ON THE LENGTHS OF MDS CODES WITH A TWO-TRANSITIVE
PERMUTATION AUTOMORPHISM GROUP
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ABSTRACT. Let C be an [n, k], maximum distance separable (MDS) code with 4 < k < ¢ — 3,
and suppose that it has a 2-transitive permutation automorphism group. In this paper we show
that n < ¢+ 1, so the MDS conjecture holds for this class of codes.

1. INTRODUCTION

Let ¢ be a prime power, and let F, be the finite field with ¢ elements. An [n, k,d], code C
is a k-dimensional subspace of Fy with minimum Hamming distance d. If d is unspecified, we
refer to C' as an [n, k], code. If 2 < k < n — 2, then we call the code C' nontrivial. We say that
it is a maximum distance separable (MDS) code if it attains equality in the Singleton bound,
ie, d=mn—k-+1[42]. The MDS conjecture, which we state below, is a fundamental and

long-standing problem in coding theory.

Conjecture 1.1. Let C be a nontrivial [n, k], MDS code. Then n < q+ 1, except when q is
even and k € {3,q — 1}, in which case n < q+ 2.

The MDS conjecture has its roots in a statistical problem discussed in 1952 by Bush in
[11]. Segre started the influential geometric approach to this problem in [41], which was widely
adopted and eventually led to the breakthrough of Ball [1] in 2012. We give a brief description
of the relation with finite geometry as follows. Let C' be an [n, k], MDS code with k& > 2, and
let PG(k — 1, q) be the projective space whose points are the one-dimensional subspaces of IF’;.
Let M be a generator matrix of C, and let M be the set of n projective points corresponding
to the column vectors of M. It is well known that any k£ column vectors of M are linearly
independent, cf. [26] or [35]. Tt follows that any k points of M do not lie on a hyperplane,
i.e., M is a n-arc of PG(k — 1,¢). Conversely, every n-arc gives rise to an [n, k], MDS code,
cf. [22]. Segre [41] associated an algebraic curve to an m-arc, and this perspective led to
important progress towards the MDS conjecture by using deep tools from algebraic geometry,
cf. [6, 7, 44, 43, 20, 21]. For an exposition of geometric techniques and recent progress on the
MDS conjecture, we refer the reader to the comprehensive survey [2].

The permutation automorphism group PAut(C') of a code C' (see Section 2 for definition),
referred to as the permutation group of C' for short, is an important research topic in coding
theory. MacWilliams explored PAut(C') to develop efficient permutation decoding algorithms
[34], and the same idea has recently been developed into automorphism ensemble decoding
for Reed—Muller codes [17]. In 2012 Kaufman and Lubotzky [27] constructed the first family
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of asymptotically good symmetric LDPC codes, where a code C' of length n is symmetric
if PAut(C') is transitive on the n coordinate positions. The extremal self-dual codes over
small fields with 2-transitive permutation groups have been studied in [36, 13]. We refer to
[30, 29, 39] for group-based constructions of linear codes, [5, 16, 18, 33] for recent progress
on the permutation groups of cyclic codes, and refer to [25] for a detailed description of the
relation between codes and groups.

In this paper, we initiate the study of the length of an MDS code C with large transitive
permutation group PAut(C). We list the known MDS codes with a 2-transitive permutation

group as follows; a complete classification of such codes is still unavailable.

Example 1.2.
(1) The repetition code J of length n over F, spanned by the all-1 vector is an [n,1,n], code;
the code A = J* is an [n,n —1,2], code, and the whole space F} is an [n,n,1],; code.
They are all trivial MDS codes with permutation automorphism group Sym(n).
(2) LetF, CF, and 1 <k <r. We define

RSk (Fy) = {((2)),er, : [ € FylX], deg f < k}.

This is an [r,k,r — k + 1], MDS code, and AGL;(r) < PAut(C) acts 2-transitively on
the set F,. of coordinate positions.
(3) Letr =2" F, CTF,, and take 1 < e < h and ged(e,h) = 1. Let

7;(7“) = <(]‘)1‘€]Fr7 (I)I'GFr? (xze)xeFr>]Fq < F;:

and for r > 8 let

Be(r> = <<1)$€Fr7 (x>I€Fr7 (‘TQE)EEFM ('T26+1)I€Fr>15~q S FZ

Then To(r) and B.(r) are [r,3,r—2|, and [r,4,7—3], MDS codes respectively. The group
AGL;(r) acts 2-transitively on the set F,. of coordinate positions. These codes arise from
a translation hyperoval and Segre’s (r+1)-arc respectively, cf. [2, Examples 4.1 and 4.2].
If e = 2 and ged(e, h) = 1, Berger showed that the dual of To(r) is an affine-invariant
MDS code not equivalent to Reed—Solomon codes [4].

(4) Let Hg be the [6,3,4]s hexacode. If Fy C F,, then the F,-span of all its codewords is a
6,3, 4], MDS code. Its permutation automorphism group contains PSLy(5) = A5, which

15 2-transitive on the 6 coordinate positions.
Our main result in this paper is the following theorem.

Theorem 1.3. Let C' be an [n, k|, MDS code with 4 < k < g — 3. If PAut(C) is 2-transitive

on the n coordinate positions, then n < q+ 1.

The rest of this paper is organized as follows. In Section 2, we fix the notation and prove
some preliminary lemmas that we shall use later. In Section 3, we apply Mortimer’s results on
modular representations of 2-transitive permutation groups from [37] and some related results

from [19] to reduce the proof of Theorem 1.3 to the case where PAut(C') is one of some infinite
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families of almost simple groups. In Section 4 we treat those infinite families and complete the

proof of Theorem 1.3. We conclude this paper with some related research problems in Section 5.

2. PRELIMINARIES

Let C be an [n, k], code whose coordinates are labeled by an n-element set 2. It is con-
ventional to take 2 = {1,2,...,n}, but we will allow € to be other sets. The support of a
codeword ¢ € C'is supp(c) = {w € Q : ¢, # 0}, and its Hamming weight is the size of supp(c).
We write d(C) for the smallest nonzero Hamming weight of codewords in C'.

Let F = F, for the finite field with ¢ elements, where ¢ = p/ with p prime. Let F® be the set
of all functions f : 2 — F. For each w € €, let e, be the function that takes 1 at w and takes
0 otherwise. For a subset A C €2, write 1o = Y A €w, and put 1 = 1q. For f, f' € F, their
standard inner product is (f, f') = Y. cq f(w)f(w). We identify C' as a subspace of F via

¢ = (Couen 7 D Cubu,

weN

and write ¢ for Y __q, cue, by abuse of notation. The dual code of C'is C*+ = {z € F*: (z,¢) =
0 for each ¢ € C'}, which has dimension n — k.

Let Sym(Q) be the set of all permutations of Q. It induces an action on F* as follows:

() (w) = f(wI"), for g eSym(Q), weQ, feF

In particular, we have e = e,s. This action preserves the standard inner product:
(f7, 1) = (. [') for [, f' € F?, g € Sym(Q). (2.1)

We define the permutation (automorphism) group of the code C' as follows:

PAut(C) = {g € Sym(Q) : ¢/ € C for each ¢ € C}.
By (2.1), we immediately deduce the following result.
Proposition 2.1. We have PAut(C) = PAut(C*).

If PAut(C) acts transitively on the set {(a, 3) € Q% : a # 8}, then we say that PAut(C) is

2-transitive on the coordinate set (2. The 2-transitive permutation groups have been classified,
and the complete list can be found in [12, Tables 7.3, 7.4] or [15, Section 7.7].

Remark 2.2. Here is a matriz description of g € PAut(C). Let B, be the n x n permutation
matriz such that By(w,w') =1 if ' = w9 and = 0 otherwise. Let M be a generator matriz of
C. Since g stabilizes C, the row space of M By is C. There is a corresponding invertible matriz
P, of order k such that P;,M = MDB,. We call B, the permutation matriz associated with g,

and call P, the companion matriz with respect to the generator matriz M.
We shall make use of the following well-known duality fact multiple times.

Lemma 2.3. Let C be a nontrivial [n, k], code. Then C is MDS if and only if C* is MDS.
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Let G = PAut(C). The vector space F is naturally an FG-module, and C'is its submodule.
Let E be an extension field of F. We write C' ® E for the F-span of ', which is a subspace of
E%. Tt has dimension k over E, where k = dimg(C). Moreover, if vy, - -+ , v, form a basis of C

over I, then they also form a basis of C ® E = (vy,..., ).

Lemma 2.4. Let E be an extension field of F, and let C < F? be an MDS code. Then C ® E
is an MDS code over E with the same parameters as C, and PAut(C) = PAut(C @ E).

Proof. Let C' = C'® F in this proof. We choose a generator matrix M of C' which has entries
in F, and it is also a generator matrix of C ® E. Let k be the dimension of C. Any k columns
of C' are linearly independent over FF, so they are also linearly independent over E. It follows
that C'® E is also an MDS code, cf. [35, Chapter 11].

We clearly have PAut(C) < PAut(C”). Take g € PAut(C"), and let B, be its permutation
matrix, cf. Remark 2.2. There is an invertible matrix P, of order k over E such that P,M =
MB,. Let My and Ny be the matrices formed by the first & columns of M and M B, respectively.
Then M, is invertible by the fact C'is an MDS case, and M, Ny both have entries in IF. It follows
that Py, = NoM, ! and it has entries in F. We conclude that g stabilizes C, i.e., g € PAut(C)
as desired. This completes the proof. O

Lemma 2.5. If C' is a nontriwvial [n, k], MDS code, then n < q + min{k,n — k} — 1. In

particular, we have n < 2q — 2.

Proof. We have n < ¢+ k — 1 by [1, Lemma 1.2]. Since C* is also an MDS code, we have
n < g+ (n—k)—1 by the same reason. This proves the first claim. Since min{k,n—k} < n/2,
it follows that n < ¢ —1+n/2, ie., n < 2q— 2. O

The following result is an immediate corollary of Lemma 2.5.
Corollary 2.6. If there exists a nontrivial [n, k|, MDS code withn > q+1, then ”TH <qg<n-—2.

Let F be the algebraic closure of F. In particular, each polynomial of positive degree in
F[x] factorizes into the product of degree 1 polynomials in F[z]. To utilize Lemma 2.5 more
efficiently, we need the following lemma. We define the Frobenius map

o TP ST, (10)uca = (27)oco- (2.2)
Lemma 2.7. Let U be an FG-submodule ofFQ, where G is a subgroup of Sym(L2). Then o(U)
is also an FG-submodule of FQ, and dim(U) = dim(o(U)).

Proof. 1t is routine to verify that elements of G and o commute. It follows that o(U) is invariant
under the action of G, i.e., it is an FG-module. Since o is a bijection of FQ, we clearly have
dim(U) = dim(o(U)). This completes the proof. O

Lemma 2.8. Suppose that U is a subspace ofFQ such that o®(U) = U for some positive integer
b. Then U :=UnN ng has the same dimension as U, and U = U’ @ F.
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Proof. Take a basis B of U, whose coordinates all lie in some finite fields. Let E be the smallest
field that contains IF,» and all those coordinates, which is again a finite field. Take a basis
Y0y -+ > Ym—1 of B over Fjp. Let U := UOF]%. For each vector v € B and 0 < i < m — 1, define
u; = ZT:_OI fyfbjabj(v) € U. We have u; € U’ upon direct check. The matrix (fyfbj)ggi’jgm,l
is nonsingular by [32, Corollary 2.38], so v lies in the E-span of ug,. .., u,_1. It follows that
U < U'®F, and U is generated by a set of vectors in U’. The two claims then follow immediately.

This completes the proof. O

Let U be an FG-submodule of FQ, and let m = dimg U. We say that U can be realized over
F, it UN IE‘Z?S has dimension m, i.e., U has a basis that is contained in ]F]?S. By Lemma 2.8, we
deduce that U can be realized over F,. if and only if o%(U) = U.

Lemma 2.9. Let U < F° be a nontrivial [n, k] MDS code. If a®(U) = U for some positive
integer b, then n < 2p® — 2.

Proof. Let U’ := U N ng, and write d(U’) for its minimum weight. By Lemma 2.8, it has
dimension %k over F,, and U = U’ @ F. By the Singleton bound, we have d(U’) <n —k + 1.
By the fact U’ C U, we have d(U') > n — k + 1. It follows that U’ is also an [n, k] MDS code.
The claim then follows by applying Lemma 2.5 to the code U’. U

A nonzero FG-submodule U of T is irreducible if its only submodule are 0 and U. The
socle of T is the sum of all its irreducible submodules. An irreducible submodule of C®Fis
an irreducible submodule of FQ, so is contained in the socle of F. If & is 2-transitive on Q,
the FG-module structure of F* has been extensively studied, cf. Burichenko [9], Landrock and
Michler [31], Mortimer [37], Hiss [23, 24], Guralnick and Tiep [19]. In particular, Mortimer’s
result [37] provides the motivation for the research in this paper. Despite of the fact that its
title is about known 2-transitive groups, his result covers all of them modulo the classification

of finite simple groups, cf. [12].

3. REDUCTION TO THE REDUCIBLE HEARTS

In this and the next section, we present the proof of Theorem 1.3. We first fix some notation
that we shall use throughout the remaining part of this paper. Let ¢ = p/ with p prime, and
let F = IF, be the finite field with ¢ elements. We write F for the algebraic closure of F. Let C
be a nontrivial [n, k|, MDS code. Let €2 be the set of n coordinate positions of C, so that C'is
a subspace of F’. Let G = PAut(C), and assume that G acts 2-transitively on the set Q. By

Proposition 2.1 and Lemma 2.3, we assume without loss of generality that & < n/2.

Lemma 3.1. Take notation as above. Let G, be the stabilizer of some o € Q in G. If (G, Gy, p)
15 one of the cases in Table 3.1, then we haven < g+ 1.

Proof. Let (G,G,) be one of the cases in Table 3.1. Suppose to the contrary that n > ¢ + 1.
=N
last column of the table. If G = HS and (n,q) = (176, 128), we would have min{k,n — k} >
n+1—g¢ = 49 if C is a nontrivial MDS code by Lemma 2.5. We check with Magma 8]

Then by Corollary 2.6, we have < ¢ < n—2. This gives the possible values of ¢ = |F| in the
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that all G-invariant codes over Fisg of length 176 and dimension in the range [2,174] have
dimensions 21,22, 154 or 155, none of which satisfies min{k, 176 — k} > 49. If G = Coz and
q = 243, the parameters of all G-invariant codes of length 276 and dimension in the range
[2,274] are [276,126,< 102]p3, [276,127, < 105]543, [276, 149, < 84]543 and [276, 150, < 86]4s.
If G = Coz and g = 256, all G-invariant codes of length 276 and dimension in the range |2, 274]
are [276,23, < 132]q56 and [276, 253, < 14]s56 codes. None of those codes are MDS codes. For
the other cases, we list all the G-invariant [n, k, d], codes with 2 < k <n — 2 as follows:

(1) G =2G5(3): one [28,7,12]15 code, two [28,8,12];4 codes and one [28,9,10];5 code.

(2) G = Mayy: one [24,12,8]14 code.

(3) G = Mas: one [23,11,8];4 code and one [23,12, 7] code.

(4) G = Msy: one [22,10,8]15 code, one [22,11,6]16 code, two [22,11,7]16 code, fourteen

[22,11, 8]16 codes and one [22,12,6];4 code.

(5) G = Mi;: one [12,6,6]y code.

None of the above codes are MDS codes. This completes the proof. 0J

TABLE 3.1. The (G, G,,p) tuples. Here, P € Syl;(PSLy(8)) for line 1, and the
possible values of ¢ = |F| follows from Corollary 2.6.

G G ] =[G : G4 | p = char(F) | Possible g = |F|
G =2G2(3) 2 PTL2(8)| Ga = Ng(P) 28 2 16
G = Moy Go = Mo 24 2 16
G = Mys Go = My 23 2 16
G = My, Go = PSL3(4) 22 2 16
G = My, Gy = PSLy(11) 12 3 9
G=HS Go = PSU;(5):2 176 2 128
G = Cos G, = McL:2 276 3 243
2 256

By Lemma 2.4, the code C @ F is also an MDS code. By abuse of notation, we assume that
F is algebraically closed and write C' for C ® F from now on. Let M = FQ, so that C' is a
FG-submodule of M. We define two subspaces of M as follows:

J =TF1, A:{(aw)weQ:Zaw:O}.

we

We have A= J+ ANJ=0ifptnand J < Aif p|n. Both Jand A are invariant under the
action of Sym(€2), so are FG-submodules of M. The heart of M is the quotient module

A=AJ(ANT).

By Lemma 2 of [37], we have the following result.
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Lemma 3.2. Take notation as above. If the heart A is a simple FG-module, then the only
G-submodules of M are 0, J, A and M.

The socle of G, denoted by soc(G), is the subgroup generated by all the minimal normal
subgroups of G. By Burnside’s theorem [10, Theorem IX on p. 214], a finite 2-transitive group
is either affine or almost simple, cf. [12, Table 7.4] and [15, Section 7.7]. In the almost simple
case, there is a nonabelian simple group S such that soc(G) = S and S < G < Aut(S). In
the affine case, soc(G) = (F¢,+) is an elementary abelian ¢-group with ¢ prime, and it acts
regularly on €). We regard it as an vector space over F,, and denote it by V. We identify €2
with V' via a” — v, where « is a fixed point of 2 and v ranges in V. We then have G =V x Gy,
where Gy < GL(V) is the stabilizer of 0 in G. The group Gy is transitive on V' \ {0} by the

2-transitivity assumption.

Proposition 3.3. Let C' be a nontrivial [n, k|, MDS code. If G = PAut(C) is a 2-transitive
subgroup of Sym(QQ) of affine type, then we have n < q.

Proof. Let ¢* be the order of soc(G), where ¢ is a prime. We have C' ¢ {0,J, A, M} by the
assumption min{k, n—k} > 2. By Lemma 3.2, the heart A is reducible. By line 4 of [37, Table 1],
we deduce that p = ¢. Hence, n = p® and ¢ = p/. Suppose to the contrary that n > ¢ + 1,
i.e., a > f. By Lemma 2.5, we have n < 2¢ — 2. It follows that p® = n < 2p/ — 2 < p/*! ie,

a < f+ 1: a contradiction. Therefore, we have n < ¢ as desired. [l

Proposition 3.4. Take notation as above, and assume that G is 2-transitive on the set Q. If
n=1Q| >q+1, then (G,Q,q) occur in Table 3.2.

Proof. Assume that n > ¢+ 1. By Proposition 3.3, G is an almost simple group, so the case
G = Ay = AGL;(4) in the line 3 of [37, Table 1] is excluded. Let S = soc(G), which is a
nonabelian simple group. By Lemma 3.2, the heart A = A/(A N J) is reducible, so it must
be one of the cases in [37, Table 1]. By Theorems 61 and 63 of [2], we know that the MDS
conjecture holds if min{k,n — k} <5 and so the case G = PSLy(11) in the third row from the
bottom of [37, Table 1] is ruled out. If S = 2Gy(3)’, then S = PSLy(8) and G = PI'Ly(8) by [37,
Table 1]. This case has been excluded by Lemma 3.1. If S = Sp,(2)’, then S = PSLy(9), and
it has a unique 2-transitive action on 10 elements. Hence this case is covered by the action of
PSL,(9) on the projective points of PG(1,9). If S = 2Go(r) with r = 32! > 27, the possibility
that p | r — v/3r + 1 left open in [37, Table 1] has been eliminated in [19, Section 4.3]. We
have excluded the cases in Table 3.1 by Lemma 3.1, and the remaining cases in [37, Table 1]

are recorded in Table 3.2. This completes the proof. U

4. ALMOST SIMPLE ACTIONS
Our main result in this section is the following result.

Theorem 4.1. Let C be a nontrivial [n, k], MDS code such that C < F$', and assume that

q’

G = PAut(C) is a 2-transitive subgroup of Sym(2) of almost simple type in Table 3.2. Then q
is a power of 4, PSLy(5) <G, and C is a [6, 3, 4], code.
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TABLE 3.2. The candidate 2-transitive actions, where p = char(F) and a > 1

S =soc(G) Q n = Q| Conditions
PSLg4(7) points of PG(d — 1,7) (rt—1)/(r — 1) d>3,r=p°
Spom(2) quadratic forms of type ¢ | 2771 (2™ 4 1) p=2,m>3 ==
PSLa(r) points of PG(1,r) r—+1 p=2,r>5o0dd
Sz(r) Suzuki-Tits ovoid r? +1 r=22% plr+V2r+1
PSU;3(r) | points of the classical unital 4+ 1 r>3,p|lr+1
2Gy(r) Ree—Tits ovoid 3+ 1 r=3%p|2(r+1)(r+3r+1)

In view of Proposition 3.4, Theorem 4.1 would complete the proof of Theorem 1.3. We take
the same notation as introduced in the beginning of Section 3, and further assume that G =
PAut(C) is a 2-transitive permutation group of 2 that appears in Table 3.2. Let S = soc(G),
which is a nonabelian simple group. We have S < G < Aut(95).

Lemma 4.2. Suppose that the FS-submodules of M form a chain under inclusion. Then

Q| =n < 2p— 2, where p is the characteristic of F.

Proof. Let o be as defined in (2.2). By Lemma 2.7, o(C) is also an FS-submodule of the same
dimension. There is at most one submodule of a given dimension by assumption, so o(C) = C.

The claim then follows from Lemma 2.9. O

4.1. The case S = PSL4(p®), d > 3. Let r = p® and d > 3, where p is the characteristic of
F and s is a positive integer. We set W = F¢ and let Q be the set of all one-dimensional
[F,-subspaces of W. We have n = Q] = T::f, and S = PSLy(r). A hyperplane of W is an
(d —1)-dimensional subspace of W. For a hyperplane H, let PG(H) be the set of 1-dimensional
subspaces contained in H. Let D be the FS-submodule of M = i spanned by 1pgm) with H

ranging over all hyperplanes of W, which is referred to as the hyperplane design module in the

literature. We have J < D, since each element of €2 is contained in ng = ’”d:l_ L hyperplanes.

We have dim(D N A) = dim(D) — 1 and M = J @ A by the fact p t n. We refer to [3] for the
detailed descriptions of FS-module structure of M = Tl

Theorem 4.3. Tuke notation as above. Then soc(G) can not be PSLy(p®), d > 3.

Proof. Suppose to the contrary that soc(G) is S = PSLy(p*), d > 3. By replacing C with C*,
we assume without loss of generality that k& < n/2. It is shown in the proof of [14, Lemma
9.2] that AN D is the unique minimal submodule of A by using the results in [3]. That is,
soc(A) = DN A. Since dim(C) > 2, we deduce that C'N A contains D N A.

Let Hy, Hy be two distinct hyperplanes of W. We have 1lo\pa(m,), Llovpam) € D N A, since
n— |PG(H;)| =0 (mod p) for i € {1,2}. It follows that they are codewords of C', and so

loveem) — laear.) = lra@m) — lraumn) € C.



This codeword has weight 27?2, since dimg, (H; N Hy) = d — 2. It follows that

SHl<n—k+1=d(C) <22,

ie., Trd__ll + 2 < 4r%=2. This inequality holds for no (r,d) pairs with d > 3 upon direct check: a

contradiction. This completes the proof. [l

4.2. The case S = Sp,,,(2), m > 3. Let V = F3™ with m > 3, and let b be the alternating form
on V such that b(z,y) = Zf;”l TiYom+1—i for z,y € V. Let S = Sp,,,(2) be the corresponding
symplectic group. For a quadratic form @ : V' — Fs, its associated bilinear form is f(z,y) =
Qz+y) —Q(x) —Q(y). Since the characteristic is 2, the bilinear form f is an alternating form,
i.e., f(z,z) =0 for all z € V. A subspace U of V is totally singular if Q(u) =0 for all u € U.
The Witt index of () is the maximal dimension of its totally singular subspaces.

Let X be the set of all quadratic forms on V' with associated bilinear form b. Let eq, ..., e,
be the standard basis of V. For each () € X, we have

m 2m
Q) = Z TiTom+1—i T Z Q(e;)x;. (4.1)
i=1 i=1

Here, we use the fact that a®> = a for a € Fy. For Q € X, we say that it is hyperbolic or has type
+ if its Witt index is m, and say that it is elliptic or has type — if its Witt index is m — 1. Let
Q) be the set of quadratic forms in X of type ¢ for € € {+, —}. We have |Q°| = 2m71(2™ +¢1).
Since G = S, the group S acts 2-transitively on both sets via @ +— Q¢ for Q € X and g € S,
where Q9(x) = Q(z9 ") for & € V. We refer to [40] for more details.

Lemma 4.4. For Q € X, let u(Q) = >_1", Q(e;)Q(eami1—i). We have QT ={Q € X : u(Q) =
0} and Q™ ={Q € X : p(Q) = 1}.

Proof. Let a; = Q(e;) for 1 < j < 2m, and fix an integer ¢ such that 1 < i < m. The
quadratic form @;x? + T;Tamy1-i + Gams1—iTams1—; on the subspace (e;, €a, 1) is elliptic if
a; = aomi1—; = 1 and is hyperbolic otherwise. That is, its type depends on the value of

a;G9m+1—i- The claim then follows by taking summation over 1 < < m. O

Suppose that Q = Q° with e € {4+, —}. We have p = 2 in this case by Table 3.2. We extend
a quadratic form in Q to a quadratic form over V ® F in the natural way. We also extend b to
a bilinear form over V ® I similarly. By [40, Proposition 8.4] (i), .J is the socle of M = FQ, ie.,
the unique irreducible FS-submodule of M. By [40, Proposition 8.4] (ii), M/J has a unique
irreducible module N¢ isomorphic to V @ F.

We now construct the full preimage of N° in M. We define

Q(x) = Zﬂfiﬂ?zmﬂ—u Q™ (z) = z1 + x2m + Q7 (1),
=1

so that Q* € QT and Q= € Q. For each Q € Q, Q(z) + Q°(x) is linear map from V @ to F.
For w € V, define A\, € M by

(Aw)o = Qw) + Q*(w), for Q € Q.
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Proposition 4.5. Let B* = (1, \,, : w € V)z. Then B is the full preimage of N¢ in M = FQ,
and we have BE < CNC*.

Proof. First, we claim that Ay, = Ay + Ay for u,v € V @ F. Indeed, we have

Auto(Q) = Qu+v) + Q°(u +v)
Q(u) + Q(v) + b(u,v) + Q°(u) + Q°(v) + b(u,v)
(@) + A (Q)

for Q € Q. For g € S, we have A = \,s + (Q°(w?) + Q°(w)) 1 € B®, since
(M(Q) = Au(@7) = Qw”) + Q(w) = Ao (Q) + Q°(w”) + Q° ()

for Q € Q. It follows that B¢ is a FS-submodule of M.

We claim that B® # J. Take @ € Q with @ # Q°. Since Q(x) + Q°(x) is a nonzero linear
map from V @ F to F, there is w € V @ F \ {0} such that Q(w) + Q°(w) # 0, i.e., Ay(Q) # 0.
On the other hand, we have A\, (Q°) = 0. Hence A\, € J. This proves the claim.

By [40, Proposition 8.4], we deduce that B®/.J contains N°. They are equal by considering

dimensions. Since an irreducible submodule of C' is also an irreducible submodule of M, we
deduce that C' contains J. Since dim(C) > 2, we have C' # J, and so C/J contains N°. We

conclude that C contains B°. The same arguments yield that C* contains B®. U

Let p = u(Q°), so that u(Q) = p for Q@ € Q, cf. Lemma 4.4. For Q) € Q, let vg =
(Qler),...,Q(eam)) € F3™ and T° = {vg : Q € N}. We have a bijection between Q and T
via Q — vg, cf. (4.1). We have T° = {v € F3™ : Q" (v) = pu} by Lemma 4.4 and the fact
w(Q) = Q" (vg). In particular, we have

m 2m
Q=0 = {Z TiTomi1—i + ZUQm—H—ixi RS Ts}
i=1 i=1
={Q" () +b(v,z) : v € F3™ such that QT (v) = u}. (4.2)
For a property P, let [P] = 1 if it holds and [P] = 0 otherwise.

Theorem 4.6. Tuke notation as above. Then soc(G) can not be Sps,,(2), m > 3.

Proof. We continue with the above arguments. By Proposition 4.5, we have B < CNC+. We
take a nonzero vector w € F2™ such that QT (w) = 0, and take ¢ = Q" (w) + Q°(w) € Fy. By
the paragraph preceding this theorem, we deduce that (A,)g = ¢+ b(v,w) € Fy for @ € € such
that Q(z) = Q*(x) + b(v, z) with Q*(v) = . The codeword ), + cl is in F$} and the number

of its zero coordinates is

SR W) =il Pow) =01 = § 37 (14 (- (14 (~1)w)

UGF%W UEF%m

_ 22m—2 _|_i Z (_1)Q+(v)+u _i_i Z (_1)Q+(v)+u+b(v,w)_

veFZ™ veF2™
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Here, we used the fact };Zveﬁng(_l)b(v’w) = 0. Since Q1 (z) = 172 + ++ + TinTys1, it 18
elementary to deduce that the above number is 2272 + (—1)#2™~1. Since the all-one vector is
in C N C* and has Hamming weight n = 22! 4 (—1)#2m~1 we deduce that either A\, + c1 or
Aw + (¢ + 1)1 has weight less than %n It follows that

1 1

This contradiction completes the proof. U

4.3. The case S = PSLy(r), r odd. The group PSLy(3) is solvable, so we have » > 5 in this
case. Let r = ¢° > 5 with ¢ an odd prime, and let 2 be the set of 1-dimensional subspaces
of V' = F2. By Table 3.2, the characteristic of F is p = 2. We identify 2 with F, U {oo} via
((1,a)) — a for a € F, and ((0,1)) — oco. By [19, Lemma 4.1 (i)], the socle of M =T is J,
i.e., J is the unique irreducible submodule of M.

Let A be the set of nonzero squares of F,, and let u be a root of X? 4+ X +1 =0 in F.
By pp. 14-15 of [37], the heart A = A/J is the direct sum of two irreducible FS-submodules
N; @ N,, and Ny, N, are the only proper submodules of A. For i = 1,2, the module N; is
generated by an element a;ey + b;e, + 1A, where the a;’s and b;’s are as in the following table.

Let C4, Cy be the full preimage of Ny, Ny in M respectively. They are the only FS-submodules

r (mod 8) | a; by as by | realized over
1 0 0 1 1 F,
3 u u? U owu Fy
5 u ou ur u? F,
7 0 1 1 0 IFy

of A that contains J. Moreover, they are orthogonal to each other when r = 1 (mod 4), and
are both self-dual when r = 3 (mod 4) by [37]. Since dim(C;) = =2 for i = 1,2, we deduce
that C; = C3- when r =1 (mod 4).

Theorem 4.7. Take notation as above. If S = PSLy(r) with r > 5 odd, then r =5 and C is a
6,3, 4] code.

Proof. Let qo = 2/, where fo = 1 if r = £1 (mod 8) and fy = 2 if r = +3 (mod 8). Let o
be as defined in (2.2). By considering dimensions, we deduce that both C' and C* contains
J. Tt follows that J < C < J*+. Since dim(C) > 2, it is either O} or Cy by the paragraph
preceding this theorem. It follows that C' can be realized over F, i.e., it has a basis consisting
of elements in F;. We thus have 0/°(C)) = C. By Lemma 2.9, we have n = r + 1 < 2¢p — 2.
Since r > 5, we deduce that r = 5, go = 4. It follows that k£ = dim(C) = % = 3. There is a

unique [6, 3, 4], code up to equivalence, i.e., the hexacode. This completes the proof. U

4.4. The case S = Sz(22%*1). Let r = 2%t > 8 and m = 2°"'. In this case, we have
Q] = 2+ 1 and p | » + m + 1 by Table 3.2, where p is the characteristic of F. The FS-
submodules of M = F" are described in Appendix D.1 of [23]; see also [19, Section 4.2]. They
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form a chain under inclusion: 0 < J < By < By < A < M. Here, By/J, By/B; and A/B; are

simple modules of dimensions % (r — 1), (r — 1)(r +1 —m) and % (r — 1) respectively.
Theorem 4.8. Take notation as above. Then soc(G) can not be S = Sz(22*1), a > 1.

Proof. We continue with the above arguments. By Lemma 4.2, we deduce that n = 7% +
1 < 2p — 2. On the other hand, we have 2m = 2972 <y = 222" and p | r +m + 1, so
2p — 2 < 2r 4+ 2m < 3r < r? + 1: a contradiction. This completes the proof. U

4.5. The case S = PSUj(r), r > 2. Let r = ¢* > 2, where  is a prime. Let W = F3,, and
define H(z) = zy25 + 25 + 2327, We have Q = {(u)g , :u € W\{0}, H(u) = 0}, |Q] = 7* 41,
If (u)r ,, (v)r , are two distinct elements in €, then {(au+bv)g , : a,b € F2 \ {(0,0)}} NQ has
size r+ 1, and we call it a block of 2. Let A be the set of all such blocks. The pair (€2, A) with
the inclusion relation defines a 2-(r3 + 1,7 + 1, 1) design, i.e., the classical unital. We refer to
[37, p. 15] for more details.

We have p | 7 + 1 by Table 3.2, where p is the characteristic of F. Let D = (1 : B €
Ay < M = FQ, and we call D the design module. The dimension of D is 7(r* —r + 1) by
[24, Corollary 5.1], so dim(D*) =72 —r + 1. We have J < D, D+ < A= J* and D/J is not

isomorphic to D*/J by considering dimensions.
Lemma 4.9. The modules D and D+ are not MDS codes.

Proof. 1t suffices to consider D by Lemma 2.3. The length is n = r® + 1. The dimension of D
is k = r(r> —r+1) by [24, Corollary 5.1]. For a block B € A, 15 is in D and has weight 7 + 1.
It follows that n — k+1=d(D) <r+1, i.e., (r — 1)> <0, which contradicts r > 2. O

By [24, Theorem 4.1] and [19, Lemma 4.1 and Section 4.4, we have the following information
on the FS-module structure of M = F :

(1) If pis odd and p # 3, or if p =2 and r = 3 (mod 4), then all the proper FS-submodules
form the chain J < D+ < D < A.

(2) Ifp=2andr =1 (mod 4), then D/J and D*/J are nonisomorphic irreducible modules
and their direct sum is A = A/J.

(3) If p= 3, then J < D* < D < A, and D/D* is an irreducible FPGUj3(r)-module which

splits into the direct sum of 3 irreducible FS-submodules.
Theorem 4.10. Take notation as above. Then soc(G) can not be S = PSUs(r), r > 2.

Proof. We continue with the above arguments. For the cases (1) and (2) listed preceding this
theorem, D and D are all the proper F.S-submodules of M of dimension larger than 1, which we
have excluded in Lemma 4.9. It remains to consider the case p = 3. We have D+ < C,C+ < D
by Lemma 4.9. By the information about the decomposition matrix of the irreducible complex
character x,s (corresponding to A) in [38], we deduce that D/D+ = V; &V, @ V3, where the V}’s
are pairwise nonisomorphic irreducible FS-submodules of dimension m = (r —1)(r?> —r +1)/3.
The fact the V;’s are nonisomorphic FS-modules also follows from [28, Lemma 3.14]. It follows
that C'/D+, C+/D* are the direct sums of one or two of the Vj’s, and so k = dim(C) =
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72 — 7 + 1 +im for some i € {1,2}. By considering C* instead of C if necessary, we assume

t = 1 without loss of generality.

Let o be as defined in (2.2) with p = 3. Then o fixes 15 for each block B, and so it stabilizes
both D and D+. There are exactly three candidate modules for C, and ¢ permutes them by
Lemma 2.7. It follows that either 0?(C') = C or ¢3(C') = C. By Lemma 2.9, we deduce that
n=r3+1<2-3%—2=>52 On the other hand, we have r > 3 since 3 | r + 1 by Table 3.2, a

contradiction. O

4.6. The case S = 2G»(3%**1), a > 1. Let r = 3%¢*! with a > 1, and set m = 3*"!. In this
case, we have n = |Q| = 1% + 1, § = 2G5(3%*1). The FS-submodule structure of M = F" are
available in Appendix D.2 of [23] and [31, Proposition 3.8]; see also [19, Section 4.3].

Lemma 4.11. We have p = 2.

Proof. By Table 3.2, either p is odd and p divides r + 1 or r +m + 1, or p = 2. Suppose
to the contrary that p is odd. By [19, Section 4.3], the FS-submodules of M form a chain
under inclusion. By Lemma 4.2, we deduce that 7% 4+ 1 < 2p — 2. It follows that 359+3 + 1 <
2. 3%t 1 2.397! which never holds for a > 1. This completes the proof. O

By [19, Section 4.3], there is a FS-submodule B of M such that J < B < B+ < A, where
J = soc(M) and B/J = soc(M/J). Both J and B/J are irreducible. Moreover, there are
pairwise nonisomorphic irreducible FS-modules Uy, Us, Uy such that B+ /B =U, & U,a Uy,
and dim(Us) < dim(U;) = dim(U7y).

Theorem 4.12. Take notation as above. Then soc(G) can not be S = 2Go(3**), a > 1.

Proof. We continue with the above arguments. By Lemma 4.11, we have p = 2. Since J =
soc(M) and B/J = soc(M/J) are irreducible, both C' and C* contain B. Consequently,
B < C < Bt and B < 0t < B*. Let o be as defined in (2.2) with p = 2. By Lemma 2.7,
o(B), o(C) and o(B*) are also FS-submodules of M. By comparing dimensions, we deduce
that o(B) = B and o(B*) = B*. If C = B or B*, then o(C) = C by considering dimensions.
By Lemma 2.9 we deduce that that n = 73 + 1 < 2p — 2 = 2: a contradiction. Therefore, we
have B < C < B*. We similarly have B < C+ < B*. By replacing C' with C*, we assume
without loss of generality that dim(C) < dim(C*). Since B+/B = U, & Uy, @ U; and the
three direct summands are nonisomorphic, we deduce that C/B € {Uy, Us, Uf}. By comparing
dimensions, we deduce that either C' = ¢(C), or C' = ¢?(C). By Lemma 2.9, we deduce that
r3+1<2-2%2 -2 =6: a contradiction. This completes the proof. 0J

We have examined the six cases in Table 3.2 in Theorems 4.3, 4.6, 4.7, 4.8, 4.10 and 4.12
respectively, and this completes the proof of Theorem 4.1. Together with Proposition 3.4, this
completes the proof of Theorem 1.3.

5. CONCLUSIONS

In this paper, we verify the MDS conjecture for [n, k], codes C' < Ff} with a 2-transitive
permutation automorphism group G = PAut(C) < Sym(Q2). When (G,{2) are the infinite



14 DENG, FENG, VASIL’EV

families of almost simple type in Table 3.2, then C' is equivalent to the scalar extension of
the hexacode from Fy to F, in Example 1.2 (4). The codes in (2) and (3) of Example 1.2
admit 2-transitive permutation group G of affine type. The classification theorems in Section
4 heavily rely on the detailed information about the modular representations of the respective
nonabelian simple groups. It is conceivably more challenging to determine all the MDS codes
with a 2-transitive permutation group G of affine type, since such information is not available
in general. We leave it an open problem to determine all the MDS codes with a 2-transitive
permutation group.

Our main theorem, Theorem 1.3, initiates the study of MDS codes with a highly transitive
permutation group. It will be of great theoretical interest to verify the MDS conjecture for
linear codes that satisfy weaker symmetry hypotheses, particularly for cyclic codes. Further
progress in this direction will require new insights and new techniques to overcome our heavy

reliance on deep results in modular representation theory.
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