thus at
least one of these numbers must be a prime between m/2 and m. Denote this number by k. Then
m > k > min{kg, k;}. Therefore, m > p? if ¢ # 4, and m > 41 if ¢ = 4. If p > 3 then the p-period of L is
at most p?, which is an immediate contradiction. If p = 3 then the 3-period of L is 33, which again leads
to a contradiction for ¢ > 3. Finally, if p = 2 then the 2-period of L is 2%, and we derive a contradiction
for ¢ > 4. Thus we are left with the groups Ds(q) and ?Ds(q), where ¢ = 3,4. In this case m > 27 and
so 19 € w(S) \ w(L), which is impossible.

The prime graph of L = 2D4(q) has two connected components and no(L) = (¢* 4+ 1)/2. So the
argument leading to a contradiction just repeats that for By(q) and Cy(q).

It remains to consider the case of L = Dy(q). By Lemma 2.3 we may assume that ¢ > 3. Then, by
analogy to the case of L = B3(q) or L = C3(q), the set M = {3,6,4} satisfies (1) and (2). The further
argument completely coincides with that for B3(q) and C5(q), including the detailed analysis of the four
cases modulo 12 for g = p > 3.

CASE L = Bs(q), where g > 3.

The prime graph of L has two connected components. We write k to denote na(L) = (¢*+1)/(2,q—1).
By the Gruenberg—Kegel theorem, we deduce that k is a prime and m — 2 < k < m.

Suppose first that ¢ > p. Then m > (p* +1)/(2,p — 1) > p* + 1. However, the p-period of L is p for
p > 3 and is p? for p € {2,3}. Therefore, p* € w(S) \ w(L).
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Thus, ¢ = p > 5. In this case each prime divisor of the order of L not dividing k either equals p
or divides p — 1 or divides p + 1. In all cases it does not exceed p + 1. On the other hand, 2(p + 1) <
(p? +1)/2 = k and p+ 1 > 6. Thus, the interval (p + 1,k) contains at least one prime r. We derive
a contradiction since r € w(S) \ w(L).

Theorem 1 is proved.

§ 4. Proof of Theorem 2

Let L be one of the groups in the statement of Theorem 2, and let ¢ be a power of a prime p. Let G
be a finite group isospectral to L. Assume that the assertion of the theorem is false. Then by Lemma 2.1
S <G =G/K < Aut S, where K is the soluble radical of G and S is either a sporadic group or the Tits
group. Observe that all elements of w(S) do not exceed 119.

Suppose that L = Bs(q). Then GK (L) is disconnected and by the Gruenberg—Kegel theorem, the
number u = (¢? +1)/(2, ¢ — 1) belongs to the spectrum of S. It follows from [3,31] that

(L) = {{(zq,qﬂl) quill)’p(Q-f—l) plg—1)}, if p>3,
2
{(2,q+11) 2q 1)ap(q+1) plg—1),p%}, if p € {2,3}.

Both numbers p(q + 1)/3 and p(q — 1)/2 are less than u; if p = 2 then p? < u; and if p = 3 then ¢ > 3
and p? < u. Thus,

(1) (@ + 1)/ 2g— 1) € w(S);

(2) one of the numbers (¢2 +1)/(2,q — 1), p(¢ + 1), p(g + 1)/2, and p(q — 1) is the largest element
of w(9).

The condition (¢ 4+ 1)/(2,¢q — 1) < 119 forces that ¢ < 13. The case-by-case check for all ¢ < 13
shows that none of sporadic group nor the Tits group satisfies (1) and (2). Therefore, n > 2.

Suppose that n > 12. In much the same way as in the proof of Theorem 1 in the case of L €
{D,,(g),%Dy(q)} we choose the triple {k;(q), k2i(q), k2;(¢)}. By Lemma 2.2, at least two of these three
numbers belong to the spectrum of S. Trivial estimations show that for n > 12 all numbers of the triple
are larger than 119, and so none of them belongs to w(S); a contradiction.

Suppose that n = 11. By analogy to the proof of Theorem 1, we establish that two of the numbers
k9(q), k1s(q), and ki16(q) lie in w(S). For g > 2, both of k9(¢) and ki6(q) are larger than 19, and hence
g = 2. Since k9(2) = 73 and k16(2) = 257, neither of these numbers can belong to w(S); a contradiction.

Lemma 4.1. If 3 < i < 20, q is a power of a prime, k;(q) lies in the spectrum of a sporadic group
or the Tits group, and, moreover, prime divisors of k;(q) are not adjacent to 2 in the prime graph if this
group, then a triple (i,q, k;(q)) is contained in Table 1.

PROOF. Since 119 > k;(q) > (¢*> — ¢ + 1)/3, we infer that

Table 1 q <19. Direct calculations show now that the lemma holds.

i Suppose that 3 < n < 10. By the criterion for adjacency
q 3 4 5 6 8 10 12 14 18 20 to 2 and Lemma 13, there is at least one 7 in {n - l,n, 2n —
5l 7 531 1 17 11 13 43 19 41| 2»2n} such that prime divisors of k;(g) are not adjacent to 2 in
3|13 5 7 41 GK (L) and so ki(q) € w(S). Then it follows from Lemma 4.1
41 7 17 13 41 that ¢ < 11. For these values of ¢, m(L) does not contain the
‘;’ il) 13 4?7’ numbers 23, 59 and 67, and so S is distinct from Fi, F5, LyS,
8 19 Fily,, Fiss, Jy, Mas, Msg, and the Convey groups. Therefore,
9 41 S has no elements of order 37, 41, and 43. Hence, ¢ < 8.
1 37 All groups L with 3 < n < 10 and g < 8 but those listed

in Lemma 2.3 can be checked by the following procedure.
Let L = B3(2). Then by Lemma 1.3, the numbers k5(2) = 31 and k10(2) = 11 lie in w(S), and also
m(S) C n(L) = {2,3,5,7,11,17,31}. Table 1 in [28] shows that any sporadic group S does not satisfy
these conditions.



A similar check leaves the pairs (L, S) of {(Bg(2), Suz), (Bs(2), Fiaz), (D4(5), J2)} as the only possi-
bilities. The case of L = Bg(2) is not possible since 13, 17, and 31 compose a coclique in GK(L); and so
one of the numbers 17 and 31 must lie either in the spectrum of Suz or in the spectrum of Fiso, which
is false. Similarly, in the case where L = Dy(5), a coclique can be composed by 7, 13, and 31. Therefore,
one of the numbers 13 and 31 must lie in the spectrum of S = Js, which is false.

Theorem 2 is proved.

§ 5. Proof of Theorem 3

Let L be one of the groups in the statement of Theorem 3, ¢ = p“, and let G be a finite group
isospectral to L. By Lemma 2.1 and the hypothesis, S < G/K < Aut(S), where S is a simple nonabelian
group isomorphic to a group of Lie type over a field of characteristic p. Since the assertion of the theorem
holds for the groups L in Lemmas 2.3 and 2.4, below these groups are not considered. The proof uses
the adjacency criteria in prime graphs from [22,23], Tables 4-7 of [22], and Tables 2—4 of [23].

Lemma 5.1. Suppose that S # Ai(p). Then each number r of n(L) not adjacent to p in GK (L) is
coprime to |K| - |G/S|; in particular, t(p, S) > t(p, L).

PROOF. Let L be one of the groups B, (q) and C,(q) with n even. Then r fails to be adjacent not
only to p, but to 2 in GK (L) either, and the claim of the lemma follows from (3) of Lemma 1.3.

Suppose now that L is distinct from B,(q) and Cy(¢q) with n even. Then GK(G) has a coclique
of size 3 and form {r,s,p}. It is not hard to check that both r and s are larger than 3. Assume that
r & 7(S). Then either » € 7(G/S) or r € n(K). Furthermore, it follows from (2) of Lemma 1.3 that
s,p € T(K)Um(G/S).

Let r € n(G/S). Since r ¢ n(S) and r > 3, G contains a field automorphism of S of order r. In
every group of Lie type, the centralizer of a field automorphism contains an element of order p. Thus,
rp € w(G); a contradiction.

Let r € m(K). As in the previous case rp € w(G), which yields a contradiction. Let R be a Sylow
r-subgroup of K and N = Ng(R). Then by the Frattini argument N/(N N K) ~ G/K ~ S and so
without loss of generality, we may assume that R is normal in G and a Sylow p-subgroup P of G acts
on R by conjugation. Since p & 7(K)Um(G/S), the group P is isomorphic to a Sylow p-subgroup of S. By
hypothesis, S is other than A;(p), and so its Sylow p-subgroup includes an elementary abelian subgroup
of order p?. For A;(p®) with 8 > 1, this a subgroup of an elementary abelian Sylow p-subgroup; for
other Chevalley groups, this subgroup is generated by a root element associated with the highest root
of the root system together with any other nonidentity root element associated with a positive root.
For twisted groups, this subgroup can be easily constructed on using [32, Proposition 13.6.3]. Thus, an
abelian noncyclic group acts on R. By Lemma 1.4, G has an element of order pr. The proof is complete.

Lemma 5.2. If S is isomorphic to a group of type Aj, then either L = Bs(q) with ¢ > 3 and
S =~ Ai(¢?), or L € {Bs(q),C3(q), Da(q)} and S =~ A;(¢%).

PrROOF. Let S =~ A;(p®). Then t(GK(S)\ {p}) = 2, and hence t(GK (L) \ {p}) < 3. Therefore,
L € {B:(q), Bs(q), C3(q), Da(q) }-

If L = By(q) then GK (L) is disconnected. By the Gruenberg—Kegel theorem (¢? +1)/(2,p — 1) =
(p? £1)/(2,p — 1), and so p® = ¢%. Thus in this case S =~ A1(¢?).

Suppose that L € {Bs(q),Cs(q), D4(¢q)}. By Lemma 2.3, we may assume that ¢ > 3. Thus, r¢ =
T6a(p) and r3 = 1r34(p) are well-defined and {p,rs, r¢} is a coclique in GK(L).

Let 8 > 1. By Lemma 5.1 g lies in 7(S). Therefore, r¢ divides p*® — 1, and so 6« divides 23. If
28 > 6a then rop(q) € w(S) \ m(L). Thus, 28 = 6a and S ~ A;(¢?).

Let § = 1. By Lemma 1.3, at least one of the numbers ¢ and r3 lies in 7(S) and therefore divides
p? — 1; this contradicts the definition of primitive divisor. The lemma is proved.

Lemma 5.3. Let S be a group over a field of order pP.
(1) If r;(p®) € w(S) then i3 < 2na for L # Dy,(q) and i3 < 2(n — 1)a for L = Dy(q).
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(2) If (iB,p) # (6,2) and k;g(p) € w(S) then i@ divides 2jo, where j € {1,...,n} for L # Dy(q) and
jed{l,...,n—1} for L = D,(q).

PrOOF. (1) Assume that L # D,(q) and i3 > 2na. Then i > 6 for p = 2, and so there exists
r = r;5(p). By hypothesis, r;(p®) divides the order of S. Hence, k;(p”) divides the order of S. Therefore, r
divides the order of S. Thus, r € (L), and the required assertion follows from the definition of primitive
divisor. The case where L = D,,(q) can be handled in a similar way.

(2) If i@ < 2 then the assertion holds. If i3 > 2 then k;g(p) # 1, and the claim follows from the
definition of primitive divisor. The lemma is proved.

In what follows, S is a group over a field of order p°®. By Lemma 5.2, we may assume that S is not
of type Aj.
We let e(p, S) and e(p, S)’ to stand for

{e(r,p”) | r € w(S) \ {p}, pr & w(5)}

and
{e(r,p?) | r € 7(S)\ {2,3,p},pr ¢ w(S)}

respectively. Observe that for all S but the groups of types As and 2As, the sets e(p,S) and e(p, S)’
coincide. By (1) of Lemma 5.3 e < 2na for every e of e(p, S).

Suppose that L is one of the groups B, (q) and C,(q), where n is even. The set of primes that are
not adjacent to p in GK (L) coincides with the set of primes that are not adjacent to 2 in GK (L) and
equal to the set of primes dividing k2, (q). Among these divisors, choose a number 73, to satisfy not only
the condition e(rg,,p*) = 2n but also a stronger condition e(rg,,p) = 2na. In other words, ro, is of
the form ro,4(p). Since L # Bs(2), this number exists. By Lemma 5.1 rg, lies in 7(S). Furthermore,
Ton > 3. Thus if e = e(ro,, p°) then e € e(p, S)'. By the definition of primitive divisor, e is divisible by
2na. On the other hand, e < 2na by (1) of Lemma 5.3. Therefore, we obtain the equation eff = 2na,
where e is the maximal element in e(p, S)’.

Suppose that L is one of the groups B, (q) and Cy(q), where n is odd. Then t(p, L) = 3. Since L ¢
{Bs3(2), B3(4)}, there exist primitive prime divisors ra, = rone(p) and r, = rpo(p). Both these numbers
are not adjacent to p in GK (L) and, therefore, divide the order S by Lemma 5.1. Put es = e(roy,, p°)
and e; = e(rp,p®). Then ey, e; € e(p,S), and if S is not a Ree or Suzuki group then ey # e;. By
the definition of primitive divisor, eo( is divisible by 2na. On the other hand, e < 2na. Therefore,
ea3 = 2na. By exactly the same reason, e is divisible by na and e18 < 2na, and so e18 € {na, 2na}.
Thus we derive the equation 2na = e23, where ez is the maximal element in e(p, S)’, and the condition
na € {e18,e13/2}, where e is some element of e(p, S). If S is other than Ree and Suzuki groups then
the condition turns into the equation na = e13 and, in particular, ey/e; = 2.

Suppose that L = D, (q), where n is even. Since L ¢ {D4(2), D4(4)}, there exist primitive prime
divisors ry(n—1) = To(n—1)a(p) and rn_1 = 7(_1)a(p). Repeating the previous argument and putting
€9 = e(rz(n,l),pﬁ), e1 = e(rn_1,p%), we infer that ez, e; € e(p, S) and ex = 2(n — 1)a. Furthermore, if
S is other than Ree and Suzuki groups then e;3 = (n — 1)a and, in particular, ex/e; = 2.

Suppose that L = Dy(q), where n is odd. Then there exist primitive prime divisors 79(,_1) =
To(n-1)a(P) and 1, = 1a(p). Putting ez = e(rz(n_l),pﬁ) and e; = e(r,, p?), we infer that ey, e; € e(p, S)’
and ey = 2(n — 1)a. Furthermore, e;( is divisible by na and is at most 2(n — 1)a. Thus, e;06 = na
and, in particular, ez/e; = 2(n —1)/n < 2.

Suppose that L = 2D,,(q), where n is odd. Then there exist primitive prime divisors ra, = r2nq(Pp)
and 79(,—1) = T2(n—1)a(p). Putting es = e(ron, p®) and e; = e(rg(n_l),pﬁ), we deduce that ez, e1 € e(p, S)’
and eg3 = 2na. Furthermore, e1 is divisible by 2(n—1)« and is at most 2na. Therefore, e15 = 2(n—1)«
and, in particular, e;/e; =n/(n —1) < 2.

Finally, suppose that L = 2D,,(q), where n is even. Then t(p,L) = 4. By Lemma 5.1 t(p, S) > 4.
Therefore, S is isomorphic either to one of the groups 2D,,(p%) with m even, Eg(p?), Ez(p®), E¢(p®) or
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to one of the Ree and Suzuki groups. Since L ¢ {2D4(2),2D4(4)}, there exist divisors 72, = rona(p),
T2(n—1) = T2(nfl)a(p)> and r, = r(nfl)a(p)- Put e; = 6(T2n,pﬂ), €1 = 6(7’2(n71)7pﬂ) and eg = B(Tn,pﬁ)-
Then {ez,e1,e0} C e(p, S)’ with ea8 = 2na and 18 = 2(n—1)« and, in particular, es/e; =n/(n—1) < 2.

The following proof consists in consecutively considering all simple groups of Lie type as S. If there
are (a) and (b) then (a) concerns the case where L = By,(q) or L = Cy(q) with n even, and (b) concerns
the remaining cases.

1. Let S ~ A,,_1(p®), where m > 3. Then e(p,S) = {m,m — 1} for m # 3 and m € e(p,S) C
{m,m — 1} for m = 3.

(a) Recall that e is the maximal element in e(p, S)" and e8 = 2na. Thus, e = m and mf3 = 2na. In
particular, (m — 1)8 > 2.

Assume that m > n. Then § < 2« and so 2(n — 1)a < (m — 1) < 2na. Therefore, (m — 1)
divides none of the numbers 2ic, where 7 € {1,2,...,n}. On the other hand, S includes a cyclic torus of
order (p(m~18 —1)/(m,p? —1) (for example, see [33, Theorem 2.1]), and hence Em—1)3(p) € w(S). This
contradicts (2) of Lemma 5.3 provided that ((m —1)3, p) is not equal to (6,2). Let ((m—1)3,p) = (6, 2).
Since mfB3 = 2na, it follows that m =4, =2 and n = 2, « = 2. Thus, S ~ A3(4) and L = By(4). In
this case 7 € w(S) \ w(L), which is impossible.

Let m < n. Then n > 4 and since L # B4(2), GK(L) includes a coclique of size 4 that contains
neither p nor 2 nor 3 [23, Table 3]. In other words, t{(GK(L) \ {p,2,3}) > 4. By (2) of Lemma 1.3
we have t(GK(S) \ {p,2,3}) > 3, and by [23, Table 2] this yields m > 5. Thus, n > m > 5. Then
t(L)—1>(3n+2)/4—1> (m+1)/2 > ¢(S), which is impossible.

(b) Recall that ez, e1 € e(p,S) and ex > e;. Thus, ez/e; = m/(m —1). If ea/e; = 2 then m = 2;
a contradiction. If ex/e; = 2(n — 1)/n, where n > 5 is odd, then m = 2(n —1)/(n — 2), and so n = 3;
a contradiction.

Let ea/e; = n/(n — 1), where n > 5 is odd. Then m = n and 3 = 2a. Therefore, L = 2D,,(q) and
S ~ A, _1(¢?). In this case r,(q) € m(S) \ 7(L); a contradiction.

2. Let S ~2A,, 1(p%), where m > 3. Then e(p, S)' is one of the sets {2m —2,m} and {2m —2,m/2}
for even m, and one of the sets {2m,m — 1} and {2m, (m — 1)/2} for odd m # 3. If m = 3 then
2m € e(p,S) C {2m, (m —1)/2}.

(a) Since e is a maximal element in e(p,S)’, it follows that 2(m — 1)8 = 2na for even m and
2mp = 2na for odd m.

Consider the case of m even. Let m — 1 > n. Then § < a, and so na < m@ < (n + 1)a. Therefore,
mf3 divides none of the numbers 2ia, where i € {1,2,...,n}. On the other hand, kn3(p) € w(S). If
((m —1)8,p) # (6,2) then this contradicts (2) of Lemma 5.3. If mg3 = 6 then m = 6, 8 = 1, and so
n = 5. However, n is even; a contradiction.

Let m —1 < n. Since m > 4, we have n > 4. Thus, t(GK(L) \ {2,3,p}) > 4. Therefore,
t(GK(S) \ {2,3,p}) > 3, and so m > 5. Taking it into consideration that m is even, we infer that
n > m > 6. Just as in the case of linear groups, these inequalities yield #(S) < ¢(L) — 1; a contradiction.

We now handle the case where m is odd. Let m > n. Then 8 < « and thus we have

n—1DNa< (m-1)8<na, 2(n—1)a<2(m—1)8 < 2na, 2na <4(n—1)a < 4(m —1)4.

On the other hand, k(,,_1)3 € w(S), and since m3 = na is even, 3 is even as well, and so (m—1)3 # 6. By
(2) of Lemma 5.3, some multiple of (m —1)4 is equal to 2iac where i € {1,...,n}. The above inequalities
imply that the only possibility for this multiple is 3(m — 1), and it is equal to 2na since it is larger than
2(n — 1)a.. Therefore, 2na =3(m —1)3 > 3(n — 1)a. Son =2, m =3, and § = 3a/2. Thus, L = Bs(q)
and S ~ 245(¢*/3). The prime graphs of Bs(q) and 2A45(¢*/®) both have two connected components, and
by Gruenberg—Kegel theorem

P+l

@?+1 '
(23 +1)(3,¢23+1)’

= na(Ba(q)) = na(2Aa(g*?)) =

a contradiction.
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Let m < n. Then n > 4 and t(GK(L) \ {2,3,p}) > 4, therefore, t(GK(S) \ {2,3,p}) > 3, and so
m > 5 and n > 6. Then ¢(L) — 1 > ¢(S); a contradiction.

(b) Recall that es,e; € e(p,S) and ez/e; < 2. Since 2(m — 1)/m < 2 and each of the numbers
2m/(m — 1), 4(m — 1)/m, 4m/(m — 1) are larger than 2, ex/e; = 2(m — 1)/m and m is even. If
ez/e1 = 2(n—1)/n where n is odd then m = n contrary to the evenness of m. If ea/e; = n/(n—1) where
n >4 is odd then m = 2(n — 1)/(n — 2), and so n = 3; a contradiction.

3. Let S =~ By, (pP) or S =~ Cp(p®). If m is even then e(p, S) = {2m}. If m is odd then e(p, S) =
{2m,m}.

(a) We have e = 2m and mf = na. This equation will be handled in (b).

(b) Since t(p,S) > t(p, L) > 2, the number m is odd and e(p, S) = {2m, m}. Therefore, es/e; = 2,
and so either L = D,,(q), where n is even, or L € {B,(q),Cr(q)}, where n is odd.

Suppose that L = Dy(g), where n is even. Then mf = (n — 1)a. Observe that ky(,,—1)3(p) € w(95),
and also, since m is odd, 2(m — 1) # 6.

Let m > n — 1. Then 8 < «, and so

na <2(n—2)a<2(m-—1)5<2(n—1)a,
contrary to (2) of Lemma 5.3. Therefore, m < n — 1. Furthermore, it follows from
Bm+5)/4>t(S)>tL)—1>Bn—-2)/4—-1

that m > n—3. Thus, m € {n—1,n—2,n—3}. Moreover, since n is even and m is odd, m € {n—1,n—3}.
Let m =n—3. Thenn > 6 and (n — 3)5 = (n — 1)a.. Denote 3/(n —1) = a/(n—3) by 7. By (2) of
Lemma 5.3, the number 2(m—1)8 = 2(n—4)(n—1)y must divide 2ia = 2i(n—3)y for some 1 <i <n—1.
This is impossible unless ¢ = n — 1. Thus, n — 4 divides n — 3, which is false for n > 6.
If m=n—1then S =aand S € {B,-1(q),Cn-1(q)}, as stated in (4) of the theorem we prove.
Suppose that L € {B,(q),Crn(q)}, where n is odd. Then mf = na. Thus in the case of L €
{Bn(q),Cn(q)}, the equality mS = na holds for all n. However, if n is odd then m is odd as well. We
now consider even and odd n together assuming for a while that (2(m — 1)3,p) # (6, 2).
Let m > n. Then 8 < « and so

na <2(n—1)a < 2(m—1)5 < 2na.

Therefore, 2(m — 1) divides none of the numbers 2ia, where i € {1,2,...,n}. On the other hand,
ka(m-1)8(p) € w(S); a contradiction. Thus, m < n. It follows from (3m +5)/4 > t(S) > ¢(L) — 1 >
(3n+2)/4 — 1 that m > n — 2. Thus, m € {n,n — 1,n — 2}.

Let m =n—1. Thenn > 3 and (n—1)8 = na. Denote 3/n = a/(n—1) by 7. By (2) of Lemma 5.3,
the number 2(m — 1) = 2(n — 2)ny must divide 2ia = 2i(n — 1)y for some i € {1,2,...,n}. This is
impossible unless ¢ = n. Therefore, n — 2 divides n — 1, and so n = 3. Then m is odd, but m = 2;
a contradiction.

Let m =n —2. Then n > 4 and (n — 2)8 = na. Repeating the previous argument with the index
2(m — 1)3, we infer that n = 4, m = 2 and 8 = 2a. Thus, L € {B4(q),C4(q)} and S ~ B(¢?). Then
t(S) = 2, while the independence number for L when ¢ > 2 is equal to 4; a contradiction.

If m =n then o = § and S € {B,(q),Cn(q)}, as stated in (3) of the theorem we prove.

It remains to consider the case where (2(m — 1)3,p) = (6,2). In this case either m = 2 and § = 3,
or m = 4 and § = 1. Therefore, n is even. Now the equation m3 = na implies that either S ~ L, as
required, or S ~ By(2) and L = By(4). The latter situation is impossible since 7 € w(B4(2)) \ w(B2(4)).

4. Let S =~ D, (p®). Then e(p,S) = {2m — 2,m — 1} for even m and e(p,S) = {2m — 2,m} for
odd m.

(a) We have e = 2m — 2, and hence (m — 1)3 = na. This equation will be handled in (b).

(b) Let m be odd. Then ez/e; = 2(m — 1)/m < 2, and so either ez/e; = n/(n — 1) or ez/e; =
2(n—1)/n. In the first case m = 2(n —1)/(n —2) < 4, which is impossible; in the second case L ~ D, (q)
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and m = n, 8 = «a, and thus S ~ L, as required. Therefore, we may assume that m is even and ea/e; = 2,
and hence either L = D,,(q), where n is even, or L € {B,(q),Cyr(q)}, where n is odd.

Suppose that L = D,(q), where n is even. Then (m — 1)3 = (n — 1)a. Observe that ky(,,_2)3(p) €
w(S), and since m is even, 2(m — 2)3 # 6.

Let m > n. Then 8 < a and

na <2(n—2)a < 2(m-—2)5<2(n—1)a,
contrary to (2) of Lemma 5.3. Thus, m < n. On the other hand, it follows from
Bm+1)/4>t(S)>tL)—1>Bn—-2)/4—-1

that m > n—2. Therefore, m € {n,n—1,n—2}. Furthermore, since both n and m are even, m € {n,n—2}.

Let m =n—2. Thenn > 6 and (n — 3)8 = (n — 1)a. Denote 3/(n—1) = a/(n —3) by 7. By (2) of
Lemma 5.3, the number 2(m—2)4 = 2(n—4)(n—1)y must divide 2iac = 2i(n—3)~y for some 1 <7 <n—1.
This is impossible unless ¢ = n — 1. Therefore, n — 4 divides n — 3, which is false for n > 6.

If m = n then 8 = a, and hence S ~ L, as required.

Suppose that L € {B,(q),Cn(q)}, where n is odd. Then (m — 1) = na. Thus in the case where
L € {B,(q),Cn(q)}, the equality (m — 1) = na holds for all n but if n is odd then m is even. Now we
consider even and odd n together assuming for a while that (2(m — 2)3,p) # (6, 2).

Let m — 1 > n. Then 8 < o and hence

na <2(n—1)a<2(m-—2)8 < 2na,
contrary to (2) of Lemma 5.3. Therefore, m — 1 < n. Furthermore, it follows from
Bm+1)/4>t(S)>tL)—1>3Bn+2)/4—1

that m >n — 1. Thus, m € {n+1,n,n — 1}.

Let m = n. Then n > 4 and (n — 1) = na. Denote §/n = a/(n — 1) by 7. By (2) of Lemma 5.3,
the number 2(m — 2)5 = 2(n — 2)ny must divide 2ia = 2i(n — 1)~ for some 1 < i < n. This is impossible
unless ¢ = n. Therefore, n — 2 divides n — 1, and hence n = 3, but n > 4; a contradiction.

Let m =n — 1. Then n > 5 and (n — 2)8 = na. Repeating the argument with the index 2(m — 2)8,
we deduce that n = 4 and m = 3; a contradiction.

Let m = n+ 1. Then a = 8, and thus S ~ D,;1(q). If n = 3 then S ~ Dy(q) and L €
{Bs(q),C3(q)}, as stated in (2) of the theorem we prove. For n > 3, we show that (S) ¢ (L) yielding
a contradiction. If n is even then r,yi(q) € 7(S) \ m(L). Let n > 5 be odd and S % Dg(2). Then
S has an element of order r,13(q)rn—1(¢). On the other hand, n(n +3)+n(n —1) = n+1 > n and
1<nn+3)/n(n—1)=(n+3)/(n—1) <2, hence by the adjacency criterion [23, Proposition 2.4], it
follows that r,4+3(q)rn-1(q) € w(L). If S ~ Dg(2) then L ~ By(2) and 99 € w(S) \ w(L) (see [33]).

It remains to consider the case where (2(m — 2)3,p) = (6,2). In this case m = 5, 8 = 1, and
S ~ D5(2). It follows from (m — 1)3 = na that L € {Ba(4), B4(2)}. Since 31 € w(S) \ n(L), this is
a contradiction.

5. Let S ~ 2D,,(p%). Then e(p,S) = {2m,2m — 2,m — 1} for even m and e(p, S) = {2m,2m — 2}
for odd m.

(a) We have e = 2m and mf = na. Repeating the corresponding argument of 3(b), we infer that
either L € {B,(q),Cn(q)}, as stated in (3) of the theorem, or L = By(4) and S ~ 2D4(2). In the latter
case 7 € w(S) \ w(L), which is impossible.

(b) Since ey is the maximal element of e(p, ), it follows that ea = 2m. Furthermore, ea/e; # 2m/(m—
1) since ea/e; < 2. Thus, ea/e;1 =m/(m—1) < 2. If ea/e; =2(n—1)/n then m =2(n—1)/(n —2) < 3,
which is false. If ea/e; = n/(n — 1) then L =2D,(q), m =n, 3 =« and S ~ L, as required.

6. Let S ~ FEg(p®). Then e(p,S) = {30,24,20,15}. Also it follows from (3n — 2)/4 < t(L) <
t(S) + 1 =13 that n < 18.
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(a) Since e = 30, it follow that 158 = na. This equation will be handled in (b).

(b) Let ea/er = 30/24 = 5/4. Then ez/e; = n/(n — 1) and 308 = 2na, and hence n = 5 and
38 = a. This yields S ~ Fg(q'/3) and L = 2Ds(q). In this case r5,(p) € w(S) \ w(L); a contradiction.
If ea/e; = 30/20 then the equation ez/e; = n/n — 1 has no solutions larger than 3, and the equation
ez/e1 = 2(n — 1)/n has no odd solutions larger than 3, however in these cases n > 4. Thus, e; = 15 and
ea/e; = 2.

Suppose that L € {B,(q),Cy(q)}, where n is odd. Then 1548 = na. Therefore, this equation holds
independently of the parity of n. It yields 243 = 8na/5 and 208 = 4na/3. By (2) of Lemma 5.3, there
are 7,7 € {1,...,n} such that 8na/5 | 2ia and 4na/3 | 2ja, hence n is divisible by both 5 and 3. Thus,
n=15and 8 = a.

Suppose that L = D,,(q), where n is even. Then 158 = (n — 1)a. By analogy to the previous case
we infer that n — 1 is divisible by both 5 and 3. Therefore, n = 16 and 8 = «.

Thus, L € {Bi5(q),C15(q),D16(q)} and S ~ Eg(q). By Lemma 2.2, at least one of the numbers
r13(q) and r26(q) must belong to w(S), which is false.

7. Let S ~ E7(p®). Then e(p,S) = {18,14,9,7}. Also it follows from (3n — 2)/4 < t(L) <
t(S) +1 =9 that n < 12. In (a), we infer that e = 18 and 98 = na. In (b), it is easy to check that
es/e1 & {18/14,18/7}, and hence e; = 9 and ez /e; = 2.

Suppose that L € {B,(q),Cr(q)}. Then 98 = na. Thus, 148 = 14na/9. Therefore, there is
i € {1,...,n} such that 14na/9 | 2ia. Since ¢ must be divisible by 7 and n < 12, it follows that i = 7.
Then n =9 and § = a.

Suppose that L = D,(q), where n is even. Then 95 = (n — 1)a. Just as in the previous case, we
deduce that n — 1 =9 and 8 = a.

Thus, L € {By(q), Co(q), D10(q)} and S ~ E7(q). Then r = ri6(q) € n(L) \ 7(S). Observe that
r > 17 and r is adjacent in GK(G) to neither of the numbers 75(q), r9(q) and r15(q).

Let r € m(G/S). Then G contains a field automorphism of S of order r. The centralizer of this
automorphism in S has an element of order g3 — 1, where ¢ = gj. Since r and 5 are coprime, if s = r5(qo)
then e(s,q) = 5. Thus, rs € w(G) \ w(L); a contradiction.

Let r € m(K). The numbers 7, r9(q), and rig(q) compose a coclique in GK (G), and so 79(q),158(q) €
w(S) \ 7(K). Furthermore, the neighborhoods of r9(q) and rig(q) in GK(G) disjoint. In S, there is
a subgroup isomorphic to a group of type Ag(q). Therefore, there is a subgroup isomorphic to GLg(q).
Thus, S includes a Frobenius subgroup with kernel of order ¢° and cyclic complement of order ¢° — 1.
By [29, Lemma 3] we have 7(¢° — 1) € w(G) \ w(L); a contradiction.

8. Let S be isomorphic to one of the groups Eg(p?), Fi(p?), and 2Dy4(p?). Then
{12} C e(p, §) C {12,9,5}.

It follows from (3n —2)/4 < ¢(L) <t(S)+ 1 <6 that n <8.

(a) Since e = 12, we have 63 = na. Then 95 = 3na/2 and 88 = 4na/3. There are i,5 € {1,...n}
such that 3na/2 | 2ia and 4na/3 | 2ja. Therefore, n is divisible by both 4 and 3; a contradiction.

(b) It is not hard to check that es/e; # 12/8. Thus, ea/e; = 12/9. Then ez/e; = n/(n — 1) and
60 = na, and so n = 4 and 8 = 2a/3. This means that S ~ Eﬁ(q2/3> and L = 2Dy(q). In this case
r53(p) € m(S) \ 7(L); a contradiction.

9. Let S ~ 2Eg(p®). Then e(p, S) = {18,12,8}. As in the previous case, n < 8.

(a) Since e = 18, we have 98 = na. Then 123 = 4na/3 and 83 = 8na /9. There are i,j € {1,...,n}
such that 4na/3 | 2ia and 8na/9 | 2j«, which is impossible for n < 8.

(b) It is not hard to check that ez/e; cannot lie in {18/12,18/8}.

10. Let S ~ Go(p®). Then e(p,S) = {6,3}. Therefore, ¢ = 6 and ey/e; = 2. It follows from
(B3n—2)/4 <t(L) <t(S)+1=4 that n <6.
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Suppose that L € {B,(q),Cn(¢)}. Then 38 = na. If n = 2,4, then the graph GK (L) is disconnected.
By the Gruenberg—Kegel theorem, we derive the equation

(" +1)/(2,¢—1) =p* £p° +1,

and so either 2" = 28(25 £ 1) or ¢" = 2p?® 4 2p® + 1; both these equalities are impossible. If n > 5 and
(n,q) # (5,2) then t(GK(L)) > 5, contrary to the fact that t¢(GK(S)) = 3. If (n,q) = (5,2) then na
is not divisible by 3, contrary to the equation 38 = na. If n = 3 then 8 = o and S ~ Gz(q), as stated
in (2) of the theorem we prove.

Suppose that L = D,(q), where n is even. Then 30 = (n — 1)a. If n =4 then S ~ Ga(q), as stated
in (2).

Let n = 6. Then § = 5a/3. In particular, « > 3. By Lemma 2.2, at least on the numbers
ks(q) = (¢* +1)/(2,g—1) and k3(q) = (¢*> + ¢+ 1)/(3,g— 1) must lie in w(S), but none of these numbers
divides |S|,y = (¢'° — 1)(¢*%/® — 1); a contradiction.

It remains to consider the case where S is a simple Ree or Suzuki group. In these groups, in contrast
to the previous ones, the numbers r not adjacent to each other nor to p in GK(S) can have the same
indices e(r,p?), and so es and e; can be equal.

11. Let S ~ 2Fy(2°%), where 8 > 3 is odd. Then ¢(2,5) = {12,6}. Thus, e = ez = 12 and
62/61 S {2, 1}.

Suppose that L = D,(q), where n is odd. Then ez/e; = 2(n — 1)/n; this is a contradiction since
1 <2(n—1)/n <2 for n > 4. In a similar manner, we prove that L # 2D,,(q).

Suppose that L = B,(q). Then 68 = na. It follows from ¢(L) < ¢(S)+1 <6 that n < 7.

Let n € {2,4}. Then the graph GK (L) is disconnected and, from the Gruenberg—Kegel theorem we
infer that

2 4 1 = my(L) = 220 £ 20BFHD/2 4 9f 4 9(B+1)/2 | 1

Hence, 260 = 2(6+1)/2(2636-1)/2 4 96 1 2(8=1)/2 1 1); a contradiction.

If n = 3 then 3 = /2 and, in particular, o is even. Thus, S ~ 2F,(¢'/?) and L = Bs(q). By
Lemma 2.2, at least one of the numbers ko(q) = ¢ + 1 and k3(q) = (¢> + ¢ + 1)/3 must lie in w(9).
However, none of these numbers divides | S|y = (¢° 4 1)(¢® — 1)(¢*/% 4+ 1)(¢"/? — 1); a contradiction.

Let n € {5,6,7}. By Lemma 2.2, at least one of the numbers r(,,_1)4(2) and ry(,_1)o(2) must lie in
w(S). However, it is not hard to check that this is false.

Suppose that L = D,,(q), where n is even. Then 65 = (n—1)a. It follows from ¢(L) < ¢(S)+1 < 6 that
n < 8. The case of L = Dy(q) is analogous to that of L = B3(q), and the case where L € {Dg(q), Ds(q)}
is analogous to that of L € {Bs(q), B7(q)}.

12. Let S ~ 2By(2”), where 3 > 3 is odd. Then e(2,S) = {4,1}. Therefore, ¢ = es = 4 and
ez/e1 € {4,1}. As in the previous case, we show that L # D, (q), where n is odd, and L # 2D,(q).

Suppose that L = B,,(q). Then 23 = na. It follows from ¢(L) < ¢t(S)+1 < 5that n < 6. If n € {5,6}
then ¢(GK (L) \ {2}) = 5; however, t(GK(S) \ {2}) = 3; a contradiction.

Let n € {2,4}. Then GK (L) is disconnected and by the Gruenberg-Kegel theorem we derive one of
the equalities

e 4 1=20_1, 9ono41=2042900+D/2 1

The first equality is clearly impossible; the latter yields 228 = 2(8+1)/2(2(8=1)/2 1 1) which is false either.
Let n = 3. Then 8 = 3a/2, and in particular « is even. Thus, S ~ 2By(¢*/?) and L = Bs(q). By
Lemma 2.2, at least one of the numbers k4(q) = ¢> + 1 and k3(q) = (¢> + ¢+ 1)/3 must lie in w(S). Since
q > 4 by Lemmas 2.3 and 2.4, none of these numbers divides |S|or = (¢° 4 1)(¢*/? — 1); a contradiction.
Suppose that L = D, (q), where n is even. Then 25 = (n — 1)a. It follows from ¢(L) < t(S)+1<5
that n < 6. The case of L = Dy(q) is similar to that of L = B3(q).
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Let n = 6. Then 8 = 5a/2. Thus, S ~ 2By(¢°/?) and L = Bs(q). By Lemma 2.2, at least one of the
numbers kg(q) = ¢* + 1 and k5(q) = (¢° — 1)/(¢ — 1) must lie in w(S). However, none of them divides
S|y = (¢° 4+ 1)(¢°/? — 1); a contradiction.

13. Let S ~ 2G9(3°), where 8 > 3 is odd. Then e(3,S5) = {6,2,1}. Therefore, e = e3 = 6 and
eafer € {6,3,2,1}. As in the previous cases, we show that L # D, (q), where n is odd, and L # 2D, (q).

Suppose that L € {B,(q),Cn(q)}. Then 38 = na. It follows from ¢(L) < ¢(S)+1 < 6 that n < 7. If
n =7 then t(GK (L) \ {3}) = 6. However, t(GK(S) \ {3}) = 4; a contradiction.

Let n € {2,4}. Then GK(L) is disconnected and by the Gruenberg-Kegel theorem we infer that

% —36 4 3(ﬁ+1)/2 +1,

and hence 3%% = 2.36 £ 2.3(8+1)/2 1 1. 3 contradiction.
Let n € {3,5,6}. Then S ~ 2G5(¢"/?). By Lemma 2.2, at least one of the numbers ka(n—1)(¢) and

kn(g) must lie in w(S). However, none of them divides |S|3 = (¢ + 1)(¢"™/® — 1); a contradiction.
Suppose that L = D, (q), where n is odd. Then 25 = (n—1)a. It follows from ¢(L) < ¢(S)+1 < 6 that
n < 8. The case of L = Dg(q) is similar to that of L € {B7(¢),C7(q)}, and the case of L € {Dg(q), D4(q)}
is similar to that of L € {B5(q), Bs(q),C5(q),C3(q)}-
Theorem 3 is proved.

References

1. Mazurov V. D., “Groups with prescribed spectrum,” Izv. Ural. Gos. Univ. Mat. Mekh., 7, No. 36, 119-138 (2005).
2. Mazurov V. D., “Recognition of finite simple groups S4(g) by their element orders,” Algebra and Logic, 41, No. 2,
93-110 (2002).
3. Mazurov V. D., Xu M. C., and Cao H. P., “Recognition of finite simple groups L3(2™) and U3(2™) by their element
orders,” Algebra and Logic, 39, No. 5, 324-334 (2000).
4. Mazurov V. D., “Characterization of finite groups by sets of element orders,” Algebra and Logic, 36, No. 1, 23-32
(1997).
5. Shi W. and Tang C. Y., “A characterization of some orthogonal groups,” Progr. Nat. Sci., 7, No. 2, 155-162 (1997).
6. Mazurov V. D. and Moghaddamfar A. R., “The recognition of the simple group Sg(2) by its spectrum,” Algebra Colloq.,
13, No. 4, 643-646 (2006).
7. Vasil'ev A. V. and Grechkoseeva M. A., “On recognition of the finite simple orthogonal groups of dimension 2™, 2™ +1,
and 2" + 2 over a field of characteristic 2,” Siberian Math. J., 45, No. 3, 420432 (2004).
8. Grechkoseeva M. A., “Recognition of the group OILO(Q) from its spectrum,” Siberian Math. J., 44, No. 4, 577-580 (2003).
9. Alekseeva O. A. and Kondrat'ev A. S., “Recognizability of the groups 2Dp(S) for an odd prime p by spectrum,” Trudy
Inst. Mat. Mekh. Ural Otdel. Ross. Akad. Nauk, 14, No. 4, 3-11 (2008).
10. Kondrat'ev A. S., “Recognition by spectrum of the groups 2D2m+1(3),” Sci. China Ser. A, 52, No. 2, 293-300 (2009).
11. Vasil'ev A. V., Gorshkov I. B., Grechkoseeva M. A., Kondrat’ev A. S., and Staroletov A. M., “On recognizability of
finite simple groups of types Bpn, Cn and 2D, for n = 2k by spectrum,” Trudy Inst. Mat. Mekh. Ural Otdel. Ross.
Akad. Nauk, 15, No. 2, 58-73 (2009).
12. Alekseeva O. A. and Kondrat'ev A. S., “On recognizability of some finite simple orthogonal groups by spectrum,” Proc.
Steklov Inst. Math., 263, Suppl. 2, S10-S23 (2009).
13. Unsolved Problems in Group Theory. The Kourovka Notebook. 16th edit. (Eds. Mazurov V. D. and Khukhro E. I.),
Sobolev Institute of Mathematics, Novosibirsk (2006).
14. Shi W., “A new characterization of the sporadic simple groups in group theory,” Proc. of the 1987 Singapore Group
Theory Conf., Walter de Gruyter, Berlin; New York, 1989, pp. 531-540.
15. Shi W. J. and Xu M., “Pure quantitative characterization of finite simple groups 2Dy (q) and D;(q) (I odd),” Algebra
Collog., 10, No. 3, 427443 (2003).
16. Conway J. H, Curtis R. T., Norton S. P., Parker R. A., Wilson R. A., Atlas of Finite Groups, Clarendon Press, Oxford
(1985).
17. Zsigmondy K., “Ziir Theorie der Potenzreste,” Monatsh. Math. Phys., Bd 3, 265-284 (1892).
18. Roitman M., “On Zsigmondy primes,” Proc. Amer. Math. Soc., 125, No. 7, 1913-1919 (1997).
19. Williams J. S., “Prime graph components of finite groups,” J. Algebra, 69, No. 2, 487-513 (1981).
20. Kondratiev A. S., “On prime graph components for finite simple groups,” Math. USSR-Sb., 67, No. 1, 235-247 (1990).
21. Kondrat’ev A. S. and Mazurov V. D., “Recognition of alternating groups of prime degree from their element orders,”
Siberian Math. J., 41, No. 2, 294-302 (2000).

17



22.

23.

24.

25.

26.
27.

28.

29.

30.

31.

32.

33.

18

Vasiliev A. V. and Vdovin E. P., “An adjacency criterion for the prime graph of a finite simple group,” Algebra and
Logic, 44, No. 6, 381-406 (2005).

Vasil’ev A. V. and Vdovin E. P., Cocliques of Maximal Size in the Prime Graph of a Finite Simple Group [Preprint
No. 225], Sobolev Institute of Mathematics, Novosibirsk (2009) (also see http://arxiv.org/abs/0905.1164v1).

Vasil'ev A. V., “On connection between the structure of finite group and properties of its prime graph,” Siberian
Math. J., 46, No. 3, 396-404 (2005).

Vasil’ev A. V. and Gorshkov I. B., “On recognition of finite simple groups with connected prime graph,” Siberian
Math. J., 50, No. 2, 233-238 (2009).

Gorenstein D., Finite Groups, Harper and Row, New York etc. (1968).

Aleeva M. R., “On finite simple groups with the set of element orders as in a Frobenius group or a double Frobenius
group,” Math. Notes, 73, No. 3, 299-313 (2003).

Zavarnitsine A. V., “Finite simple groups with narrow prime spectrum,” Sibirsk. Elektron. Mat. Izv., 6, 1-12 ( 2009);
http://semr.math.nsc.ru/v6/pl-12.pdf.

Vasil'ev A. V. and Grechkoseeva M. A., “Recognition by spectrum for finite simple linear groups of small dimensions
over fields of characteristic 2,” Algebra and Logic, 47, No. 5, 314-320 (2008).

Testerman D. M., “Aj-type overgroups of elements of order p in semisimple algebraic groups and the associated finite
groups,” J. Algebra, 177, No. 1, 34-76 (1995).

Srinivasan B., “The characters of the finite symplectic group Sp(4,¢),” Trans. Amer. Math. Soc., 131, No. 2, 488-525
(1968).

Carter R. W., Simple Groups of Lie Type, John Wiley and Sons, London etc. (1972) (Pure Appl. Math., A Wiley-
Interscience Publ.; 28).

Buturlakin A. A. and Grechkoseeva M. A., “The cyclic structure of maximal tori of the finite classical groups,” Algebra
and Logic, 46, No. 2, 73-89 (2007).

A. V. VasiL’Ev; M. A. GRECHKOSEEVA; V. D. MAZUROV
SOBOLEV INSTITUTE OF MATHEMATICS, NOVOSIBIRSK, RUSSIA
E-mail address: vasand@math.nsc.ru;  grechkoseeva@gmail.com; mazurov@math.nsc.ru




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


