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1. INTRODUCTION

Let F, be the finite field of order ¢ = p?, where p is a prime. A one-dimensional affine
group G is a subgroup of AI'L;(q) containing the subgroup of translations, that is, a group
of the form G = Gj x ]F;r, where IF;r is the additive group of the field F, and Gj is the zero
stabilizer. The stabilizer Gy is a subgroup of the general semilinear group I'L; (q) =~ (¢) x F,
where F} is the multiplicative group of F, and ¢ : x — z? is the Frobenius automorphism
of F,. Here we consider G = G x F(‘; as a permutation group on the set F,, so IF; is the
regular normal subgroup of G and Gy is a point stabilizer with respect to this action.

The motivation for the present paper comes from the study of combinatorial structures
associated with finite one-dimensional affine permutation groups. To explain this, we need
some notations. For a group G acting on a set W and a positive integer m, let Orb,,(G, W)
refer to the set of orbits of G on W™ with respect to the induced componentwise action:
(Wi, ..., wy)? = (wy,...,wd); elements of Orb,,(G,W) are called m-orbits. An m-ary re-
lational structure (W, R), where R C 2™ consists of some subsets of W™, is said to be
associated with a group G < Sym(W) if the elements of R belong to Orb,,(G,W). In the
case m = 2, it can be easily verified that the partition Orby(G, W) of W x W is a coherent
configuration, and even, if additionally G is transitive on W, an association scheme on W
(see, e.g., [4, Section 2.2.2], where such configurations and schemes are called schurian and
denoted by Inv(G)).

The examples of discrete structures associated with one-dimensional affine groups are nu-
merous. They include the Paley graphs and Paley tournaments, see, e.g., [11], and the most
of the Peisert graphs [18]. Together with the Van Lint-Schrijver graphs these graphs form
the class of one-dimensional affine rank 3 graphs, see [14, Theorem 3]. The cyclotomic as-
sociation schemes over finite fields introduced by Delsarte in 1973, see [6, p. 66], and their
generalization to the schemes over near-fields in [1] are also among such examples. In fact,
the cyclotomic schemes is a subclass of the Frobenius schemes associated with Frobenius

groups, which, in turn, constitute a subclass of the pseudocyclic and, consequently, of the
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equivalenced schemes [15]. Tt is worth noting that there are some challenging combinato-
rial problems whose solutions were reduced to the case of structures associated with the
subgroups of AI'L;(q), see, e.g., [3, Subsections 6.1 and 6.4].

Despite the above, the subgroup structure of AT'L(q) has not yet received the attention it
deserves. Indeed, the authors classifying in details other subclasses of permutation groups in
this case often provide only a short note like: ‘... or G < AT'Ly(q)’, see, e.g. the classifications
of the affine rank 3 groups in [12] or the 2-transitive groups in [13]. In the case of rank 3
groups, the general description of the one-dimensional affine groups was obtained by Foulser
and Kallaher [8]. However, their description has a disadvantage — the corresponding 2-orbits
were not described. Evidently, different groups can have the same 2-orbits, thus producing
the same discrete structures. The disadvantage was overcome recently by Muzychuk who
provided a clear and easily verifiable description of the one-dimensional affine rank 3 graphs,
see [14, Theorem 3]. In the present paper, we extend Muzychuk’s approach to the general
situation, when the number of irreflexive 2-orbits of G is not limited to 2. We base our
efforts on the notion of the closedness of a permutation group which goes back to Wielandt’s
lectures [19].

According to Wielandt, given a permutation group H < Sym(W), the largest subgroup of
Sym(WW) with the set of m-orbits equal to Orb,,(H, W) is called the m-closure of H, and H
is said to be m-closed if H coincides with its m-closure (if m = 1 we simply say that H is
closed). If we replace Sym(W) in these definitions by some permutation group G < Sym (W),
then we get the definitions of the relative closure and the relatively closed subgroup (see, e.g.,
[16]), that is, the relative m-closure of a subgroup H of G is the largest subgroup K of G
with Orb(H, W) = Orb(K,W). Consequently, H is relatively m-closed in G if H coincides
with its relative m-closure in G. For m = 1, we say shortly that H is relatively closed in G.

It follows from the definition that the relatively 2-closed in AT'L;(q) one-dimensional affine
subgroups H are in a one-to-one correspondence with the partitions Orbe(H,F,) of the carte-
sian square I, x[F,. So in order to describe the association schemes associated with subgroups
of AT'L;(q) it suffices to describe the relatively 2-closed subgroups in AT'L;(q). Moreover,
since the 2-orbits are in a one-to-one correspondence with the orbits of a point stabilizer
Hy < TLy(q), it suffices to describe the relatively closed subgroups in I'L;(q).

One of the basic ideas of Muzychuk’s paper [14] that we are adopting here is to consider
subgroups of I';(¢) as members of a wider class of permutation groups — groups with
a cyclic regular normal subgroup and a cyclic point stabilizer. The main benefit of such
transition is that this wider class of groups behaves well under factorizations (see details in
Lemmas 5.1, 5.2 and the remark after them).

Thus, let G be a permutation group with a cyclic regular normal subgroup W = (w) of
order n and a cyclic point stabilizer A = (a). As the first main result of the article, we
provide the necessary and sufficient conditions for a subgroup H of G to be relatively closed
in G. The statement uses the notion of the radical rad(H) of H, which can be defined as the
largest subgroup of W such that every orbit of H is a union of cosets of rad(H) (we discuss
this notion in details in Section 5).

Theorem 1. Let G be a permutation group with a cyclic reqular normal subgroup W and

a cyclic point stabilizer A. For a subgroup H of G, the following hold:

(1) H is relatively closed in G if and only if rad(H) = HNW and CAa(W/(HNW) < H.
(2) The relative closure of H in G is the product of H, rad(H), and Cx(W/rad(H)).
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The proof of Theorem 1 is contained in Section 6 (Theorem 6.3 there). In the same section
we give the explicit arithmetic criterion for a subgroup H to be relatively closed in G (see
Theorem 6.4). To do this, we fix a special representation of H defined up to the conjugation
in G. We refer to this representation as the normal form of H (see details in Section 3).

The second main and the most principle result of the article can be presented as follows:
Given a relatively closed subgroup H of G in the normal form, we describe all maximal
relatively closed subgroups of H (Theorem 7.1). This result provides a possibility to describe
at least recursively the lattice of relatively closed subgroups of G.

The statements of Theorems 6.4 and 7.1 of the article are too technical to be fully presented
in the introduction. Instead, here we show how these results can be applied to obtain a wide
generalization of [14, Lemma 4|, the main technical result of Muzychuk’s paper.

Let a be an integer such that w* = w®. We say that a is positive if either the order of W
is not divisible by 4, or « is 1 modulo 4, and negative otherwise. For coprime integers m and
n, we refer to ord,,(n) as the multiplicative order of n modulo m.

Theorem 2. Let G = (a,w) be a permutation group with a cyclic reqular normal subgroup
W = (w) of order n and a cyclic point stabilizer A = (a). Let o be an integer such that
w® = w®*. Then every maximal intransitive subgroups of G is conjugate in G to exactly one
of the following maximal intransitive subgroups:

(1) M(r) = (a,w"), where r is a prime divisor of n;

(2) P = {aw,w?), provided a is a negative automorphism of W.

r—1 nordi(@) und one orbit of size *:, while P has two

ord,(a)

In particular, M(r) has orbits of size

n

orbits of size 5

As [14, Lemma 4] yields the classification of the one-dimensional affine rank 3 graphs [14,
Theorem 3|, Theorem 2 (it is also Theorem 8.1 proved in Section 8) implies a description
of the minimal nontrivial association schemes associated with one-dimensional affine groups
(Corollary 9.2), which includes Muzychuk’s classification as a particular case (see details in
Section 9).

In fact, Theorem 7.1 allows to obtain a lot more. To demonstrate this, we also list (up
to conjugation in the holomorph Hol(W)) all second maximal relatively closed subgroups of
G (Theorem 8.2). This gives, in particular, the description of all relatively closed subgroups
of G with exactly three nontrivial orbits on W (Corollary 8.3). With such a description in
hand, one can easily receive a description of the relatively 2-closed one-dimensional affine rank
4 groups which, in turn, provides the description of the one-dimensional affine association
schemes associated with them (see Section 9). Furthermore, the classification of the one-
dimensional affine rank 4 groups can be considered as a step in a classification of the primitive
affine rank 4 permutation groups (for the non-affine case, see [5, 17]).

The article contains a lot of notations, so for reader’s convenience, we list them here.

Notations. For an nonzero integer n and a prime p,

e m(n) and 7(n)" denotes the set of prime divisors of n and its complement in the set
of all primes respectively, 7(G) = 7(|G|) for a finite group G and 7(g) = 7 (|g|) for
g €G;

e 1, denotes the p-part of n, that is, the maximum power of p dividing n;

e n, =n/n, is called the p’-part of n;

o if 7 is a set of primes, that the m-part n, of n is the product of n, for p € 7 and
Nt = NN
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e (), denotes the cyclic group of order n.
For integers m and n

e (m,n) and [m,n] denote their greatest common divisor and least common multiple
respectively.
e ord,,(n) denotes the multiplicative order of n modulo m, provided (m,n) = 1.

If a is either an integer or an automorphism of an abelian group, then for a positive
integer n,
eo(a,n)=1+a+...+a" "
Let a be an automorphism of the cyclic group C,, = (c) such that ¢* = ¢* for an integer a.
We say that

e a is positive, provided n is not divisible by 4 or a =1 (mod 4),
e a is negative otherwise.

For a finite group G,
e Hol(G) denotes the holomorph of G, that is, the natural semidirect product of G and
its automorphism group Aut(G).
For a finite group G acting on a set W,
e Orb(G, W) denotes the set of orbits of G on W.

If G is a permutation group with an abelian regular normal subgroup W, then we consider
G as the subgroup of Sym(W). For H < G and Q € Orb(H, W),

e rad(2) = {w € W| Q" = Q} is the radical of the orbit ;
e rad(H) = (N rad(Q) is the radical of the subgroup H.
QEeOrb(H,W)
Let G = AW be a permutation group on W with

e W = (w) a cyclic regular normal subgroup of order n, and
e A = (a) a cyclic point stabilizer, and let
e « be the integer such that w® = w®.

For a subgroup H of G,

o H = (bx,y), where be A, z,y € W, and (y) = HNW (Lemma 3.1);

e (3 is the integer such that w® = w?”;

e I/ is the maximum subgroup of W such that [(b), V] = V, or equivalently V is the
Hall 7(8 — 1)"-subgroup of W (Lemma 2.3);

e U is the w(V)-complement in W, so W =U x V;

e ~ is the natural homomorphism from W to W/(H N W);

e | = ord;p(B);

e H is said to be in the normal form, if |x|, > max{|y|,, |[b, W]|,} for every p € 7(z).

For a subgroup H = (bx,y) of G in the normal form,

e U is the Hall 7(z)-subgroup of U, and
e U, is the m(z)-complement in U, so U = U; x Us.

Recall that if 7 is a set of prime, then a m-subgroup H of a group G is called a Hall -
subgroup, if the index |G : H| is not divisible by primes from 7. Observe that a cyclic group
has the unique Hall m-subgroup for every set of primes 7.
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2. PRELIMINARIES

For an integer number n, 7w(n) denotes the set of prime divisors of n. If L is a finite group,
then 7(L) denotes the number 7(|L|) and 7(g) for ¢ € L denotes m(|g|). If n is a nonzero
integer and p is a prime, then n, denotes the p-part of n, that is, the maximum power of p
dividing n. The p’-part n,y of n is n/n,.

Lemma 2.1. [10, Chapter IX, Lemma 8.1] Let n be a nonzero integer and m a positive
integer. Let r be a prime divisor on n — 1. Then

(n" — 1), = (n+ 1)ama, if r =2,m is even, and n = —1 (mod 4),
' (n—1),m,, otherwise.

Denote by €, the cyclic group of order n. Recall that the automorphism group of a cyclic
group of prime order can be identified with multiplicative group of the field of the same order.
In particular, it is also cyclic.

Lemma 2.2. [7, Chapter 5, Lemma 4.1] Let C' = {(c) be the cyclic p-group of order p°, § > 2.
(1) If p=2 and 6 = 2, then Aut(C) is generated by the inversion of C.
(2) If p=2 and § > 2, then Aut(C) is isomorphic to Cys—2 x Cy and can be generated by
a such that ¢® = ¢ and the inversion.
(3) If pis odd, Aut(C) ~ Cps-1(,_1y and the Sylow p-subgroup of the automorphism group
is generated by a such that ¢® = c'*P.

Let C' = (¢) be a cyclic group. Consider the automorphism of C' which maps ¢ to ¢”
for some integer . This automorphism is said to be negative provided the order of C' is a
multiple of 4 and ~ is —1 modulo 4, and it is positive otherwise.

If X,Y are subsets of a group G, then the commutator subgroup [X,Y] is the subgroup
generated by the commutators [z,y] for x € X and y € Y.

Lemma 2.3. Let C' = (c) be a cyclic group and b € Aut(C). Then the following hold:
(1) [(b),C] =A{]b,c]|c € C}, in particular, [(b),C] = [b, C].
(2) Let c® = c? for an integer 3. There is the largest subgroup V of C' such that [b,V] = V.
The subgroup V' is the Hall n(5 — 1) -subgroup of C'.

Proof. We have [b', c] = [b"1, ¢]’[b, ¢] = [b"7L, P][b, c]. Therefore, every element of [(b), C] is a
product of elements of the form [b, ¢| for ¢ € C. Observe now that

[b7 Cl] [ba 02] = [ba Cl] [b7 02]61 - [ba CQCl]a
so the set of elements [b, ¢| for ¢ € C' forms a subgroup and (1) is proved.

The above commutator equalities imply that [b,C'C"] = [b,C"][b,C"] for C',C" < C.
Hence if D is a subgroup of C' and P, ..., Py are the Sylow subgroups of D, then [b, D] =
[b, P1]...[b, Ps] and [b, D] = D if and only if [b, P;] = P, for every i. The latter equality holds
if and only if 5 — 1 is not divisible by the corresponding prime p;, proving (2). O

The following lemma is an easy corollary of Lemmas 2.2 and 2.3(1).

Lemma 2.4. Let C = (c) be the cyclic p-group of order p°, § > 2. Let B be a cyclic subgroup
of Aut(C) of order p?. Then B has a generator b such that ¢ = ¢ and one of the following
holds:

(1) If p is odd, then 3 =1+ p°7.
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(2) Ifp=2andy =1, then B = —1, or (1 — 2071).

(3) If p=2 and vy = 2, then B = (1 +2°77).
The order of [B,C] is equal to p" unless p = 2 and ( is —1 modulo 4, in which case it is
equal to 2071,

It will be convenient for us to use the following parametrization of cyclic subgroups of the
automorphism group of a cyclic 2-group. It follows from Lemma 2.4 that every such a group
can be generated by an automorphism b such that ¢® = 12 where 8> 2 and ¢ € {+, -}
In particular, we present the identity automorphism as ¢ — ¢!, while the inversion as

¢ c(142%)

Lemma 2.5. Let X be a finite nilpotent group, ¥ < X and x € X. Denote by m and M
respectively the minimal and the maximal orders of elements of the coset Yx. Then the order
of every element of the coset Yx divides M and is divisible by m.

Proof. Since the coset is a direct product of cosets Y;x;, where Y; is the Sylow p;-subgroup of
Y and z; is a projection of x on the Sylow p;-subgroup of X, this lemma can be reduced to
p-groups, for which it is trivial. O

3. NORMAL FORM

In the rest of the paper, G is a permutation group with a cyclic regular normal subgroup
W = (w) of order n and a cyclic point stabilizer A = (a). Also « is an integer such that a
maps w to w®. If K is a group, then the holomorph Hol(K') of K is the natural semidirect
product of K and Aut(K).

Lemma 3.1. Let H be a subgroup of G. Then the following hold:

(1) There existb € A and x, y € W such that H = (bx,y) and HNW = (y).

(2) The elements x and y can be chosen in such a way that |z|, > |y|, for every r € m(x).
(3) HY = {{ba’, y)|a" € x[b, W]}.

(4) If 2’ has the minimal order in z[b, W], then |z'|, > |[b, W]|, for every r € m(z’).

(5)

FHOIW) _ U (b, y>W_

' eW, |2'|=|z|

Proof. Let bx be an element of H whose image in G/W generates HW/W. Then H =
(bx, HNW). Since H N W is cyclic, (1) follows.

Assume that |z|, < |y|, for some prime r € 7(z). If x = x,29, where x; and x5 are - and
r’-elements respectively, then z; € (y), and zy = zy* for some integer k. So H = (bxs, ).
Since we can repeat this procedure for every such prime r, (2) is proved.

For uw € W, we have

(bz,y)" = ((bx)", y*) = (b[b, ulz,y),
proving (3).

Assume that |2/|, < |[b, W]|, for some r € w(z’). Then the same argument as in in the
proof of (2) provides an element of z[b, W] of smaller order, thus proving (4).

If € Aut(W), then H?® = (b%2?,y®) = (bx®,y). Since all elements of a cyclic group of the

same order form an orbit under the action of the automorphism group, (5) directly follows
from (3). O
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Henceforth H is a subgroup of G with generators bz and y, where b € A, x, y € W.
Lemma 3.1(1) implies that we can and will assume that y generates H N W. If additionally
|z|, > max{|y|, |[b, W]|,} for every r € m(x), then we say that H is in the normal form.
Lemma 3.1 implies that every subgroup of GG is conjugate by an element of W to a subgroup
that can be presented in the normal form. Lemma 3.1 also provides a simple characterization
of Hol(W)-conjugacy of subgroups in the normal form.

Lemma 3.2. Let H = (bz,y) and H' = (V'2',y) be subgroups of G in the normal form.
Then H and H' are conjugate in Hol(W) if and only if |b| = |V'|, |x| = |2, and |y| = ||

Proof. 1If H and H' are conjugate in Hol(W), then Lemma 3.1(3), (5) implies that (b) = (V),
(y) = (¥) and = € 2”[b, W] for some z” € W such that |2”| = |2/|. Lemma 2.5 implies
that the minimal order of element in the coset x”[b, W] is uniquely determined and hence
|z| = |2'|. The converse statement directly follows from Lemma 3.1(5). O

4. ORBITS OF CYCLIC SUBGROUPS

If b is an automorphism of an abelian group or is an integer and n is a positive integer,
then we denote by o(b,n) the sum 1+ b+ --- +b"" L.

Throughout this section H is a cyclic subgroup of G. If H = (bz), then Lemma 3.1 implies
that up to conjugacy by an element of W one may assume that |z|, > |[b, W]|, for every
r € m(x). Since H is cyclic, we will not use the generator y of the intersection in this section.
We have H N W = (x7®"D) in this case.

Lemma 4.1. Let H be a cyclic subgroup of G. If m and M are the minimal and maximal
lengths of an orbit of H respectively, then the length of every orbit of H s divisible by m and
divides M. In particular, H has a reqular orbit.

Proof. Let v € W. Then the length of the orbit v is the least positive integer k such that
p02)" = v, which is equivalent to

k
bk .o (b,k)

(% = .

Since v 1 = (v~1)7(k)  we have
(Ub_1$)o(b’k) -1

So k is the least positive integer such that the order of v*~'z divides (3, k). Hence k depends
only on the order of v*~'z.

Observe that if s is a nonzero integer coprime to an integer ¢t # 1 and p is the least positive
integer such that s divides o(t, 1), then p divides a positive integer v provided s divides
o(t,v).

By Lemma 2.5, there exist v; and vy € W such that the order of (v/)’~!z divides the order
of v"7'z and is divisible by the order of v§~'z for every v/ € W. Hence the argument from
the previous paragraph implies that the lengths of the corresponding orbits are in the same
divisibility relations.

The order of a cyclic permutation group is the least common multiple of the lengths of its
orbits. Hence an orbit of H of maximal length is regular. U

Lemma 4.2. Let W be a cyclic r-group for a prime r. Assume that H = (bx) with x either
trivial or such that ||, > |[b, W]|,. If b is a positive automorphism of W, then one of the
following hold:

(1) If b is not an r-element, then H = (b).
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(2) If b is an r-element and x = 1, then the orbit vl of v € W is equal to the coset
(v* "Ny,
(3) If b is an r-element and x # 1, then the orbit v of v € W is equal to the coset (x)v.

Proof. If b is not an r-element, then W = [b, W] and H = (b).

Let b be an r-element. By Lemma 2.4, we may assume that 3 = 1 4 r° for some positive
integer § < log, |W| (if = 2, then § > 2). Pick v € W. We have v{@ = 1¢=0")y,

Let x = 1. The length of the orbit 100" s the least positive integer k such that

1(bub—1)k’ _ Ubk—l _ (Ub—l)a(b,k) — 1.

The r-part of (14 r°)*¥ — 1 is equal to 7°k,. So the r-part of o(3, k) is equal to k,. Therefore
the length of 1%*"™") is equal to the order of v*~!. Since 1" C (v~ they coincide. This
proves (2).

If z # 1, then the length of the orbit 1020"™") is the least positive integer k such that

1(ba;vb’1)k _ xa(b,k)vbk—l _ (va—l)a(b,k) -1

As before, the length of the orbit is equal to the order of zv*~!, but the order of zv’! is
equal to the order of z, moreover, the subgroups (xv®~!) and (z) coincide. Hence v = (x)v
as stated. O

Recall that V' is the largest subgroup of W such that [b, V] = V. We have seen that V is
a Hall subgroup of W, see Lemma 2.3(2). We denote by U the complement for V' in W. If
x satisfies |z|. > |[b, W]|, for every r € w(x), then x is a (5 — 1)-element and so z € U. In
this situation, we denote by U; and U, the Hall m(x)- and 7(x)'-subgroups of U respectively.

Proposition 4.3. Let H = (bx) with |z|, > |[b,W]|, for every r € w(x). Then the orbit of
v € U under the action of H is equal to

(1) {av*~YYv, provided b is a positive automorphism of W ;
(2) (2P 1Yy U (aPT ¥ Vb, provided b is a negative automorphism of W.

Proof. The group G is embedded into a direct product of Hol(P;), where P; runs through all
Sylow subgroups of W. Let H; be the projection of H on Hol(F;).

Assume that b is a positive automorphism of W. By Items (2) and (3) of Lemma 4.2, the
length of the orbit UZH *is a power of p;. The orbit v*! is contained in a direct product of orbits
UZ-H ‘. Since the lengths of UZ-H * are pairwise coprime, v coincides with the direct product of
these orbits. Now (1) directly follows from Lemma 4.2.

If b is a negative automorphism of W, then b? is positive. Since

ol = (2% (U<(bx)2))bm — %) <U<b2wb+1>>b:p

Y

we have
UH _ (:Ub+lvb2*1>v U <xb+1vb271>va

by (1). O

For integers m and n refer to (m,n) and [m,n| as the greatest common divisor and least
common multiple respectively.
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Proposition 4.4. Let H = (bx) with |x|. > |[b, W]|, for every r € w(x). Let v = vivy where
vy € U and vy € V. Let my and my be the lengths of orbits U{{ and v§b>. Then the orbit v
is contained in the subset

v x o = {urusluy € v uy € v§b>}.
The latter set consists of (mq, ms) orbits of H each of length [my, ms)].

Proof. Since

k
(v102) 09" = (0y09)P" 27 OR) = ¥ ORI — P8 )0
o x ol is H-invariant. We have v¥ = v{"* where b is the restriction b|y of b on U, and
v§b> = vébM. Both bz and b|y act as cycles on v and v§b> respectively, and bz is their

product. Therefore, the length of (viv9) is the least common multiple of m; and ms. Since
the cardinality of v x v§b> equals mymy and all H-orbits lying in vif x U§b> have equal lengths,

there are mymgy/[my, ms] = (my, my) of them. O

5. RADICALS
Let H < G and Q € Orb(H, W). The radicals of Q and H respectively are

rad(Q) = {w € W| Q¥ = Q} and rad(H) = ﬂ rad ().
QEOrb(H,W)

Thus, rad(€2) is the largest subgroup of W such that € is a union of cosets of rad(§2) in W,
and rad(H) is the largest subgroup of W such that every orbits of H is a union of cosets of
rad(H ).

If N is a subgroup of W, then it is characteristic in W. So G acts on W/N. Denote by
K the kernel of this action.

Lemma 5.1. Let H and N be subgroups of G and W respectively. Then
(1) Ky = N-Ca(W/N);
(2) if HNW < N, then H acts on W/N as a cyclic group;
(3) if N <rad(H), then the natural epimorphism W +— W/N induces a bijection between
Orb(H, W) and Orb(H, W/N).

Proof. Let u € W and ¢ € A be such that cu is an element of K. Then, in particular,
Ncu = N,sou € N. Thus, c € C4(W/N), proving (1). Items (2) and (3) are obvious. O

Lemma 5.2. Let N be a subgroup of W. Then the natural epimorphism G — G /Ky induces
a bijection between relatively closed subgroups of G, containing Ky, and relatively closed
subgroups of G/ K.

Proof. Let H be a relatively closed subgroup of GG, containing K. Then N < H andso N <
rad(H). Lemma 5.1(3) implies that the orbits of H on W are the full preimages of the orbits
of H on W/N. Hence H/ Ky is the largest subgroup of G /Ky, having the given set of orbits,
that is, H/Ky is relatively closed. The converse correspondence is straightforward. 0

Remark. Lemma 5.2 allows to study the relatively closed subgroups by replacing G acting
on W by G/Ky acting on W/N. It is possible because the group G/Ky is again a group
with a cyclic regular normal subgroup W/N and a cyclic point stabilizer A/C4(W/N), see
Lemma 5.1. In fact, it justifies the consideration of this wider class of permutation groups
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instead of subgroups of I'L;(¢). Indeed, the quotient G/Ky of a one-dimensional semilinear
group G < I'Li(q) does not necessarily have a representation of the form G/Ky < I'L;(u).
As mentioned in Introduction, we adopted this simple but helpful idea from [14].

Recall that ord,,(n) is the multiplicative order of n modulo m for coprime m and n.

Lemma 5.3. Let H = (bx,y) be in the normal form. Let ~ is the natural homomorphism
from W onto W/rad(H). Let m and M be the minimal and mazimal lengths of orbits of
H. Putt=|%|, if b is a positive automorphism of W, and t = 2|xP+1|, otherwise. Then the
length of every orbit of H divides M and is divisible by m. Moreover, m =t -|rad(H)| and

M = [t |16, 0ol oxd gy (8)] - | rad (1),

where s =1, if b is a positive automorphism of W, and s = 2 otherwise.

Proof. Since H N W < rad(H), it follows from Lemma 5.1(2) that H acts on W/rad(H) as
a cyclic group. So the lemma follows from Lemma 5.1(3) and Lemma 4.1. The expressions
for m and M directly follow from Lemma 5.1(2), (3) and Propositions 4.3 and 4.4. O

Let us describe the radicals of cyclic subgroups of GG. In the following proposition we use
the parameter [, which appears frequently in the remaining part of the paper. In general
case, it is defined as the order of b in the induced action on V.= V(HNW)/(HNW). If
H is cyclic and |z|, > |[b, W]]|, for every r € 7(z), then (z) NV = 1. Since H N W < (x),
the groups V and V are isomorphic. So [ can be equivalently defined as the order of the
restriction by, or as the order of 5 modulo |V].

Proposition 5.4. Let H = (bx) and |z|. > |[b, W]|, for every r € w(x). Then rad(H) =
(x7B2DY if b is a negative automorphism of W and [ is odd, or (x°BV) otherwise.

Proof. 1t follows from Proposition 4.3 that the intersection of the radicals of the orbits of
elements v for v € U is equal to (), if b is positive, and (z°*1), otherwise. Therefore, the
radical rad(H) is contained in this intersection, in particular, it is contained in U. Let L
denote ((bz)!). Observe that L = (b'2®#)). Since b' is the identity automorphism of V, it
follows from Proposition 4.4 that

Orb(L, W) = Orb(L,U) x V = {Qv|Q € Orb(L,U),v € V}.

We claim that |27V |, > |[b}, W]], for every r € 7(27(®V), that is, L satisfies the hypotheses
of Propositions 4.3 and 4.4. Since [b, W] = (w?~!) and [b', W] = (w?' 1), we have

B _ |z S I3 _ |[b, W]l
= o, 2 Y = s ee,
for every r € m(z), and the equality is possible only if both sides are equal to 1, that is, if
r & m(z°®V). Thus, the claim is proved.
Now Proposition 4.3 implies that rad(L) = (z°@D) if b’ is positive, or (z7@H)) =
((2°BD)B'H1Y  otherwise. Note that b' is negative if and only if b is negative and [ is odd.
Since L is a subgroup of H, the radical of L is a subgroup of rad(H).

Let us prove that rad(H) coincides with rad(L). Let v be a generator of V and put Q = v”.
Then

I =utry...uQtad !
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Propositions 4.3 and 4.4 imply that Q = v* = rad(L)v, if b' is positive, and rad(L)v U
rad(L)z?#Yv, otherwise. Since Q C Uv, we have

Qo) C Uv? 2700 = 7!

In particular, the sets Q02" for distinct i € {0,...,01 — 1} lie in distinct cosets of U. Recall
that rad(H) is a subgroup of U. Hence

rad(H)U g UH M U’U = Q = I‘ad(L)v or rad(L>U U rad(L)xU(ﬂ,l)U'
Therefore, rad(H) can be larger that rad(L) only if b is negative, [ is odd and
rad(L) Urad(L)z?P) = (z7002D) | (17820 zo (5D

is a subgroup of W.

If the order of z is odd, then (x7#2)) = (27030} = rad(L). So rad(H) = rad(L) and the
proposition holds in this case.

If |z| is even, then L U Lz°) is a subgroup if and only if 22730 ¢ (782D We have
2o(B:2) — oGO+ - Since o(3,1) is odd and the only common prime divisor of |z| and 3! +1
is 2, it is only possible if |#| = 2, because otherwise the 2-part of |#2°(%] is strictly larger
than the 2-part of |2(%2D|. The order of 2 cannot be equal to 2 while b is negative, due to
condition |z|y > |[b, W]|o. Therefore, the radical rad(H) is equal to rad(L) = (z°¥2). O

From now on we will need the following notation. If H = (bz,y) is a subgroup of G, then
~ denotes the natural homomorphism from W to W/(H NW) as well as the corresponding
homomorphism from A to Aut(W). Also [ denotes the order of 8 modulo |V|, that is, the
order of the restriction of b on V.

Theorem 5.5. Let G be a permutation group with a cyclic reqular normal subgroup W and
a cyclic point stabilizer A. Let H = (bx,y) be a subgroup of G in the normal form. Then
rad(H) = (2752 o), if b is a negative automorphism of W and | is odd, or (x®%D y),
otherwise.

Proof. Since H is in the normal form, the cyclic group H satisfies the hypothesis of Propo-
sition 5.4. Therefore, the radical of H equals (z°®V), if b is a positive automorphism of
W or [ is even, or (773D} otherwise. It remains to note that rad(H) is the preimage of
rad(H ). O
Corollary 5.6. Let H be a relatively closed subgroup in the normal form. Then x is a
7(20)-element, if b is a negative automorphism of W and [ is odd, or w(l)-element, otherwise.

Proof. Theorem 5.5 implies that the radical of H is equal to (7Y y) or (z7(%2D 4 in the
corresponding cases. If H is relatively closed, then rad(H) = HNW = (y). Hence 2%V
or 2°0%2) (depending on the case) lies in (y). Therefore, z is a o(f,1)- or o(f3,2l)-element.
Since 7(x) C w(5 — 1), this is equivalent to the statement that x is a 7(1)- or 7(2[)-element,
as stated. O]

6. RELATIVELY CLOSED SUBGROUPS

In this section we provide necessary and sufficient conditions for a subgroup H of G to be
relatively closed.

Lemma 6.1. If H is relatively closed, then rad(H) = HNW.
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Proof. Obviously, HNW < rad(H). Since Q4" = Q) for every h € H and Q € Orb(H, W),
the subgroup H normalizes rad(H) and H rad(H) is a subgroup of G. We have Qrad(H)H —
O = Q. Thus, Hrad(H) = H and rad(H) < HNW. O

Lemma 6.2. If H has a trivial radical, then H s relatively closed.

Proof. Let us first show that if M is a relatively closed subgroup with rad(M) = 1, then every
its subgroup is relatively closed. Lemma 6.1 yields M is cyclic. Since every cyclic subgroup
of G has a regular orbit by Lemma 4.1, the order of a subgroup of M is uniquely defined by
the lengths of its orbits. Hence every subgroup of M is relatively closed.

Let H be a subgroup of G with trivial radical. If M is a relative closure of H in G, then
rad(M) = 1. Hence every subgroup of M is relatively closed and so M = H. O

Theorem 6.3. Let G be a permutation group with a cyclic reqular normal subgroup W and
a cyclic point stabilizer A. For a subgroup H of G, the following hold:

(1) H is relatively closed in G if and only if rad(H) = HNW and C4(W/(HNW) < H.
(2) The relative closure of H in G is the product of H, rad(H), and Cx(W/rad(H)).

Proof. 1f H is a relatively closed subgroup of G, then rad(H) = H NW by Lemma 6.1. Also
H must contain the kernel K.,q(x) of the action of G' on W, which is equal to the product of
rad(H) and C4(W) by Lemma 5.1. So the "only if” part of (1) is proved.

The group H/K,.qm) has a trivial radical and so is relatively closed in G/Kaqcm) by
Lemma 6.2. Hence H is relatively closed by Lemma 5.2, and (1) is proved.

If L is a subgroup of G generated by H, rad(H) and C4(W/rad(H)), then L has the same
orbits as H. Therefore, rad(L) = rad(H) and Cy(W/rad(L)) < L. So L is relatively closed
by the first statement of the theorem.

Since H normalizes rad(H ), their product H rad(H) is a subgroup of G. The centralizer
Ca(W/rad(H)) is the center of G/rad(H). Hence the subgroup generated by H, rad(H)
and C4(W/rad(H)) is equal to the product H rad(H)Cs(W/rad(H)). O

The next statement gives an arithmetic version of Theorem 6.3.

Theorem 6.4. Let G be a permutation group with a cyclic reqular normal subgroup W = (w)
and a cyclic point stabilizer A = (a). Let H = (bx,y) be a subgroup of G in the normal form.
Then H s relatively closed if and only if the following hold:
(1) a4 < (b);
(2) HNW contains
(a) B+ provided 4 divides |W|, B = —1 (mod 4), and [ is odd, or
(b) z!, otherwise.

Proof. By Theorem 6.3, the subgroup H is relatively closed if and only if rad(H) = H N W
and CA(W) < H.

By Lemma 5.2, the condition rad(H) = HNW is equivalent to the statement that rad(H )
is trivial. By Proposition 5.4, it is equivalent to 2°®*) € (y), if b is positive or [ is even, or
2782 ¢ (y), otherwise. Denote by 7 the intersection of 7(WW) and 7(3 — 1). Recall that z
is a m-element by the definition. Lemma 2.1 implies that o(3,1), is equal to (5 + 1)al,/2, if
B is —1 modulo 4 and [ is even, or [, otherwise.

If b is a positive automorphism of W (and so is b of W), then the condition is 7% € (y),

which is equivalent to z! € (y).
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If b is negative, but b is positive, then the condition is z°*) € (y), which is equivalent
to 2! € (y) if [ is odd, and x¥+V2/2 ¢ (y) if [ is even. The change of "sign” of b under
the factorization only possible if |[W : (y)|s < 2. This implies that the square of the 2-part
of x lies in (y) (if r is prime and g is an element of a finite group, then g can be uniquely
presented as a product of commuting r-element and r’-element, we refer to these two elements
respectively as the r- and r'-part of g). Thus, the condition 2(**12//2 ¢ (y) for even I can be
replaced by 2! € (y).

If both b and b are negative, then the condition is z7(32) ¢ (y), which is equivalent
to 28Dl ¢ (y). This proves that the conditions from (2) are equivalent to the condition
rad(H)=HNW.

Let us consider the condition Cy(W) < H. Observe that Cy (W) = (™™ and (1)

is equivalent to Cy(W) < (b). Since (bz) N A < (b), the inclusion Cx(W) < H yields

Ca(W) < (b), proving the necessity of conditions (1) and (2).

Let us prove their sufficiency. Since Cx(W) < (b), we have C4(W) = (b)), Therefore,
it suffices to show that z°@D ig a subgroup of (y). Since [ divides the order of b, the
number o(3,1) divides (3, |b|) and the lemma is proved for the cases described in (2b). If
the conditions of (2a) are satisfied, then [ is odd and |b| is even. So 21 divides |b| and (3, 1)

divides o (8, |b]), as required. O

7. LATTICE OF RELATIVELY CLOSED SUBGROUPS

Our next goal is to describe maximal relatively closed subgroups of H for a relatively
closed subgroup H of G. Observe that since H is relatively closed in GG, a subgroup of H is
relatively closed in H if and only if it is relatively closed in G.

Theorem 7.1. Let G be a permutation group with a cyclic reqular normal subgroup W and
a cyclic point stabilizer A. Let H = (bx,y) be a relatively closed subgroup of G in the normal
form. Put N = Nuqw)(H). Then every mazimal relatively closed subgroup of H is conjugate
in N to exactly one of the following groups:

(1) ((bz)",y), where r € 7w(|(b) : Ca(W)]).
(2) (bx,y"), where r € (y), and if r € w(x), then one of the following conditions hold:
(@) |yl (B + 1)l > |x|,, provided b is a negative automorphism of W/(y") and [ is
odd;
() lyloly > |x|-, otherwise.
(3) (bxy,y"), where r € w(y) Nw(l) N8 — 1)\ m(x) and |y|, > |[b, W],
(4) ()" Oy, 57, where v € 7(y)Am()\ (x(5—1)Un(W)) and (ord, (8), ordyp()) = 1.
(5) {(bzy,y*), provided |W| and | are odd and b is a negative automorphism of W.

Every subgroup in (1)—(5) is a mazimal relatively closed subgroup of H.

Proof. Let us start by describing the normal form of subgroups from the theorem. We need
to prove the following technical lemma first.

Lemma 7.2. Let K| = ((bx)*21,11) and Ky = ((bx)*zy,y1) be subgroups of H, where z; and
2o are elements of (y), whose orders are coprime to the order of x. Then K; and K, are
conjugate in N, provided one of the following conditions is satisfied:

(1) |z1] = |zl

(2) k=12 €bW]N(y) and z, = 1.



14 ALEXANDER BUTURLAKIN AND ANDREY V. VASIL’EV

Proof. First, assume that |z;1] = |22|. Since the order of z; is coprime to the order of z, there
is ¢ € Aut(W) such that 2 = z and 2¢ = z,. Then K? = K, and

H? = (bz,y)* = (b*27,y%) = (bz,y).

Hence ¢ lies in N.
Assume that z; € [b*, W] N (y). Then there is u € W such that [b,u] = z;. So

Kifl = (brz,y)" ' = ((brz)" 7?/%_1> = (bx,y1)
and H* ' = H. O
For brevity, denote ord,(8) by ng.

Lemma 7.3. The subgroups from Theorem 7.1 are conjugate in N to the following subgroups
of H in the normal form:

(1) (b

,Y), unless € 7T( ) and |27, < |yl., in which case the normal form is
z y> where z is the r'-part of zoBr).

ba:z y"), where z s the r-part of y;
b”ﬁx"(ﬁ ne) 2, y"), where z is the r-part of y;
(5) (bxz,y*), where z is the 2-part of y.

In particular, subgroups from different items are not conjugate in Hol(W).

Proof. Let K = {(bx)",y) = (b"z°®") y) be a subgroup from Theorem 7 1(1). The same
argument as in the claim for a subgroup L in Proposition 5.4 yields [z7(37)|, > |[b, W]|, for
every s € m(z7%"),

Consider the condition |[#73")|, > |y|, for s € w(z7#™). Observe that if r & 7(x) or s # r,
then this condition is equivalent to the corresponding condition for H being in the normal
form. If s = r € w(x), then [27¥")|, < |z|,. Therefore, if |z7#")|, < |y|,, then the normal
form of K is (b"z,y), where z is the r'-part of 2°®*"). Also K itself can be presented in the
normal form, so the last statement of the lemma holds in this case.

Let K = (bx,y") be a subgroup from Theorem 7.1(2). Then |z|; > max{|[b, W]|s,|y"|s}
for every s € m(x) due to H being in the normal form.

Hence we have to show only that K N'W = (y7), that is, z7®I®) € (y7). Note that the
subgroup generated by 7% coincides with #”l by Lemma 2.1 and [ divides |b|. So if the
conditions of Theorem 7.1 are satisfied, then x! € (y"). Therefore, 2/ € (y").

If b is a negative automorphism of W and [ is odd, then the conditions of (2a) guarantee
that 2**D! € (y7). Since b is negative, |b| is even. In particular, it is divisible by 2/ and
a(B,|b|) is divisible by o(3,21). Since (z7#2)) = (z(A+D!) by Lemma 2.1, K is in the normal
form. As before, K itself can be presented in the normal form.

Let K = (bxy,y") be a subgroup from Theorem 7.1(3) and z be the r-part of y. Let

= (bxz,y"). Since (y) = (z,y"), Lemma 7.2(1) implies that this group is conjugate to K
by an element of N. Recall that » € 7(l). Hence r € 7(b). Therefore, (z)°#I) € (3} and
LNW = (y"). Also z & [b, W] by the choice of . Hence L is in the normal form.

Let K = ((bx)"y,y") be a subgroup from Theorem 7.1(4). Let L = (bsz7Bma)z ym). As
before K and L are conjugate in N. The same argument as in the claim for a subgroup L in
Proposition 5.4 yields

|z7Bms) |, > |[b"e W], for every t € m (x7Fm8))
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Since r € (W), the element z generates the Sylow r-subgroup of W. Therefore, |z|, >
|[b"8, W]|,.. Obviously, |z|, > |y"|,-

Let us show that |#7(%m8)|, > |y|, for the corresponding prime divisors ¢. Corollary 5.6
states that z is a 7([)-element, provided b is positive automorphism of W, or [ is even, and
7(20)-element, otherwise. In the latter case, the order of b is even. Hence z is always a
m(b)-element. Since b divides ordjg (@), the conditions of Theorem 7.1(4) imply that ng is

coprime to |b|. Therefore, |z| and ng are coprime and the orders of x and z7(*"s) are the
same. Thus, the claimed inequality follows from the corresponding inequality for H.
It remains to show that LNW = (y"). We have

LAW = <(W (z7ns) 2)) ! y> _ <$a<ﬁ,|b|>zaw,\b"ﬂ\),yr> .

Since r ¢ 7(z), the element x7% ) lies in (y"). Recall that 7 also lies in 7(I) and ng is
coprime to [. Therefore, [ divides [b"¢]. So r divides o(3, [b"#|). Thus, 27@I"D lies in (y")
and L is in the normal form.

Let K = (bxy,y") be a subgroup from Theorem 7.1(5). Let us show that L = (bxz,y?)
is the normal form of this group. As before K and L are conjugate in N. We have |z|s >
max{|[b, W]|s, [y*|s} for s € m(x), because H is in the normal form. Also z is a generator of
the Sylow 2-subgroup of W and |z|y > max{|[b, W]|s, |y*|2}. Finally, o(f, |b]) is divisible by
4 due to the conditions of (5). So 27D ¢ (y*) and LNW = (y*). Hence L is in the normal
form.

Lemma 3.1 gives a criterion of the Hol(W)-conjugacy of two subgroups of G presented
in the normal form. This lemma immediately implies that subgroups from the same item
determined by distinct primes r are not conjugate. The subgroups from (1) are the only
one whose intersection with W is (y). Therefore, they cannot be conjugate to subgroups
from other items. Similar arguments work for (5). A subgroup in (4) is the only one of
the remaining items whose image in A is distinct from (b). Finally, since the order of x is
distinct from the order of xz, where z is the r-part of y, the subgroups of (2) and (3) are not
conjugate. O

Lemma 7.4. All subgroups from Items (1)—~(5) of Theorem 7.1 are relatively closed.

Proof. Since any two subgroups of G conjugate in Hol(1¥) are relatively closed or not rela-
tively closed simultaneously, we may consider the subgroups from Lemma 7.3 instead of the
subgroups from the theorem.

Let K be a subgroup from Lemma 7.3(1). Since H is relatively closed, (b) includes C (W)
by Theorem 6.4. Therefore, (b") also contains C4(W), because r € m(|(b) : C4(W)]).

Assume that b is a positive automorphism of W or [ is even. Then b" is positive, unless b
is negative, [ is even, r is odd, and so [/(l,r) is even. Since H is relatively closed, z' € (y)
by Theorem 6.4(2b).

Let us show that (z7B™)/r) ¢ (y). Lemma 2.1 implies that the 7(x ) -part of o(f,r) is
equal to (r, |x|). If (r,|z|) = 1, then (z(#"))/{7) has the same order as 2! and the inclusion
follows. If (r,|z|) = r, then r d1v1des [ — 1 and, therefore, o(/3,r). It follows that the power
a(B,r)/(l,r) is divisible by [. Hence the claimed inclusion always holds.

If the normal form of K is (b"z7#") ), then K is relatively closed by Theorem 6.4(2b).
If it is not the case, then the normal form of K is (b'z, 1), where z is the r'-part of 2757,
Since (7B € (y), the element z/0™) also lies in (y) and K is relatively closed by
Theorem 6.4.
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Assume that b and b" are negative automorphisms of W and [ is odd. Then r and 1/(,r)
are odd. By Theorem 6.4, the subgroups H and K are relatively closed if and only if z(#+1)!
and (@@ +DY ) respectively lie in (y). Since r is odd, B+ 1 divides 37 4 1. By arguing
as in the previous case, we see that (x84 Jies in (y) if (2!)#*! lies there, and deduce
that K is relatively closed.

The only remaining case is when b is a negative automorphism of W, [ is odd, and b"
is positive. Therefore, r = 2. Again H and K are relatively closed if 25+ ¢ (y) and
(27BN ¢ (y) but 0(B,2) = B+ 1 and (I,2) = 1. Thus, K is relatively closed.

Let K = (bx,y") be a subgroup from Lemma 7.3(2). Since C4x(W) = Co(W/(y")), the
condition of Theorem 6.4(1) is satisfied. If » does not divide the order of x, then the condition
of Theorem 6.4(2) for K is not stronger than the condition for H. Indeed, [ divides the order
of 8 modulo V/(V N (y")) and the Hall 7 (z)-subgroups of (y) and (y") coincide in this case.

Assume that r € 7(z). Since 3 =1 (mod r), the groups V and V/(VN(y")) are isomorphic
and ordjy.(vnry)(B) = I. If b is either a positive automorphism of W/(y"), or [ is even, then
K is relatively closed if 2! € (y"), which is equivalent to |x|/(|x|,1) divides |y|/r. Since H
is relatively closed, this, in turn, is equivalent to |z|./(|x|,), divides |y|,./r. This yields
|yl min{|z|,, .} > |z|,. If I, > |z|,, then l,|y|, > |z|, due to |y|, > 1. If [, < |z,|, then again
Y|l > z, as in Item (20).

Assume that b is a negative automorphism of W/(y") and [ is odd. Then there are two
possibilities: b is a positive automorphism of W and r = 2, or b is a negative automorphism
of W. Consider the case of a positive b first. Since H is relatively closed, we have 2! € (y),
and K is relatively closed if z(**V! € (y?). Since $+1 is divisible by 4, K is relatively closed.

Assume that b is a negative automorphism of W. Then the corresponding conditions for H
and K are z(5+D! € (y) and 2#+DE € (7). So r must divide |y|,/|zB+D!,. This is equivalent
to |y|, min(|x|,, (8 + 1).{,;) > |z|,. Hence if |z|, < (8 + 1),!,, then we get |y|, > 1 which is
true. Otherwise, |yl|,(b+ 1),l, > |z|, as in Item (2a).

Assume that K = (bxz,y"), where z is the r-part of y, is a subgroup from Lemma 7.3(3). It
follows from Theorem 6.4 that K is relatively closed if and only of (b) contains C4(W/(y")),
which is true, and (22)! or (xz)@* belongs to (y") in the corresponding cases. Again
r € 7(l) and 2! € (y"). The similar condition for x is satisfied, because r ¢ 7(x). Hence K
is relatively closed.

Assume that K = (0"27Bm8)z o) where z is the r-part of g, is the subgroup from
Lemma 7.3(4). Let ny be the order of a as an automorphism of W/ {y"), that is Ca(W/(y")) =
{(a™). Since W/(W N {y")) =~ W x C, and the order of W is not divisible by r, n; is the least
common multiple of the coprime numbers ordp («) and ng. For brevity, set no = ordg (a).
Therefore, ny = nyng and (b"#) contains the centralizer Cs (W/(y")).

Denote by Vi the Hall 7(5"# — 1)"-subgroup of W. Let us prove that the order [; of "% on
Vi /(VkN(y") is equal to [. Observe that [ divides n,, so ng and [ are coprime. By definition,

[ is divisible by ord,(3) for every s € w(V). If s € m(V) \ m(V), then
f#1 (mods), but g% =1 (mod s).

Therefore, ord,(8) divides both ng and [, which is a contradiction. It follows that w(V') C
7(Vi). Since Vi is a Hall subgroup of W, we have Vi /(Vx N (y)) ~ V. It remains to note
that Vi N (y) = Ve N (y"). Thus, [; =1/(l,ng) = L.

Since 7 is odd, the Sylow 2-subgroups of W and W/(y") are isomorphic, because 7 is odd.
So any automorphism of W is positive or negative on W and W/(y") simultaneously.
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It follows from Theorem 6.4 that K is relatively closed if and only if (7 (bing) 7) (8™ +1)L ¢
(y"), provided b™ is a negative automorphism of W/(y"), and (z7®"#)2)! € (y"), otherwise.
Since [ is divisible by 7, the element 2" lies in (y"). Now z is an 7’-element, and a power of z
lies in (y") if and only if it lies in (y). Therefore, if b and b4 are either both positive or both
negative on W, then the conditions on x directly follow from the relative closedness of H.
Assume that b is a negative automorphism and 4™ is a positive automorphism of W. So ng
is even and o (83,ns) is divisible by 8+ 1. Since H is relatively closed, z(*+D! € (y). This
implies that 27®"#)! € (y). Thus, K is relatively closed.

Assume that K = (bxz,y?) is a subgroup from Lemma 7.3(5). As before, the condition
C4(W/{y*)) < (b) is satisfied. Therefore, K is relatively closed if and only if (z2)#+Dl € (y4).
Since H is relatively closed, 2! € (y). Moreover, 2! € (y*), because the order of z is odd.
Since 3 + 1 is divisible by 4, the element z°*! lies in (y). Thus, (z2)#+Y ¢ (y*) and K is
relatively closed. 0

Lemma 7.5. All subgroups from Items (1)—(5) of Theorem 7.1 are mazimal relatively closed
subgroups of H.

Proof. The subgroups from (1)—(3) are maximal, because their index in H is a prime.

Let K = ((bx)™y,y") be a subgroup from (4) and assume that L is a proper relatively
closed subgroup of H, containing K. Then rad(L) = (y") or (y). Since ng is coprime to n,,
we have (b) = (b"s, C4x(W)). Therefore, if rad(L) = ( ) then L = H.

Assume that rad(L) = (y"). Then L = ((bz)™y™,y") for some n; dividing ng and m,
such that y™ is an r-element. Since (bx)"?y € L,

(bx)™y = ((bx)™y™ )™ (y")"* for some integers ny and ns.
Therefore, nyny must be equal to ng modulo the order of b. Hence
()™ ) = o Bna) (e 5] — (s ),

Thus,
y = (ym)7 Ry,

Since ng is the order of 8 modulo 7, the number o(8™,n,) is divisible by r. So (y™)7(#"m2)
is an element of (y"). Therefore, y is not a product of this element and (y")"*. This is
impossible, so K is maximal.

The subgroup K = (bxy, y*) from (5) has index 4 in H. Since the image of K in A coincides
with (b), a proper subgroup L of H, containing K, must have the form (bxy’, y*), where v/
is either the identity, or is a generator of the Sylow 2-subgroup of (y). If ' = 1, then L does
not contain bzy and so does not include K. Assume that ¢’ # 1. Since |W : (y)| is odd, b is
a positive automorphism of W/(y?). Therefore, rad(L) = {(zy')!,4*) = (y), because [ is odd.
Thus, L is not relatively closed. 0

To prove the theorem, it remains to show that every proper relatively closed subgroup L
of H is conjugate in N into one of the subgroups (1)—(5).

Let L = ((bx)*y™, y') for some integers k, m and t such that k divides |b|, ¢ divides |y],
and LNW = (y").

If there exists a prime divisor r of k from 7(|(b) : C4(W)]), then L is contained in {(bz)",y),
which is a subgroup from Item (1).
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Hence we may assume that w(k) N 7(|(b) : Ca(W)|) = @ which is equivalent to the

statement that 7(k) C 7(Ca(WW)) and the Hall 7(k)-subgroup of C'4(W) is a Hall subgroup
of (b). This fact implies several important corollaries:

e Since [ divides the index [(b) : C4(W)]|, the numbers k and [ are coprime.

e The elements x and 7(%*) have the same order. Indeed, x is a 7(I)- or 7(2l)-element
by Corollary 5.6. If x is a 7(l)-element, then o (5, k) is coprime to |z| and the claim
follows. If = is a 7(2l)-element, then b is a negative automorphism of W. Hence 2

divides the index |[(b) : C4(W)|. So k is odd and o(f, k) and |z| are coprime again.

e t # 1, because C4(W/(y")) does not contain C,(W).

Denote by Vi, U, (Ur)1, (Ur)s the corresponding Hall subgroups of W defined by L,
that is, V; is the maximal subgroup of W such that [b* V;] = V., the subgroup Uy is the
complement of V7, and so on.

Assume that there exists r» € m(¢) such that 8* is not 1 modulo r (so, in particular, r
is odd and is coprime to |z|), that is, r is a prime divisor of V. Then L is a subgroup of
Ly = {(bx)*y™,y"). The subgroup L; can be rewritten in the form ((bx)*z,y"), where z is an
r-element from (y). Then z € [b*, (z)]. By Lemma 7.2, the subgroup L, is conjugate in N
to a subgroup {(bx)*, y"), which is contained in K = (bx,y"). It remains to note that K is a
maximal relatively closed subgroup from Item (2).

Henceforth we assume that $* is 1 modulo every prime divisor of t. Take r € m(t). We
have

Vi =~ VN {y") ~Vy.
Put M = {(bz)*y™,y") and let L, be the relative closure of M in G. Denote by [; the order

of b* on V', (or equivalently on Vi, /(V N (y'))).
Since the radicals of L; and M are equal, Theorem 5.5 implies that

((zoBRymY)h gy if bF is a positive automorphism of W/(y"), or I is even;
(a0 BR)m)(BE+DI yry - otherwise.

rad(L;) = {

Since L is relatively closed, Theorem 6.4 implies that

(z7 PRy e (yt),

provided b* is a positive automorphism of W/{y'), or [; is even, and
(xa(ﬁ,k)ym)(ﬁ’%l)ll e ("),

otherwise. Therefore, either rad(L;) = (y"), or b* is a positive automorphism of W/(y") and
a negative automorphism of W/(y"). So rad(L1) # (y") implies that ¢ is divisible by 4, r = 2,
the index of (y) in W is odd, and b* is a negative automorphism of W/(y*). In this case the
radical of the relative closure of ((bz)*y™, y*) is equal to (y*). Therefore, in all the cases, we
can embed L into a proper relatively closed subgroup of H such that the index of the radical
of this larger subgroup in rad(H) is either a prime number, or is equal to 4.

Thus, we may assume that either ¢ is a prime number, or ¢t = 4, |WW : (y)| is odd, [; is odd
and b* is a negative automorphism of W (that is, b is a negative automorphism of W and
k is odd). Since t is a prime power, we may also assume that y™ is either the identity, or a
generator of the Sylow 7 (t)-subgroup of (y).

Assume that ¢ divides the order of V. In particular, ¢ is an odd prime. If y™ = 1, then L
is contained a relatively closed subgroup (bzx,y') from Item (2).
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Assume that y™ is a generator of the Sylow ¢-subgroup. Let us show that V=V, If
s € m(V), then 8 # 1 (mod s) and [ is divisible by ordy(8). The numbers k and [ are
coprime. Therefore, b* acts nontrivially on the subgroup of order s in V. Hence s € 7(V})
and V ~ V' as stated, because V is a Hall subgroup of W. Moreover, (k,l) = 1 leads to
[ =1.

Recall that ¢ ¢ 7(V;). Hence t € n(V) and so t & n(W). Also

B¥ =1 (mod t), while 81 (mod t).

Therefore, ng divides k.

Since L is relatively closed, (z7(®®ym™)! € (yt), provided b* is a positive automorphism of
W/{y") or | is even, and (z7Fy™)F*+DL ¢ (yt) otherwise. This yields 3 € (y*), because
r is an t'-element, y™ is a t-element, and both m and 8* + 1 are coprime to ¢t. Hence [ is
divisible by t.

As in the proof of Lemma 7.4(4), the index |A : Ca(W/(y"))| is equal to [ng,ng]. Let s
be a divisor of n, such that b = a*. Then (b*) contains C4(W/(y")) if and only if sk divides
[na,ng), or equivalently k divides n,/s - ng/(na,ng). The number n,/s is equal to the index
|(b) : Ca(W)| which is coprime to k. Hence k must divide ng/(na,,ng), but ng divides k.
So (na,ng) = 1 and k = ng. Therefore, L has the form ((bx)"y™, y') as in Lemma 7.3.
Lemma 7.2 states that all subgroups of H of such form are conjugate in N. This completes
the proof in the case t € (V).

Assume that ¢ € 7(U). First, suppose that ¢ € 7(z). Since the order of z7**) is equal
to the order of x and y™ is a t-element whose order is strictly less than |z|;, there is an
automorphism ¢ of W which maps 7@ *)y™ to 27+ Moreover, since z? is the product of
x and some power of y, it follows that H? = H. So up to conjugacy in N one may assume
that y™ = 1.

Since L is relatively closed, we have Cy (W/ (")) < (b%), and either (z7®") or (z7(b:+))(B*+1)1
in the corresponding cases lies in (). The conditions on x are equivalent to z' or z(#+V!
belongs to (yf) respectively, because x°**) and x have the same order and

(Ia], 8 + 1) = (|2, B +1), if k is odd.

Therefore, the subgroup K = (bz,y") is relatively closed and contains L. The groups of
such form are listed in Item (2). The conditions in (2) are just arithmetic versions of the
conditions 2! € (y*) and z*T1 € (yt).

Assume that ¢ is a prime divisor of [Us]. If y™ = 1, then L is contained in (bz, ") which
is a relatively closed subgroup listed in (2). If 4™ # 1, then (7GR ym)l or (40 (Bk)ym)(BE+1)
lies in (y'). Hence either [ is divisible by ¢, or ¢t = 2 and b* is a negative automorphism of
W/{y?). In the latter case k is odd. So k is coprime to ¢ anyway. Therefore, there exists
z € {y™) such that (bz)*y™ = (bxz)*. It follows that L is a subgroup of a relatively closed
group K = (bxz,y'). If |z| > |[b, W]|s, then K is in the normal form and it is conjugate in
N to a subgroup from Item (3). Otherwise there is an element v € Uy such that [b,v] = 271
So (bxz,y")" = (bx,y") and H* = (bx(2)~',y) = (bz,y) = H. Hence L is conjugate in N to
a subgroup from Item (2) in this case.

Assume that t = 4. Recall that in this case |IW] is odd, b* is a negative automorphism
of W/{y*) and [ = I, is odd. If y™ = 1, then L is contained in (bx,y*) which is relatively
closed subgroup from Item (2). Hence we may assume that y™ is a generator of the Sylow
2-subgroup of (y) and so of W. Since k is odd, there is z € (y™) such that (bx)*y™ = (bxz)*.



20 ALEXANDER BUTURLAKIN AND ANDREY V. VASIL’EV

Thus, L is conjugate in N to a subgroup of a relatively closed subgroup (bxz,y*) which is
from Item (4). O

8. MAXIMAL AND SECOND MAXIMAL SUBGROUPS

In this section we apply Theorem 7.1 to classify all maximal intransitive, that is, maximal
proper relatively closed subgroups, and second maximal relatively closed subgroups of G. As
a corollary we get a classifications of relatively closed subgroups with exactly three orbits.

Theorem 8.1. Let G = (a,w) be a permutation group with a cyclic reqular normal subgroup
W = (w) of order n and a cyclic point stabilizer A = (a). Let o be an integer such that
w® = w*. Then every maximal intransitive subgroup of G is conjugate in G to exactly one
of the following maximal intransitive subgroups:

(1) M(r) = (a,w"), where r € m(n);

(2) P = (aw,w?), provided a is a negative automorphism of W.

r—1
ord,(a)

norde(@) o0 d one orbit of size , while P has two

In particular, M(r) has orbits of size

n

orbits of size 5

Proof. Let us first prove that every maximal intransitive subgroup of G is conjugate to one
of the subgroups from the statement of the theorem in Nygwy(G) which is just the whole
Hol(W). If H is maximal intransitive subgroup of G, then it is maximal relatively closed
and it is one of the subgroups listed in Theorem 7.1. Since C4(W/W) = A, no subgroups
from Item (1) appear in this case. Item (2) of the theorem provides groups M(r). Items (3)
and (4) involve prime divisors of [, which is 1 here. Finally, P is exactly the subgroup from
Item (5).

Assume that H is conjugate to M (r) by an element ¢t € Hol(WW). Since M (r) is invariant
under the action of any element from Aut(W), we may assume that t € W. Sot € G as
required. Assume that H = P for t € Hol(W). By Lemma 7.3, the normal form of P is
(bz,w*), where z is a generator of the Sylow 2-subgroup of W. Then H = (az!, w*)" for some
v € W. Hence it is sufficient to prove that (az', w?) is conjugate to P in G. Every generator
of the Sylow 2-subgroup of W lies in one of the cosets z(z*) or 23(2%). Since a permutes these
classes, either Pt = P, or P! = P.

Finally, the orbits of M(r) on W are in a one-to-one correspondence with the orbits of
A on W/{w"). The orbits of P are in a one-to-one correspondence with the orbits of P on

W/{w*) and the statement on the length of orbits follows. O
Denote by
fny xmy, ... ng x mg}
a multiset consisting of elements my, ..., mg with multiplicities ny, ..., ng (if n; = 1 for

some 4, then we sometimes will write just m; instead of 1 x m;).
For a subgroup H of G, we refer to the multiset of the lengths of orbits of H on W as Q(H).

Theorem 8.2. Let G = (a,w) be a permutation group with a cyclic reqular normal subgroup
W = (w) of order n and a cyclic point stabilizer A = (a). Let o be an integer such that
w® =w®. Let H be a relatively closed subgroup of G, which is second maximal in the lattice
of proper relatively closed subgroups of G. Then H is conjugate in Hol(W) to ezactly one of
the following subgroups:

(1) Hy = (a®,w"), where r € w(n) and s € w(ord,(«));

(2) Hy = (a,w’"), where s,r € m(n) and sr divides n;
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= (a Ords(a)w LWy, wherer € w(n), s € m(n) Nw(ord,(a)), (ord, (), ords(a)) = 1;
<a >, where r € m(n) \ {2}, provided 4 divides n and o = —1 (mod 4);
= (a? > provided 4 divides n and o = —1 (mod 4);
<aw w®), provided 8 divides n and « = —1 (mod 8).

$$SS

All subgroups in (1)-(6) are second mazimal relatively closed subgroups of G. The orbit
lengths are as follows:

o Q(Hy) = Q(Hy) = {1, 57 <zl
e O(H,) = {{;‘2, = (1 ) @), - (r_l) X %ordrz(a)}} for s =r;
o QO(H,) = {{;7 (; (1)) x 2 ord,(a), O(r‘zl;(a) x L ord,(a), % X :—rords,«(a)}} for

X I3 ord,(a

S#ET;
r— ,ord, n ord,(a i
o O(Hy) = {{2 X za % ?rgr @l ﬁ(lordr((c)u)) }}’
o O(H5) = = {{4 x 4}}

Proof. Let M be a maximal relatively closed subgroup and H a maximal relatively closed
subgroup of M, that is, a second maximal relatively closed subgroup of G. Then M is
conjugate in G to one of the subgroups presented in Theorem 8.1. As always ~ is a natural
homomorphism from W to W/(H NW).

Assume that M = M(r) for a prime 7. Then H is conjugate in N = Nyow)(M) to one
of the subgroups from Theorem 7.1. The subgroup from Theorem 7.1(1) is determined by a
prime divisor of |A : Cx(W/(w"))|. This index is equal to ord,(«). Hence the subgroup is
conjugate to a subgroup from Item (1) in this case. The orbits of (a®, w") are in a one-to-one
correspondence with the orbits of (a®) on W and the length of every orbit on W is n/r times
larger than the length of the corresponding orbit on W.

A subgroup from Item (2) is the subgroup from Theorem 7.1(2). The orbits in this case are
in a one-to-one correspondence with the orbits of A on W, which can be easily determined.

In the case s € m(aw — 1) which is equivalent to ords(«) = 1, a subgroup from Item (3) is
the subgroup from Theorem 7.1(3). Indeed, if € m(a — 1), then the parameter [ for M is 1,
and a subgroup from Theorem 7.1(3) is not defined. Otherwise [ = ord,(«) and s is chosen in
7(l). In this case the orbits of H are in a one-to-one correspondence with the orbits of (aw")
on W. Lemma 4.1 implies that (w") is an orbit. The orbits of A on (w*®) are: the identity
and (r — 1)/ ord,(«) orbits of length ord,(«). Therefore, it follows from Proposition 4.4 that
{(aw") has one orbit of length s and s(r — 1)/ ord,(a) orbits of length ord,(a) on W. All
orbits of H are just n/sr times larger.

In the case s € m(a — 1)’ which is equivalent to ords(«) > 1, a subgroup from Item (3) is
the subgroup from Theorem 7.1(4). Since this item of Theorem 7.1 requires a prime divisor
of I, the prime r cannot divide o — 1. Hence ordgp (o) = ord, () = [ and s € 7(l). Also the
condition (ords(«),ordgp () = 1 gives the condition that orders of a modulo s and r are

coprime. To determine Q(H), let us consider the orbits of (a®™%(®)%") on W. Since s divides
a°®™4s(®) 1 Proposition 4.3 implies that (w") is an orbit. Since a®™(® —1 is not divisible by
7, the subgroup (w*) is the Hall 7(a®¥(®) — 1)-subgroup V. It follows from Proposition 4.4
that (a®9s(®)") has one orbit of length s and s(r — 1)/ ord,(«) orbits of size ord, (c).

A subgroup from Item (4) can be obtained as the subgroup from Theorem 7.1(5) but
but only under condition that ord,(«) is odd. We prefer the alternative way to obtain this
subgroup without any additional conditions as a subgroup of M = P.
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Assume now that M = P. Since the index of Ca(W/(w?)) in A is 2, Theorem 7.1(1)
provides the subgroup (a?w®*,w?). Since a + 1 is divisible by 4, this subgroup coincides
with the subgroup from Item (5). The orbits are cosets of (w?) in W.

Let H be conjugate to a subgroup from Theorem 7.1(2). First, assume that r is odd. The
normal form of P is (au,w*), where u is a generator of the Sylow 2-subgroup of W. So
the corresponding subgroup is (au,w*"), which is conjugate in Hol(W) to (aw”,w'") as in
Item (4).

Consider the orbits of H. If r divides o — 1, then (aw") has 2r orbits of length 2 on W by
Proposition 4.3. If r does not divide a—1, then (w") is a union of 2 orbits of length 2. It follows
from Proposition 4.4 that (aw”") has 2 orbits of length 2 and 2(r — 1)(2,ord,(«))/ ord, ()
orbits of length 2 ord,(«)/(2, ord,(«)) (observe that this numbers coincide with the numbers
from the previous case, provided ord,(«) = 1).

If r = 2, then the corresponding subgroup is (aw,w®) with the condition (Jw?*|(a + 1))y >
|wlz. So @ = —1 (mod 8) as in Item (6). Proposition 4.3 implies that (aw) has 4 orbits of
length 2 on W.

Items (3) and (4) of Theorem 7.1 require prime divisors of ! which is 1 here. In Theo-
rem 7.1(5) the index of (y) in W must be odd, but it is 4.

The fact that distinct subgroups listed in the theorem are not conjugate in Hol(W) directly
follows from Lemma 3.2. UJ

Corollary 8.3. Let G = {(a,w) be a permutation group with a cyclic reqular normal subgroup
W = (w) of order n and a cyclic point stabilizer A = (a). Let o be an integer such that
w® = w®. Let H be a relatively closed subgroup of G. If H has three orbits on W, then H 1is
conjugate in Hol(W') to exactly one of the following relatively closed subgroups:

(1) Hy = (a,w"), where r € m(n) \ 2 and ord, (o) = %;

2) Hy = {a%,ur), where 1 € n(n)\ 2 and ordy(a) =1 - 1;

) Hs = (a,w"), where r € w(n), r? divides n, and ord,>(a) = r> —r;

) Hy = {aw”,w?"), where r € w(n) \ {2} and ord,(a) =r — 1, provided « is odd and n
is even.

The lengths of orbits of these subgroups are as follows:
o (i) = (i) = () = {22 M0
oy = {3,250 2o

Proof. Since H has three orbits, H is either maximal intransitive, or second maximal rela-
tively closed subgroup of G. So it must be conjugate to one of the groups in Theorems 8.1
or 8.2. If H is maximal, then it is equal to M(r), because P has 2 orbits. The number
of orbits of M(r) is equal to 1 + (r — 1)/ ord, () by Theorem 8.1. Hence r is odd and
ord,(a) = (r — 1)/2. This situation is described in Item (1).

Assume that H is second maximal. If H is a subgroup from Theorem 8.2(1), then the
number of orbits equals 1 + s(r — 1)/ ord,(«). Hence ord,(a) =7 —1and s =2 € nw(r — 1),
in particular, 7 is odd. This gives the subgroup from Item (2).

If s # r in Theorem 8.2(2), then there are at least 4 orbits. Hence s = r and ord,2(a) =
r? — r, this gives the subgroup from Item (3).

Assume that H is a subgroup from Theorem 8.2(3), then the number of orbits is the
same as in Item (1) of the same theorem. Hence s = 2 and ord,.(o) = r — 1. Since s €
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m(n) N7(ord,(a)), it follows that n is even and 7 is odd. Since s = 2, we have ords(a) = 1
and (ord,(«),ords(«)) = 1. This provides the subgroup from Item (4).
In the remaining items of Theorem 8.2 the number of orbits is even. 0

9. ONE-DIMENSIONAL AFFINE GROUPS AND SCHEMES

In this section we return to the objects from which we started the introduction. Namely, the
purpose of this section is to apply our results to one-dimensional affine groups and schemes
associated with them.

Theorem 9.1. Let F = F, be the field of order ¢ = p® for a prime p. Let w be a primitive
element of F and a the automorphism of F such that w* = wP. Let G = Gy x Ft < AT'Ly(q)
be a one-dimensional affine group acting non 2-transitively on F and maximal with respect
to this property. Then Gq is conjugated in T'Li(q) = (a,w) to exactly one of the following
subgroups:

(1) M(r) = (a,w"), where r € m(q — 1);

(2) P = {aw,w*), provided p= —1 (mod 4) and d is even.

Proof. Theorem 9.1 is a partial case of Theorem 8.1. Observe that Theorem 8.1(2) requires
a to be negative automorphism of W. Since a = p, the prime p must be —1 modulo 4. The
order of W must be divisible by 4, so d is even. 0

Recall that a coherent configuration X on a set W is said to be schurian if there is
G < Sym(W) with X = Inv(G), that is, Orbe(G, W) is the set of basis relations of X' [4,
Definition 2.2.9]. In particular, this means that the rank of X = Inv(G) is equal to the rank
of G. If G is transitive, then X = Inv(G) is a schurian (association) scheme. The clear
example of a schurian scheme is the trivial scheme 7Ty, the unique scheme on W having
rank 2. Indeed, Ty = Inv(G), where G is Sym(W) or any other 2-transitive group acting
on W.

There is a natural partial order on the set of all coherent configurations on a set W. Namely,
given two configurations X and X’, we set X < X’ if and only if each basis relation of X is
a union of some basis relations of X”. In particular, 7y, is the least element with respect to
this partial order. As it is easily seen, if G’ < G < Sym(W), then Inv(G) < Inv(G’).

Given the field F = T, of order ¢, an association scheme & on F is said to be one-
dimensional affine if X = Inv(G) for some one-dimensional affine group G < AT'L;(q).
Note that the trivial scheme 7Tr is a one-dimensional affine, because Tr = Inv(G) for any
AGL:(¢q) < G < AT'Ly(q).

It is clear that the minimal nontrivial one-dimensional affine schemes Inv(G) are in a one-
to-one correspondence with the maximal non 2-transitive one-dimensional affine subgroups
G described in Theorem 9.1. With a little effort this can be converted into the classification
of such schemes up to isomorphism. Recall that two coherent configurations X and X’ on a
set () are 1somorphic if there is a permutation on {2 mapping the basis relations of X to the
basis relations of X”.

Corollary 9.2. Let F = F, be the field of order q. A minimal nontrivial one-dimensional
affine scheme on I is isomorphic to Inv(G), where G is one of the groups from Items (1)—(2)
of Theorem 9.1. Moreover, two such schemes corresponding to distinct groups are nonisomor-
phic, unless ¢ =9 and the groups are M(2) and P, in which case the corresponding schemes
are isomorphic.
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Proof. 1f two schurian schemes are isomorphic, then, clearly, point stabilizers of the permu-
tation groups which they are associated with must have the same multisets of the orbits
lengths. In view of Theorem 8.1, if a point stabilizer is isomorphic to M (r), then the small-
est non-singleton orbit is of size (¢ — 1)/r. Therefore, no two schemes corresponding to such
subgroups for distinct 7 can be isomorphic. Thus, only the schemes M (2) and P might be
isomorphic. These schemes have rank 3 and correspond to the well-known Paley and Peisert
graphs, see, e.g., [14] or [2]. The schemes are isomorphic if and only if the corresponding
graphs are. The corollary now directly follows from [18, Section 6]. O

The full automorphism groups of the Paley and Peisert graphs (equivalently, the full 2-
closures of groups M (2) and P) are known. The automorphism groups are one-dimensional
affine (equivalently, M (2) and P are 2-closed) in all cases except when ¢ € {49,81} and
G = P, see [18, Theorem 7.1|. In fact, all the situations where G is a one-dimensional affine
group of rank 3, while G® is not, are described, see [9, Proposition 3.1]. Still there is no
such a description if the rank of GG is arbitrary.

Problem 9.3. Find all minimal nontrivial one-dimensional affine schemes X such that
Aut(X) is not a one-dimensional affine group.

Finally, we present the classification of the one-dimensional affine groups of rank 4.

Theorem 9.4. Let F = F, be the field of order ¢ = p® for a prime p. Let w be a primitive
element of F and a the automorphism of F such that w* = wP. Let G = Gy x Ft < AT'L;(q)
be a one-dimensional affine group acting on F as a rank 4 group and maximal with respect
to this property. Then Gq is conjugated in I'Li(q) = (a,w) to exactly one of the following
subgroups:

(1) {a,w"), where r € m(q — 1) and ord,(p) = 5*;

(2) (a®,w"), where r € w(q — 1) \ {2} and ord,(p) =r — 1;

(3) (a,w"), where r € w(q — 1), r? divides q — 1, and ord,»(p) = 1% —r;
(4) {aw™, w*), where r € 7(q — 1) \ {2} and ord,(p) =r — 1, provided p is odd.

Proof. All items of this statement are partial cases of Corollary 8.3 with n = ¢—1 and o = p.
Note that the conditions « is odd and n is even from Item (4) of the corollary are covered
by the condition p is odd.

So the only thing we actually have to prove here is the conjugacy inside I'L;(q), because
Corollary 8.3 gives only the conjugacy in Hol(W). Observe that the subgroups from Items
(1)—(3) are invariant under the automorphisms of W. Therefore, Hol(WW')-conjugacy in this
cases is equivalent to W-conjugacy. If H is a subgroup from (4), then H = (au,w?"), where
u is a suitable generator of the Sylow 2-subgroup of W.

If b € Aut(W), then H® = (au’, w?"), where v’ is a generator of the Sylow 2-subgroup of
W. Both u and u’ lie in the same coset of the subgroup (u?) and u* € (w*'). Thus, H* = H
for every b € Aut(W) and again HH!'W) = gV, O

It follows from the definition of a schurian scheme, that every one-dimensional affine scheme
of rank 4 is isomorphic to Inv(G) for one of the groups G from Items (1)—(4) of Theorem 9.4.
The question whether two such schemes corresponding to distinct groups can be isomorphic
is open.

Problem 9.5. Describe the one-dimensional affine schemes of rank 4 up to isomorphism.
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