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Abstract. Let C be an [n, k]q maximum distance separable (MDS) code with 4 ≤ k ≤ q − 3,

and suppose that it has a 2-transitive permutation automorphism group. In this paper we show

that n ≤ q + 1, so the MDS conjecture holds for this class of codes.

1. Introduction

Let q be a prime power, and let Fq be the finite field with q elements. An [n, k, d]q code C

is a k-dimensional subspace of Fn
q with minimum Hamming distance d. If d is unspecified, we

refer to C as an [n, k]q code. If 2 ≤ k ≤ n− 2, then we call the code C nontrivial. We say that

it is a maximum distance separable (MDS) code if it attains equality in the Singleton bound,

i.e., d = n − k + 1 [42]. The MDS conjecture, which we state below, is a fundamental and

long-standing problem in coding theory.

Conjecture 1.1. Let C be a nontrivial [n, k]q MDS code. Then n ≤ q + 1, except when q is

even and k ∈ {3, q − 1}, in which case n ≤ q + 2.

The MDS conjecture has its roots in a statistical problem discussed in 1952 by Bush in

[11]. Segre started the influential geometric approach to this problem in [41], which was widely

adopted and eventually led to the breakthrough of Ball [1] in 2012. We give a brief description

of the relation with finite geometry as follows. Let C be an [n, k]q MDS code with k ≥ 2, and

let PG(k− 1, q) be the projective space whose points are the one-dimensional subspaces of Fk
q .

Let M be a generator matrix of C, and let M be the set of n projective points corresponding

to the column vectors of M . It is well known that any k column vectors of M are linearly

independent, cf. [26] or [35]. It follows that any k points of M do not lie on a hyperplane,

i.e., M is a n-arc of PG(k − 1, q). Conversely, every n-arc gives rise to an [n, k]q MDS code,

cf. [22]. Segre [41] associated an algebraic curve to an n-arc, and this perspective led to

important progress towards the MDS conjecture by using deep tools from algebraic geometry,

cf. [6, 7, 44, 43, 20, 21]. For an exposition of geometric techniques and recent progress on the

MDS conjecture, we refer the reader to the comprehensive survey [2].

The permutation automorphism group PAut(C) of a code C (see Section 2 for definition),

referred to as the permutation group of C for short, is an important research topic in coding

theory. MacWilliams explored PAut(C) to develop efficient permutation decoding algorithms

[34], and the same idea has recently been developed into automorphism ensemble decoding

for Reed–Muller codes [17]. In 2012 Kaufman and Lubotzky [27] constructed the first family
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of asymptotically good symmetric LDPC codes, where a code C of length n is symmetric

if PAut(C) is transitive on the n coordinate positions. The extremal self-dual codes over

small fields with 2-transitive permutation groups have been studied in [36, 13]. We refer to

[30, 29, 39] for group-based constructions of linear codes, [5, 16, 18, 33] for recent progress

on the permutation groups of cyclic codes, and refer to [25] for a detailed description of the

relation between codes and groups.

In this paper, we initiate the study of the length of an MDS code C with large transitive

permutation group PAut(C). We list the known MDS codes with a 2-transitive permutation

group as follows; a complete classification of such codes is still unavailable.

Example 1.2.

(1) The repetition code J of length n over Fq spanned by the all-1 vector is an [n, 1, n]q code;

the code A = J⊥ is an [n, n − 1, 2]q code, and the whole space Fn
q is an [n, n, 1]q code.

They are all trivial MDS codes with permutation automorphism group Sym(n).

(2) Let Fr ⊆ Fq and 1 ≤ k ≤ r. We define

RSr,k(Fq) =
{︁
(f(x))x∈Fr

: f ∈ Fq[X], deg f < k
}︁
.

This is an [r, k, r − k + 1]q MDS code, and AGL1(r) ≤ PAut(C) acts 2-transitively on

the set Fr of coordinate positions.

(3) Let r = 2h, Fr ⊆ Fq, and take 1 ≤ e < h and gcd(e, h) = 1. Let

Te(r) =
⟨︁
(1)x∈Fr , (x)x∈Fr , (x

2e)x∈Fr

⟩︁
Fq

≤ Fr
q,

and for r ≥ 8 let

Be(r) =
⟨︁
(1)x∈Fr , (x)x∈Fr , (x

2e)x∈Fr , (x
2e+1)x∈Fr

⟩︁
Fq

≤ Fr
q.

Then Te(r) and Be(r) are [r, 3, r−2]q and [r, 4, r−3]q MDS codes respectively. The group

AGL1(r) acts 2-transitively on the set Fr of coordinate positions. These codes arise from

a translation hyperoval and Segre’s (r+1)-arc respectively, cf. [2, Examples 4.1 and 4.2].

If e = 2 and gcd(e, h) = 1, Berger showed that the dual of T2(r) is an affine-invariant

MDS code not equivalent to Reed–Solomon codes [4].

(4) Let H6 be the [6, 3, 4]4 hexacode. If F4 ⊆ Fq, then the Fq-span of all its codewords is a

[6, 3, 4]q MDS code. Its permutation automorphism group contains PSL2(5) ∼= A5, which

is 2-transitive on the 6 coordinate positions.

Our main result in this paper is the following theorem.

Theorem 1.3. Let C be an [n, k]q MDS code with 4 ≤ k ≤ q − 3. If PAut(C) is 2-transitive

on the n coordinate positions, then n ≤ q + 1.

The rest of this paper is organized as follows. In Section 2, we fix the notation and prove

some preliminary lemmas that we shall use later. In Section 3, we apply Mortimer’s results on

modular representations of 2-transitive permutation groups from [37] and some related results

from [19] to reduce the proof of Theorem 1.3 to the case where PAut(C) is one of some infinite
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families of almost simple groups. In Section 4 we treat those infinite families and complete the

proof of Theorem 1.3. We conclude this paper with some related research problems in Section 5.

2. Preliminaries

Let C be an [n, k]q code whose coordinates are labeled by an n-element set Ω. It is con-

ventional to take Ω = {1, 2, . . . , n}, but we will allow Ω to be other sets. The support of a

codeword c ∈ C is supp(c) = {ω ∈ Ω : cω ̸= 0}, and its Hamming weight is the size of supp(c).

We write d(C) for the smallest nonzero Hamming weight of codewords in C.

Let F = Fq for the finite field with q elements, where q = pf with p prime. Let FΩ be the set

of all functions f : Ω → F. For each ω ∈ Ω, let eω be the function that takes 1 at ω and takes

0 otherwise. For a subset ∆ ⊆ Ω, write 1∆ =
∑︁

ω∈∆ eω, and put 1 = 1Ω. For f, f
′ ∈ FΩ, their

standard inner product is ⟨f, f ′⟩ =
∑︁

ω∈Ω f(ω)f ′(ω). We identify C as a subspace of FΩ via

c = (cω)ω∈Ω ↦→
∑︂
ω∈Ω

cωeω,

and write c for
∑︁

ω∈Ω cωeω by abuse of notation. The dual code of C is C⊥ = {x ∈ FΩ : ⟨x, c⟩ =
0 for each c ∈ C}, which has dimension n− k.

Let Sym(Ω) be the set of all permutations of Ω. It induces an action on FΩ as follows:

(f g)(ω) = f(ωg−1

), for g ∈ Sym(Ω), ω ∈ Ω, f ∈ FΩ.

In particular, we have egω = eωg . This action preserves the standard inner product:

⟨f g, f ′g⟩ = ⟨f, f ′⟩ for f, f ′ ∈ FΩ, g ∈ Sym(Ω). (2.1)

We define the permutation (automorphism) group of the code C as follows:

PAut(C) = {g ∈ Sym(Ω) : cg ∈ C for each c ∈ C}.

By (2.1), we immediately deduce the following result.

Proposition 2.1. We have PAut(C) = PAut(C⊥).

If PAut(C) acts transitively on the set {(α, β) ∈ Ω2 : α ̸= β}, then we say that PAut(C) is

2-transitive on the coordinate set Ω. The 2-transitive permutation groups have been classified,

and the complete list can be found in [12, Tables 7.3, 7.4] or [15, Section 7.7].

Remark 2.2. Here is a matrix description of g ∈ PAut(C). Let Bg be the n× n permutation

matrix such that Bg(ω, ω
′) = 1 if ω′ = ωg and = 0 otherwise. Let M be a generator matrix of

C. Since g stabilizes C, the row space of MBg is C. There is a corresponding invertible matrix

Pg of order k such that PgM = MBg. We call Bg the permutation matrix associated with g,

and call Pg the companion matrix with respect to the generator matrix M .

We shall make use of the following well-known duality fact multiple times.

Lemma 2.3. Let C be a nontrivial [n, k]q code. Then C is MDS if and only if C⊥ is MDS.
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Let G = PAut(C). The vector space FΩ is naturally an FG-module, and C is its submodule.

Let E be an extension field of F. We write C ⊗ E for the E-span of C, which is a subspace of

EΩ. It has dimension k over E, where k = dimF(C). Moreover, if v1, · · · , vk form a basis of C

over F, then they also form a basis of C ⊗ E = ⟨v1, . . . , vk⟩E.

Lemma 2.4. Let E be an extension field of F, and let C ≤ FΩ be an MDS code. Then C ⊗ E

is an MDS code over E with the same parameters as C, and PAut(C) = PAut(C ⊗ E).

Proof. Let C ′ = C ⊗ E in this proof. We choose a generator matrix M of C which has entries

in F, and it is also a generator matrix of C ⊗E. Let k be the dimension of C. Any k columns

of C are linearly independent over F, so they are also linearly independent over E. It follows

that C ⊗ E is also an MDS code, cf. [35, Chapter 11].

We clearly have PAut(C) ≤ PAut(C ′). Take g ∈ PAut(C ′), and let Bg be its permutation

matrix, cf. Remark 2.2. There is an invertible matrix Pg of order k over E such that PgM =

MBg. LetM0 and N0 be the matrices formed by the first k columns ofM andMBg respectively.

ThenM0 is invertible by the fact C is an MDS case, andM0, N0 both have entries in F. It follows
that Pg = N0M

−1
0 and it has entries in F. We conclude that g stabilizes C, i.e., g ∈ PAut(C)

as desired. This completes the proof. □

Lemma 2.5. If C is a nontrivial [n, k]q MDS code, then n ≤ q + min{k, n − k} − 1. In

particular, we have n ≤ 2q − 2.

Proof. We have n ≤ q + k − 1 by [1, Lemma 1.2]. Since C⊥ is also an MDS code, we have

n ≤ q+(n−k)−1 by the same reason. This proves the first claim. Since min{k, n−k} ≤ n/2,

it follows that n ≤ q − 1 + n/2, i.e., n ≤ 2q − 2. □

The following result is an immediate corollary of Lemma 2.5.

Corollary 2.6. If there exists a nontrivial [n, k]q MDS code with n > q+1, then n+2
2

≤ q ≤ n−2.

Let F be the algebraic closure of F. In particular, each polynomial of positive degree in

F[x] factorizes into the product of degree 1 polynomials in F[x]. To utilize Lemma 2.5 more

efficiently, we need the following lemma. We define the Frobenius map

σ : FΩ → FΩ
, (xω)ω∈Ω ↦→ (xp

ω)ω∈Ω. (2.2)

Lemma 2.7. Let U be an FG-submodule of FΩ
, where G is a subgroup of Sym(Ω). Then σ(U)

is also an FG-submodule of FΩ
, and dim(U) = dim(σ(U)).

Proof. It is routine to verify that elements of G and σ commute. It follows that σ(U) is invariant

under the action of G, i.e., it is an FG-module. Since σ is a bijection of FΩ
, we clearly have

dim(U) = dim(σ(U)). This completes the proof. □

Lemma 2.8. Suppose that U is a subspace of FΩ
such that σb(U) = U for some positive integer

b. Then U ′ := U ∩ FΩ
pb

has the same dimension as U , and U = U ′ ⊗ F.
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Proof. Take a basis B of U , whose coordinates all lie in some finite fields. Let E be the smallest

field that contains Fpb and all those coordinates, which is again a finite field. Take a basis

γ0, . . . , γm−1 of E over Fpb . Let U
′ := U ∩FΩ

pb
. For each vector v ∈ B and 0 ≤ i ≤ m− 1, define

ui =
∑︁m−1

j=0 γpbj

i σbj(v) ∈ U . We have ui ∈ U ′ upon direct check. The matrix (γpbj

i )0≤i,j≤m−1

is nonsingular by [32, Corollary 2.38], so v lies in the E-span of u0, . . . , um−1. It follows that

U ≤ U ′⊗F, and U is generated by a set of vectors in U ′. The two claims then follow immediately.

This completes the proof. □

Let U be an FG-submodule of FΩ
, and let m = dimF U . We say that U can be realized over

Fps if U ∩ FΩ
ps has dimension m, i.e., U has a basis that is contained in FΩ

ps . By Lemma 2.8, we

deduce that U can be realized over Fps if and only if σs(U) = U .

Lemma 2.9. Let U ≤ FΩ
be a nontrivial [n, k] MDS code. If σb(U) = U for some positive

integer b, then n ≤ 2pb − 2.

Proof. Let U ′ := U ∩ FΩ
pb
, and write d(U ′) for its minimum weight. By Lemma 2.8, it has

dimension k over Fpb , and U = U ′ ⊗ F. By the Singleton bound, we have d(U ′) ≤ n − k + 1.

By the fact U ′ ⊆ U , we have d(U ′) ≥ n− k + 1. It follows that U ′ is also an [n, k] MDS code.

The claim then follows by applying Lemma 2.5 to the code U ′. □

A nonzero FG-submodule U of FΩ
is irreducible if its only submodule are 0 and U . The

socle of FΩ
is the sum of all its irreducible submodules. An irreducible submodule of C ⊗ F is

an irreducible submodule of FΩ
, so is contained in the socle of FΩ

. If G is 2-transitive on Ω,

the FG-module structure of FΩ
has been extensively studied, cf. Burichenko [9], Landrock and

Michler [31], Mortimer [37], Hiss [23, 24], Guralnick and Tiep [19]. In particular, Mortimer’s

result [37] provides the motivation for the research in this paper. Despite of the fact that its

title is about known 2-transitive groups, his result covers all of them modulo the classification

of finite simple groups, cf. [12].

3. Reduction to the reducible hearts

In this and the next section, we present the proof of Theorem 1.3. We first fix some notation

that we shall use throughout the remaining part of this paper. Let q = pf with p prime, and

let F = Fq be the finite field with q elements. We write F for the algebraic closure of F. Let C
be a nontrivial [n, k]q MDS code. Let Ω be the set of n coordinate positions of C, so that C is

a subspace of FΩ. Let G = PAut(C), and assume that G acts 2-transitively on the set Ω. By

Proposition 2.1 and Lemma 2.3, we assume without loss of generality that k ≤ n/2.

Lemma 3.1. Take notation as above. Let Gα be the stabilizer of some α ∈ Ω in G. If (G,Gα, p)

is one of the cases in Table 3.1, then we have n ≤ q + 1.

Proof. Let (G,Gα) be one of the cases in Table 3.1. Suppose to the contrary that n > q + 1.

Then by Corollary 2.6, we have n+2
2

≤ q ≤ n−2. This gives the possible values of q = |F| in the

last column of the table. If G = HS and (n, q) = (176, 128), we would have min{k, n − k} ≥
n + 1 − q = 49 if C is a nontrivial MDS code by Lemma 2.5. We check with Magma [8]
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that all G-invariant codes over F128 of length 176 and dimension in the range [2, 174] have

dimensions 21, 22, 154 or 155, none of which satisfies min{k, 176 − k} ≥ 49. If G = Co3 and

q = 243, the parameters of all G-invariant codes of length 276 and dimension in the range

[2, 274] are [276, 126,≤ 102]243, [276, 127,≤ 105]243, [276, 149,≤ 84]243 and [276, 150,≤ 86]243.

If G = Co3 and q = 256, all G-invariant codes of length 276 and dimension in the range [2, 274]

are [276, 23,≤ 132]256 and [276, 253,≤ 14]256 codes. None of those codes are MDS codes. For

the other cases, we list all the G-invariant [n, k, d]q codes with 2 ≤ k ≤ n− 2 as follows:

(1) G = 2G2(3): one [28, 7, 12]16 code, two [28, 8, 12]16 codes and one [28, 9, 10]16 code.

(2) G = M24: one [24, 12, 8]16 code.

(3) G = M23: one [23, 11, 8]16 code and one [23, 12, 7]16 code.

(4) G = M22: one [22, 10, 8]16 code, one [22, 11, 6]16 code, two [22, 11, 7]16 code, fourteen

[22, 11, 8]16 codes and one [22, 12, 6]16 code.

(5) G = M11: one [12, 6, 6]9 code.

None of the above codes are MDS codes. This completes the proof. □

Table 3.1. The (G,Gα, p) tuples. Here, P ∈ Syl3(PSL2(8)) for line 1, and the

possible values of q = |F| follows from Corollary 2.6.

G Gα |Ω| = [G : Gα] p = char(F) Possible q = |F|

G = 2G2(3) ∼= PΓL2(8) Gα = NG(P ) 28 2 16

G = M24 Gα = M23 24 2 16

G = M23 Gα = M22 23 2 16

G = M22 Gα = PSL3(4) 22 2 16

G = M11 Gα = PSL2(11) 12 3 9

G = HS Gα = PSU3(5):2 176 2 128

G = Co3 Gα = McL:2 276 3 243

2 256

By Lemma 2.4, the code C ⊗ F is also an MDS code. By abuse of notation, we assume that

F is algebraically closed and write C for C ⊗ F from now on. Let M = FΩ
, so that C is a

FG-submodule of M . We define two subspaces of M as follows:

J = F1, A =

{︄
(aω)ω∈Ω :

∑︂
ω∈Ω

aω = 0

}︄
.

We have A = J⊥, A ∩ J = 0 if p ∤ n and J ≤ A if p | n. Both J and A are invariant under the

action of Sym(Ω), so are FG-submodules of M . The heart of M is the quotient module

A = A/(A ∩ J).

By Lemma 2 of [37], we have the following result.
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Lemma 3.2. Take notation as above. If the heart A is a simple FG-module, then the only

G-submodules of M are 0, J , A and M .

The socle of G, denoted by soc(G), is the subgroup generated by all the minimal normal

subgroups of G. By Burnside’s theorem [10, Theorem IX on p. 214], a finite 2-transitive group

is either affine or almost simple, cf. [12, Table 7.4] and [15, Section 7.7]. In the almost simple

case, there is a nonabelian simple group S such that soc(G) = S and S ≤ G ≤ Aut(S). In

the affine case, soc(G) ∼= (Fa
ℓ ,+) is an elementary abelian ℓ-group with ℓ prime, and it acts

regularly on Ω. We regard it as an vector space over Fℓ, and denote it by V . We identify Ω

with V via αv ↦→ v, where α is a fixed point of Ω and v ranges in V . We then have G = V ⋊G0,

where G0 ≤ GL(V ) is the stabilizer of 0 in G. The group G0 is transitive on V \ {0} by the

2-transitivity assumption.

Proposition 3.3. Let C be a nontrivial [n, k]q MDS code. If G = PAut(C) is a 2-transitive

subgroup of Sym(Ω) of affine type, then we have n ≤ q.

Proof. Let ℓa be the order of soc(G), where ℓ is a prime. We have C ̸∈ {0, J, A,M} by the

assumption min{k, n−k} ≥ 2. By Lemma 3.2, the heartA is reducible. By line 4 of [37, Table 1],

we deduce that p = ℓ. Hence, n = pa and q = pf . Suppose to the contrary that n ≥ q + 1,

i.e., a > f . By Lemma 2.5, we have n ≤ 2q − 2. It follows that pa = n ≤ 2pf − 2 < pf+1, i.e.,

a < f + 1: a contradiction. Therefore, we have n ≤ q as desired. □

Proposition 3.4. Take notation as above, and assume that G is 2-transitive on the set Ω. If

n = |Ω| > q + 1, then (G,Ω, q) occur in Table 3.2.

Proof. Assume that n > q + 1. By Proposition 3.3, G is an almost simple group, so the case

G = A4
∼= AGL1(4) in the line 3 of [37, Table 1] is excluded. Let S = soc(G), which is a

nonabelian simple group. By Lemma 3.2, the heart A = A/(A ∩ J) is reducible, so it must

be one of the cases in [37, Table 1]. By Theorems 61 and 63 of [2], we know that the MDS

conjecture holds if min{k, n− k} ≤ 5 and so the case G = PSL2(11) in the third row from the

bottom of [37, Table 1] is ruled out. If S = 2G2(3)
′, then S ∼= PSL2(8) and G = PΓL2(8) by [37,

Table 1]. This case has been excluded by Lemma 3.1. If S = Sp4(2)
′, then S ∼= PSL2(9), and

it has a unique 2-transitive action on 10 elements. Hence this case is covered by the action of

PSL2(9) on the projective points of PG(1, 9). If S = 2G2(r) with r = 32a+1 ≥ 27, the possibility

that p | r −
√
3r + 1 left open in [37, Table 1] has been eliminated in [19, Section 4.3]. We

have excluded the cases in Table 3.1 by Lemma 3.1, and the remaining cases in [37, Table 1]

are recorded in Table 3.2. This completes the proof. □

4. Almost simple actions

Our main result in this section is the following result.

Theorem 4.1. Let C be a nontrivial [n, k]q MDS code such that C ≤ FΩ
q , and assume that

G = PAut(C) is a 2-transitive subgroup of Sym(Ω) of almost simple type in Table 3.2. Then q

is a power of 4, PSL2(5)⊴G, and C is a [6, 3, 4]q code.
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Table 3.2. The candidate 2-transitive actions, where p = char(F) and a ≥ 1

S = soc(G) Ω n = |Ω| Conditions

PSLd(r) points of PG(d− 1, r) (rd − 1)/(r − 1) d ≥ 3, r = ps

Sp2m(2) quadratic forms of type ε 2m−1(2m + ε1) p = 2, m ≥ 3, ε = ±

PSL2(r) points of PG(1, r) r + 1 p = 2, r ≥ 5 odd

Sz(r) Suzuki-Tits ovoid r2 + 1 r = 22a+1, p | r +
√
2r + 1

PSU3(r) points of the classical unital r3 + 1 r ≥ 3, p | r + 1

2G2(r) Ree–Tits ovoid r3 + 1 r = 32a+1, p | 2(r + 1)(r +
√
3r + 1)

In view of Proposition 3.4, Theorem 4.1 would complete the proof of Theorem 1.3. We take

the same notation as introduced in the beginning of Section 3, and further assume that G =

PAut(C) is a 2-transitive permutation group of Ω that appears in Table 3.2. Let S = soc(G),

which is a nonabelian simple group. We have S ≤ G ≤ Aut(S).

Lemma 4.2. Suppose that the FS-submodules of M form a chain under inclusion. Then

|Ω| = n ≤ 2p− 2, where p is the characteristic of F.

Proof. Let σ be as defined in (2.2). By Lemma 2.7, σ(C) is also an FS-submodule of the same

dimension. There is at most one submodule of a given dimension by assumption, so σ(C) = C.

The claim then follows from Lemma 2.9. □

4.1. The case S = PSLd(p
s), d ≥ 3. Let r = ps and d ≥ 3, where p is the characteristic of

F and s is a positive integer. We set W = Fd
r , and let Ω be the set of all one-dimensional

Fr-subspaces of W . We have n = |Ω| = rd−1
r−1

, and S = PSLd(r). A hyperplane of W is an

(d−1)-dimensional subspace of W . For a hyperplane H, let PG(H) be the set of 1-dimensional

subspaces contained in H. Let D be the FS-submodule of M = FΩ
spanned by 1PG(H) with H

ranging over all hyperplanes of W , which is referred to as the hyperplane design module in the

literature. We have J ≤ D, since each element of Ω is contained in n0 = rd−1−1
r−1

hyperplanes.

We have dim(D ∩ A) = dim(D) − 1 and M = J ⊕ A by the fact p ∤ n. We refer to [3] for the

detailed descriptions of FS-module structure of M = FΩ
.

Theorem 4.3. Take notation as above. Then soc(G) can not be PSLd(p
s), d ≥ 3.

Proof. Suppose to the contrary that soc(G) is S = PSLd(p
s), d ≥ 3. By replacing C with C⊥,

we assume without loss of generality that k ≤ n/2. It is shown in the proof of [14, Lemma

9.2] that A ∩ D is the unique minimal submodule of A by using the results in [3]. That is,

soc(A) = D ∩ A. Since dim(C) ≥ 2, we deduce that C ∩ A contains D ∩ A.

Let H1, H2 be two distinct hyperplanes of W . We have 1Ω\PG(H1),1Ω\PG(H2) ∈ D ∩ A, since

n− |PG(Hi)| ≡ 0 (mod p) for i ∈ {1, 2}. It follows that they are codewords of C, and so

1Ω\PG(H1) − 1Ω\PG(H2) = 1PG(H2) − 1PG(H1) ∈ C.
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This codeword has weight 2rd−2, since dimFr(H1 ∩H2) = d− 2. It follows that

n

2
+ 1 ≤ n− k + 1 = d(C) ≤ 2rd−2,

i.e., rd−1
r−1

+ 2 ≤ 4rd−2. This inequality holds for no (r, d) pairs with d ≥ 3 upon direct check: a

contradiction. This completes the proof. □

4.2. The case S = Sp2m(2), m ≥ 3. Let V = F2m
2 withm ≥ 3, and let b be the alternating form

on V such that b(x, y) =
∑︁2m

i=1 xiy2m+1−i for x, y ∈ V . Let S = Sp2m(2) be the corresponding

symplectic group. For a quadratic form Q : V → F2, its associated bilinear form is f(x, y) =

Q(x+y)−Q(x)−Q(y). Since the characteristic is 2, the bilinear form f is an alternating form,

i.e., f(x, x) = 0 for all x ∈ V . A subspace U of V is totally singular if Q(u) = 0 for all u ∈ U .

The Witt index of Q is the maximal dimension of its totally singular subspaces.

Let X be the set of all quadratic forms on V with associated bilinear form b. Let e1, . . . , e2m

be the standard basis of V . For each Q ∈ X , we have

Q(x) =
m∑︂
i=1

xix2m+1−i +
2m∑︂
i=1

Q(ei)xi. (4.1)

Here, we use the fact that a2 = a for a ∈ F2. For Q ∈ X , we say that it is hyperbolic or has type

+ if its Witt index is m, and say that it is elliptic or has type − if its Witt index is m− 1. Let

Ωε be the set of quadratic forms in X of type ε for ε ∈ {+,−}. We have |Ωε| = 2m−1(2m + ε1).

Since G = S, the group S acts 2-transitively on both sets via Q ↦→ Qg for Q ∈ X and g ∈ S,

where Qg(x) = Q(xg−1
) for x ∈ V . We refer to [40] for more details.

Lemma 4.4. For Q ∈ X , let µ(Q) =
∑︁m

i=1Q(ei)Q(e2m+1−i). We have Ω+ = {Q ∈ X : µ(Q) =

0} and Ω− = {Q ∈ X : µ(Q) = 1}.

Proof. Let aj = Q(ej) for 1 ≤ j ≤ 2m, and fix an integer i such that 1 ≤ i ≤ m. The

quadratic form aix
2
i + xix2m+1−i + a2m+1−ix2m+1−i on the subspace ⟨ei, e2m+1−i⟩ is elliptic if

ai = a2m+1−i = 1 and is hyperbolic otherwise. That is, its type depends on the value of

aia2m+1−i. The claim then follows by taking summation over 1 ≤ i ≤ m. □

Suppose that Ω = Ωε with ε ∈ {+,−}. We have p = 2 in this case by Table 3.2. We extend

a quadratic form in Ω to a quadratic form over V ⊗ F in the natural way. We also extend b to

a bilinear form over V ⊗F similarly. By [40, Proposition 8.4] (i), J is the socle of M = FΩ
, i.e.,

the unique irreducible FS-submodule of M . By [40, Proposition 8.4] (ii), M/J has a unique

irreducible module N ε isomorphic to V ⊗ F.
We now construct the full preimage of N ε in M . We define

Q+(x) =
m∑︂
i=1

xix2m+1−i, Q−(x) = x1 + x2m +Q+(x),

so that Q+ ∈ Ω+ and Q− ∈ Ω−. For each Q ∈ Ω, Q(x) +Qε(x) is linear map from V ⊗ F to F.
For w ∈ V , define λw ∈ M by

(λw)Q = Q(w) +Qε(w), for Q ∈ Ω.
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Proposition 4.5. Let Bε = ⟨1, λw : w ∈ V ⟩F. Then Bε is the full preimage of N ε in M = FΩ
,

and we have Bε ≤ C ∩ C⊥.

Proof. First, we claim that λu+v = λu + λv for u, v ∈ V ⊗ F. Indeed, we have

λu+v(Q) = Q(u+ v) +Qε(u+ v)

= Q(u) +Q(v) + b(u, v) +Qε(u) +Qε(v) + b(u, v)

= λu(Q) + λv(Q)

for Q ∈ Ω. For g ∈ S, we have λg
w = λwg + (Qε(wg) +Qε(w))1 ∈ Bε, since

(λg
w)(Q) = λw(Q

g−1

) = Q(wg) +Qε(w) = λwg(Q) +Qε(wg) +Qε(w)

for Q ∈ Ω. It follows that Bε is a FS-submodule of M .

We claim that Bε ̸= J . Take Q ∈ Ω with Q ̸= Qε. Since Q(x) + Qε(x) is a nonzero linear

map from V ⊗ F to F, there is w ∈ V ⊗ F \ {0} such that Q(w) +Qε(w) ̸= 0, i.e., λw(Q) ̸= 0.

On the other hand, we have λw(Q
ε) = 0. Hence λw ̸∈ J . This proves the claim.

By [40, Proposition 8.4], we deduce that Bε/J contains N ε. They are equal by considering

dimensions. Since an irreducible submodule of C is also an irreducible submodule of M , we

deduce that C contains J . Since dim(C) ≥ 2, we have C ̸= J , and so C/J contains N ε. We

conclude that C contains Bε. The same arguments yield that C⊥ contains Bε. □

Let µ = µ(Qε), so that µ(Q) = µ for Q ∈ Ω, cf. Lemma 4.4. For Q ∈ Ω, let vQ =

(Q(e1), . . . , Q(e2m)) ∈ F2m
2 and T ε = {vQ : Q ∈ Ω}. We have a bijection between Ω and T

via Q ↦→ vQ, cf. (4.1). We have T ε = {v ∈ F2m
2 : Q+(v) = µ} by Lemma 4.4 and the fact

µ(Q) = Q+(vQ). In particular, we have

Ω = Ωε =

{︄
m∑︂
i=1

xix2m+1−i +
2m∑︂
i=1

v2m+1−ixi : v ∈ T ε

}︄
= {Q+(x) + b(v, x) : v ∈ F2m

2 such that Q+(v) = µ}. (4.2)

For a property P, let [[P]] = 1 if it holds and [[P]] = 0 otherwise.

Theorem 4.6. Take notation as above. Then soc(G) can not be Sp2m(2), m ≥ 3.

Proof. We continue with the above arguments. By Proposition 4.5, we have Bε ≤ C ∩C⊥. We

take a nonzero vector w ∈ F2m
2 such that Q+(w) = 0, and take c = Q+(w) + Qε(w) ∈ F2. By

the paragraph preceding this theorem, we deduce that (λw)Q = c+ b(v, w) ∈ F2 for Q ∈ Ω such

that Q(x) = Q+(x) + b(v, x) with Q+(v) = µ. The codeword λw + c1 is in FΩ
2 and the number

of its zero coordinates is∑︂
v∈F2m

2

[[Q+(v) = µ]] · [[b(v, w) = 0]] =
1

4

∑︂
v∈F2m

2

(︂
1 + (−1)Q

+(v)+µ
)︂ (︁

1 + (−1)b(v,w)
)︁

= 22m−2 +
1

4

∑︂
v∈F2m

2

(−1)Q
+(v)+µ +

1

4

∑︂
v∈F2m

2

(−1)Q
+(v)+µ+b(v,w).
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Here, we used the fact 1
4

∑︁
v∈F2m

2
(−1)b(v,w) = 0. Since Q+(x) = x1x2m + · · · + xmxm+1, it is

elementary to deduce that the above number is 22m−2 + (−1)µ2m−1. Since the all-one vector is

in C ∩C⊥ and has Hamming weight n = 22m−1 + (−1)µ2m−1, we deduce that either λw + c1 or

λw + (c+ 1)1 has weight less than 1
2
n. It follows that

n+ 2 = d(C) + d(C⊥) <
1

2
n+

1

2
n = n.

This contradiction completes the proof. □

4.3. The case S = PSL2(r), r odd. The group PSL2(3) is solvable, so we have r ≥ 5 in this

case. Let r = ℓs ≥ 5 with ℓ an odd prime, and let Ω be the set of 1-dimensional subspaces

of V = F2
r. By Table 3.2, the characteristic of F is p = 2. We identify Ω with Fr ∪ {∞} via

⟨(1, a)⟩ ↦→ a for a ∈ Fr and ⟨(0, 1)⟩ ↦→ ∞. By [19, Lemma 4.1 (i)], the socle of M = FΩ
is J ,

i.e., J is the unique irreducible submodule of M .

Let ∆ be the set of nonzero squares of Fr, and let u be a root of X2 + X + 1 = 0 in F.
By pp. 14-15 of [37], the heart A = A/J is the direct sum of two irreducible FS-submodules

N1 ⊕ N2, and N1, N2 are the only proper submodules of A. For i = 1, 2, the module Ni is

generated by an element aie0 + bie∞ + 1∆, where the ai’s and bi’s are as in the following table.

Let C1, C2 be the full preimage of N1, N2 in M respectively. They are the only FS-submodules

r (mod 8) a1 b1 a2 b2 realized over

1 0 0 1 1 F2

3 u u2 u2 u F4

5 u u u2 u2 F4

7 0 1 1 0 F2

of A that contains J . Moreover, they are orthogonal to each other when r ≡ 1 (mod 4), and

are both self-dual when r ≡ 3 (mod 4) by [37]. Since dim(Ci) =
r+1
2

for i = 1, 2, we deduce

that C1 = C⊥
2 when r ≡ 1 (mod 4).

Theorem 4.7. Take notation as above. If S = PSL2(r) with r ≥ 5 odd, then r = 5 and C is a

[6, 3, 4] code.

Proof. Let q0 = 2f0 , where f0 = 1 if r ≡ ±1 (mod 8) and f0 = 2 if r ≡ ±3 (mod 8). Let σ

be as defined in (2.2). By considering dimensions, we deduce that both C and C⊥ contains

J . It follows that J ≤ C ≤ J⊥. Since dim(C) ≥ 2, it is either C1 or C2 by the paragraph

preceding this theorem. It follows that C can be realized over Fq0 , i.e., it has a basis consisting

of elements in FΩ
q0
. We thus have σf0(C) = C. By Lemma 2.9, we have n = r + 1 ≤ 2q0 − 2.

Since r ≥ 5, we deduce that r = 5, q0 = 4. It follows that k = dim(C) = r+1
2

= 3. There is a

unique [6, 3, 4]4 code up to equivalence, i.e., the hexacode. This completes the proof. □

4.4. The case S = Sz(22a+1). Let r = 22a+1 ≥ 8 and m = 2a+1. In this case, we have

|Ω| = r2 + 1 and p | r + m + 1 by Table 3.2, where p is the characteristic of F. The FS-
submodules of M = FΩ

are described in Appendix D.1 of [23]; see also [19, Section 4.2]. They
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form a chain under inclusion: 0 < J < B1 < B2 < A < M . Here, B1/J , B2/B1 and A/B2 are

simple modules of dimensions m
2
(r − 1), (r − 1)(r + 1−m) and m

2
(r − 1) respectively.

Theorem 4.8. Take notation as above. Then soc(G) can not be S = Sz(22a+1), a ≥ 1.

Proof. We continue with the above arguments. By Lemma 4.2, we deduce that n = r2 +

1 ≤ 2p − 2. On the other hand, we have 2m = 2a+2 ≤ r = 22a+1 and p | r + m + 1, so

2p− 2 ≤ 2r + 2m ≤ 3r < r2 + 1: a contradiction. This completes the proof. □

4.5. The case S = PSU3(r), r > 2. Let r = ℓs > 2, where ℓ is a prime. Let W = F3
r2 , and

define H(x) = x1x
r
3+xr+1

2 +x3x
r
1. We have Ω = {⟨u⟩Fr2

: u ∈ W \{0}, H(u) = 0}, |Ω| = r3+1.

If ⟨u⟩Fr2
, ⟨v⟩Fr2

are two distinct elements in Ω, then {⟨au+ bv⟩Fr2
: a, b ∈ F2

r2 \ {(0, 0)}}∩Ω has

size r+1, and we call it a block of Ω. Let ∆ be the set of all such blocks. The pair (Ω,∆) with

the inclusion relation defines a 2-(r3 + 1, r + 1, 1) design, i.e., the classical unital. We refer to

[37, p. 15] for more details.

We have p | r + 1 by Table 3.2, where p is the characteristic of F. Let D = ⟨1B : B ∈
∆⟩F ≤ M = FΩ

, and we call D the design module. The dimension of D is r(r2 − r + 1) by

[24, Corollary 5.1], so dim(D⊥) = r2 − r + 1. We have J ≤ D,D⊥ ≤ A = J⊥, and D/J is not

isomorphic to D⊥/J by considering dimensions.

Lemma 4.9. The modules D and D⊥ are not MDS codes.

Proof. It suffices to consider D by Lemma 2.3. The length is n = r3 + 1. The dimension of D

is k = r(r2 − r+1) by [24, Corollary 5.1]. For a block B ∈ ∆, 1B is in D and has weight r+1.

It follows that n− k + 1 = d(D) ≤ r + 1, i.e., (r − 1)2 ≤ 0, which contradicts r > 2. □

By [24, Theorem 4.1] and [19, Lemma 4.1 and Section 4.4], we have the following information

on the FS-module structure of M = FΩ
:

(1) If p is odd and p ̸= 3, or if p = 2 and r ≡ 3 (mod 4), then all the proper FS-submodules

form the chain J < D⊥ < D < A.

(2) If p = 2 and r ≡ 1 (mod 4), thenD/J andD⊥/J are nonisomorphic irreducible modules

and their direct sum is A = A/J .

(3) If p = 3, then J < D⊥ < D < A, and D/D⊥ is an irreducible FPGU3(r)-module which

splits into the direct sum of 3 irreducible FS-submodules.

Theorem 4.10. Take notation as above. Then soc(G) can not be S = PSU3(r), r > 2.

Proof. We continue with the above arguments. For the cases (1) and (2) listed preceding this

theorem, D andD⊥ are all the proper FS-submodules ofM of dimension larger than 1, which we

have excluded in Lemma 4.9. It remains to consider the case p = 3. We have D⊥ < C,C⊥ < D

by Lemma 4.9. By the information about the decomposition matrix of the irreducible complex

character χq3 (corresponding to A) in [38], we deduce that D/D⊥ = V1⊕V2⊕V3, where the Vi’s

are pairwise nonisomorphic irreducible FS-submodules of dimension m = (r− 1)(r2− r+1)/3.

The fact the Vi’s are nonisomorphic FS-modules also follows from [28, Lemma 3.14]. It follows

that C/D⊥, C⊥/D⊥ are the direct sums of one or two of the Vi’s, and so k = dim(C) =
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r2 − r + 1 + im for some i ∈ {1, 2}. By considering C⊥ instead of C if necessary, we assume

i = 1 without loss of generality.

Let σ be as defined in (2.2) with p = 3. Then σ fixes 1B for each block B, and so it stabilizes

both D and D⊥. There are exactly three candidate modules for C, and σ permutes them by

Lemma 2.7. It follows that either σ2(C) = C or σ3(C) = C. By Lemma 2.9, we deduce that

n = r3 + 1 ≤ 2 · 33 − 2 = 52. On the other hand, we have r > 3 since 3 | r + 1 by Table 3.2, a

contradiction. □

4.6. The case S = 2G2(3
2a+1), a ≥ 1. Let r = 32a+1 with a ≥ 1, and set m = 3a+1. In this

case, we have n = |Ω| = r3 + 1, S = 2G2(3
2a+1). The FS-submodule structure of M = FΩ

are

available in Appendix D.2 of [23] and [31, Proposition 3.8]; see also [19, Section 4.3].

Lemma 4.11. We have p = 2.

Proof. By Table 3.2, either p is odd and p divides r + 1 or r + m + 1, or p = 2. Suppose

to the contrary that p is odd. By [19, Section 4.3], the FS-submodules of M form a chain

under inclusion. By Lemma 4.2, we deduce that r3 + 1 ≤ 2p − 2. It follows that 36a+3 + 1 ≤
2 · 32a+1 + 2 · 3a+1, which never holds for a ≥ 1. This completes the proof. □

By [19, Section 4.3], there is a FS-submodule B of M such that J < B < B⊥ < A, where

J = soc(M) and B/J = soc(M/J). Both J and B/J are irreducible. Moreover, there are

pairwise nonisomorphic irreducible FS-modules U1, U2, U
∗
1 such that B⊥/B ∼= U1 ⊕ U2 ⊕ U∗

1 ,

and dim(U2) < dim(U1) = dim(U∗
1 ).

Theorem 4.12. Take notation as above. Then soc(G) can not be S = 2G2(3
2a+1), a ≥ 1.

Proof. We continue with the above arguments. By Lemma 4.11, we have p = 2. Since J =

soc(M) and B/J = soc(M/J) are irreducible, both C and C⊥ contain B. Consequently,

B ≤ C ≤ B⊥ and B ≤ C⊥ ≤ B⊥. Let σ be as defined in (2.2) with p = 2. By Lemma 2.7,

σ(B), σ(C) and σ(B⊥) are also FS-submodules of M . By comparing dimensions, we deduce

that σ(B) = B and σ(B⊥) = B⊥. If C = B or B⊥, then σ(C) = C by considering dimensions.

By Lemma 2.9 we deduce that that n = r3 + 1 ≤ 2p − 2 = 2: a contradiction. Therefore, we

have B < C < B⊥. We similarly have B < C⊥ < B⊥. By replacing C with C⊥, we assume

without loss of generality that dim(C) ≤ dim(C⊥). Since B⊥/B ∼= U1 ⊕ U2 ⊕ U∗
1 and the

three direct summands are nonisomorphic, we deduce that C/B ∈ {U1, U2, U
∗
1}. By comparing

dimensions, we deduce that either C = σ(C), or C = σ2(C). By Lemma 2.9, we deduce that

r3 + 1 ≤ 2 · 22 − 2 = 6: a contradiction. This completes the proof. □

We have examined the six cases in Table 3.2 in Theorems 4.3, 4.6, 4.7, 4.8, 4.10 and 4.12

respectively, and this completes the proof of Theorem 4.1. Together with Proposition 3.4, this

completes the proof of Theorem 1.3.

5. Conclusions

In this paper, we verify the MDS conjecture for [n, k]q codes C ≤ FΩ
q with a 2-transitive

permutation automorphism group G = PAut(C) ≤ Sym(Ω). When (G,Ω) are the infinite
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families of almost simple type in Table 3.2, then C is equivalent to the scalar extension of

the hexacode from F4 to Fq in Example 1.2 (4). The codes in (2) and (3) of Example 1.2

admit 2-transitive permutation group G of affine type. The classification theorems in Section

4 heavily rely on the detailed information about the modular representations of the respective

nonabelian simple groups. It is conceivably more challenging to determine all the MDS codes

with a 2-transitive permutation group G of affine type, since such information is not available

in general. We leave it an open problem to determine all the MDS codes with a 2-transitive

permutation group.

Our main theorem, Theorem 1.3, initiates the study of MDS codes with a highly transitive

permutation group. It will be of great theoretical interest to verify the MDS conjecture for

linear codes that satisfy weaker symmetry hypotheses, particularly for cyclic codes. Further

progress in this direction will require new insights and new techniques to overcome our heavy

reliance on deep results in modular representation theory.
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