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M I N I M A L  P E R M U T A T I O N  R E P R E S E N T A T I O N S  
O F  F I N I T E  S I M P L E  E X C E P T I O N A L  G R O U P S  OF T Y P E S  Es, ET, A N D  Ea 

A. V.  Vasi lyev* UDC 512.542.5 

A minimal t~rmutation representation of a group is it, s faithful permutation representation of 

least degree. We will find degrees and point stabilizers, as well as ranks, subdegrees, and double 

stabilizers, for groups of types E6, Er, and Es. This brings to a close the study of minimal 
permutation representations of finite simple Chevalley groups. 

This paper continues [1], where minimal permutation representations of finite simple exceptional groups 

of types G2 and F4 were described. Our present goal is to obtain a similar description for minimal permu- 

tation representations of groups Ee, ET, and Es. We follow the notation and termlnology developed in [1], 

in which the reader can find all necessary preliminary information and a complete list of references. 

1. G R O U P  Es(q) 

A. Algebra Er The rank of E6 equals 6. Obviously, Ee is a subalgebra of Es. If K is a Carton 

subalgebra in Es, then K:i is an Euclidean space of dimension 8. Let ex,. . .  ,es be an orthonormal basis 

of K~. Then a system II of simple roots for E6 (as an algebra of Es) is defined as follows: Pl = e 3  - e 4 ,  

8 
p~ = e4 - e s ,  p3  = e5  - e6 ,  p4  = e6 - e r ,  p5 = e6  + e r ,  p6  = - � 8 9  ~ e i .  

i= l  
The system of positive roots is 

{ ei:t:ei,  i < j ,  i = 3 , . . . , 6 ,  j = 4 , . . . , 7 ;  } 
@+ s s , I r  = 36. 

-�89 E ~ e ~ ,  c~ = + 1 ,  c l  = c2 = cs -- 1, rI ~ = 1 
i = l  i = l  

The matrix A has the form 

The Dynkin diagram is 

2 -1  0 

- 1  2 -1  

0 -1  2 

0 0 -1  

0 0 -1  

0 0 0 

0 0 0 

0 0 0 

-1  -1  0 

2 0 0 

0 2 -1  

0 -1  2 

Pt P~ P3 P5 P~ 
0 0 ? 0 0 

P4 

*Supported by RFFR grant No. 93-01-01501, through the program "Universities of Russia," and by grant No. RPC300 
of ISF and the Government of Ruasia. 

Translated from Algebra i Logika, Vol. 36, No. 5, pp. 518-530, September-October, 1997. Original article submitted 
November 1, 1995. 

302 0002-5232/97/3605-0302 $18.00 (~) 1997 Plenum Publishing Corporation 



B. Group Es(q) and its parabolic subgroups of least index. The order of a field K equals q = p s ,  where 

p is a prime. If 3 does not divide q - 1, then the group G = Es(q) coincides with the universal group 

=/~s(q).  Otherwise it is isomorphic to the factor group G w.r.t, the center Z, which is a cyclic subgroup 

of order 3. Using Lemma 3 of [1], it is easy to verify that  

= ( ~ , ( t t ) .  ~ ( g z ) "  ~ , ( /~)"  ~,(/~n) 1/~ 6 K ~ tt ~ - 1}. 

From the main result stated in [2] and Proposition 1 of [1], it follows that a subgroup of least index in 

G should be parabolic. Proposition I of [I] allows us to compute orders of maximal parabolic subgroups in 

G. Comparing these orders, we see that there are, up to conjugation, two subgroups of least index in G: 

PI - Pn\{p~} and Ps -- Pn\{~,} (for definitions, see [1]), which are conjugate in Ant G. 

Elements ~,( t)  of G, as well as fi~(t) and L ( t ) ,  were defined in Lemma 3 in [11. Let S be a sub- 

group of G generated by the dements  z,~(t),...,z,,(t~). Denote by S a subgroup of G generated by 

~ ,~ ( t l ) , .  ~  ~ , ,  (t~). 

The group ]51, like 13r includes a subgroup H, and hence also Z. Thus 

lr I~- 1)(q~ s -1)(q ~ -1), 

[ P I [  : [ P e r -  q 3 6 ( q S  _ 1 ) ( q 6  _ i ) ( q 5  _ l ) ( q 4  _ 1 ) ( q ~  _ 1 ) ( q  - 1 ) ,  

LG[ = l#I /~ ' ,  i~'~I : IPsI = IP~I/d', wSete ~' : (3, q - ~), 

- = I c :  Pll  = } c :  Psi = IG: 1311 = (@ - 1)(@ + q '  + 1)/(q - 1). 

First, we describe a structure of the subgroup 131 ill the universal group G, using the Levi decomposition; 

see [1, Lemma 5]. Obviously, 131 : [71 �9 Lx (U1 coincides with 91). For every element r 6 ~+ \ ~+,  we have 

r : Pl + st ,  where sl E q~+. Therefore, U1 is an elementary Abelian p-group of order qlS. 

Let ~1 = (~,(A)I  i - 2 , . . . , 6 ;  A E K ' )  and Z~ = (s r E ~x, t E K).  The group L~ is iso- 

morphic to the universal Chevalley group Ds(q), and L1 = Z1 �9 (h), where h 6 H \ B1. Let tto : 

~, (~')~(~)~. (~)~. (~)~. (~')~. (~), where ~ generates K ' ;  hock) = ~,(~)~. ( ~ ) ~ ,  C , ~ ) ~ ,  (~), 
where I/~1 -- 4 for (4,q -- 1) : 4, or h0(pt) : ~ ( / . t ) ~ , ( p t ) ,  where ]/~1 = 2 for (q - 1,4) = 2, and / to (g )  : 1 

for even q. The dement  ho centr~m~es L~, and (ho) n L~ = (h0(g)).  ~ence ,  the group L~ is isomorphic to 
an extension of the central product of groups L~ and {ho) over the subgroup (ho(/~)) by a cyclic Stoup of 

o r d e r  r = (q - 1 , 4 ) ,  that  is, L1 ~- e .  (Ds(q) x (q - 1)/e) �9 e. Since the center of ~ lies in (h0), we obtain 

F1 ~_ p ~ ' :  (r  ( D d q )  • (q - 1)/~')  �9 r where ~' : ~d' and d' = (q - 1, 3). 

C. Representation of G on cosets w.r.t. Pl. Our goal is to define double stabilizers of the representation 

of G on the cosets w.r.t, t'1, that is, groups of the form/ '1  n P [ .  Therefore, we need to choose appropriate 

elements z in a way that  these do not map into W1 under the natural  homomorphism ~: N --* W. Since 

H < Pl, the action of an element n E N on /'1 is determined by the action of its image w 6 W on 4', 

and so below an element ~ will be identified with its image w. We need to adopt the following notation: 

~,~ = r f~ ~ and ~,s = ~x ~ ~s. The action of w~ on ~ is shown in the following: 

303 



Pl 

5 elements 

I0 elements 

f 

/ 

(10 elements) 

(10 elements) 

(10 elements) 

(10 elements) 

D i a g r a m  1 

--Pl 

5 elements 

10 elements 

An arrow pointing from set X to set Y says that w~, t (X )  = Y; the absence of an arrow outgoing from 

Z indicates that  wp, (g) = Z. 

We start by determining the structure of a double stabiliser ~r~ = P t n  P ~ "  = (Ut n P ~ "  ) :  (L,  t3 P ~ "  ). 

From Diagram 1, it follows that  O~ ~ P ~ "  ~_ p~~ Let L' "" _ 1,~ = ($-(t)l r G @,,~, t q K) _ A4(q) "~ S L y ( q ) ,  

�9 +~+ K) ~ Ux,~. Ul,a = ( ~ ( t ) l ,  ~ z ~ ~,a, t ~ The group U~,~ is Abelian, as is U~. Therefore, U~,z "" p~o,. 

The center of L' is generated by the element 1,~ 

z( . )  = # . ( . ) # .  

where /js = 1. Its order is equal to f = (q - 1, 5). The elements ho and /h,~(A) centrall,e L~,~, and 

the element z(~)kp~ (/J) lies in (ho). Hence L1 N/5~',~ ~ pro,:  ( f .  ((.A4(q) X (q - 1 ) / f ) -  (q - 1 ) / f ) .  f ) .  

Now it is easy to describe Ma = P I n  P ~ " .  Factoring out Ma by the center of G, we obtain M2 -~ 

p15~ : (pl0, : ( f .  ((A4(q) X (q -- 1 ) / f )  X (q - 1 ) / f ' )  �9 f)) ,  where f '  : f .  d' and d' : (q - 1,3). So 
n2 : [PI:  Ma[ : IPI:  ~'al -- q" (qS _ 1)(q3 + 1 ) / ( q -  1). 

Next, consider the action of wo : wr176 - wt6+e, --- wt~ �9 wr176162 on ~. Denote by ~o + a subset 

{e3 • e~l j : 4 , . . . ,  7} of ~+.  Clearly, [~+] = 8. A diagram showing the action of w0 on q' is this: 

�9 

8 elements 

, 0  + 

(12 elements) 

+ + 

(8 elements) 

(12 elements) 

(8 elements) 

D i a g r a m  2 

/ 8 elements 

It follows from the diagram that  UI N p~o ~_ ps,. 
- ?  

We consider the structure of L1 N p~o. Let L1, e = (2~(t)[ e G 4~1,6, t E K), ~rl, 6 : <2t"(t)] r G ~]71+\~t6, 
- t  t E K).  The group U1,8 U1,6 is isomorphic to ps,, and L1, 8 "" D4(q). The center of L' is described - 1,6 

as follows. For d = (q - 1,2) : 2, z(L~,e) = (~p,(U)~,(~))  x (kp,(~)~6(~)) ~ 22, where ~ is an element 

of order 2 in the multiplicative group of the field K. The element ~3 ( ~ ) ~ ,  (~) lies in ( ~ ) .  Since h0 

centralizes - '  LI,6, we have L1 f3 p~,o _~ ps,:  (d. (d.  D4(q) x (q - 1)/d).  d) .  (q - 1). 
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T h e  center of  (~ lies in (ho). Therefore,  M3 = P, nP~ ~ ~- pSO: ( p s , :  (d.(d.D4(q) x (q- 1)/c).d).(q-1)), 
where c = d .  d' .  T h e  index I/'1 : Mal = IPl : ~r31 = n3 is equal to qS(q5 _ 1)(q4 + 1) / (q  - 1). Adding  

subdegrees  n l  = 1, n2, and  n3 of the representat ion of G on the cosets w.r. t .  /)1, we obta in  n l  + n~ + n3 = n. 

Hence, the rank  of the representa t ion  equals 3. 

R e m a r k .  A representa t ion  of G on the cosets w.r.t .  P6 is similar to the one above.  

T H E O R E M  1. For simple non-Abel ian groups G = Eo(q), the p a r a m e t e r s  n, n2, n3, P ,  M2, and  M3 

of  min imal  p e r m u t a t i o n  representat ions  axe given in the following list: 
'P" "-" (Ve-1)(~'8+t/'t'i'l)q-1 ' lrt2 - -  (qS-1)(q*+l)q-1 ' '/13 = q8 . (qt-1)(q't+l).q_l ' 

P = p ~ ' :  ( e .  (Ds(q)  x (q - 1 ) / e ' ) .  e), 

M2 = p l S , :  (pl0,  : ( f .  ((,~i4(q) x (q - 1 ) / I )  x (q - 1 ) / f ' ) -  f ) ) ,  

M3 -- pS, : (los,:  (d. (d. D4(q) x (q - 1) /c ) -  d ) - ( q  - 1)), 

w h e r e d = ( q - l , 2 ) , d ' = ( q - l , 3 ) , e = ( q - l , 4 ) , f = ( q - l , 5 ) , e ' = e . d ' , f ' = f . d ' , c = d . d ' .  

T h e  rank  of  the representa t ion  equals 3. 

2. GROUP ET(q) 

A. Algebra  Er T h e  rank  of E7 equals 7. To de termine  a sys tem of  simple roo ts  for ET, we a s sume  

t h a t  it is embedded  in Es .  Let /C be a Caurtan suba lgebra  in Es  a n d / C z  be the cor responding  Eucl idean  

space with o r t h o n o r m a l  basis e l , . . . ,  es. Then  a sys tem H of  s imple roots  for Er (as a suba lgebra  in Es )  

is defined as follows: p ,  : e2 - e3, P2 = e3 - e4, P3 -- e4 - es, P4 -- e5 - e6, p5 = ee - eT, Po : e6 + e~, 
S 

= -�89 E e,. 
i = l  

T h e  sys tem of posi t ive  roots  is 

{ eizkej, i < j ,  i = 2 , . . . , 6 ,  j = 3 , . . . , 7 ;  

~+ - - , I r  ----- el 8 e8, 8 

- �89 e~=+1, ~l=~s I, ~e~=1 
~=1 /=I 

T h e  ma t r i x  A has the  fo rm 

Dynkin  d i ag ram is 

2 - 1  0 . . .  

- I  

0 A' 

0 

~ / 
, where A'  coincides wi th  a m a t r i x  A for Er T h e  

Pl P2 P3 P4 Pe P'r 
o o o ~p5 o-----.o 

B. Group  Er and  its parabol ic  subgroups  of least  index. If  2 does not  divide q -  1, then  the g roup  G : 

Er coincides wi th  the  universal  group G = gr  Otherwise  it is i somorphic  to the factor  g roup  G over 

the  center  Z,  which is a cyclic subgroup  of order 2. Using L e m m a  3 in [1] yields Z - {hpl(p)~tps(~t)fh~,(p)l 

~t 6 K ' ,  pz = 1}. 
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From the main result in [2] and Proposition 1 of [1], it follows that  a subgroup of least index in G 

should be parabolic. Proposition 1 of [1] allows us to compute orders of maximal parabolic subgroups in 

G. Comparing these orders yields that,  up to conjugation, the subgroup of least index in G is P1. The 

corresponding subgroup Pl of G, obviously, contains the center Z. Thus 
[61 = qe3(qlS _ 1)(q14 _ 1)(q12 _ 1)(ql0 _ 1)(qS _ 1)(qe _ 1)(q2 _ 1), 

IP, I = q e 3 ( q l 2  _ 1 ) ( q 9  _ 1 ) ( q S  _ 1 ) ( q e  _ 1 ) ( q S  _ 1 ) ( q 2  _ 1 ) ( q  - 1 ) ,  

IGI = Ir IPll = IPxl /d ,  where d = (q -1 ,2 ) ,  rt = ] G :  Pl] = [6 :  Px[ = ( q X 4 - l ) ( q g + l ) ( q S + l ) / ( q - 1 ) .  

First, we describe the structure of the group P l =  01 �9 L~. For every element r E @+\@~+, we have 

I" = P14-s l ,  where sl E @i+. Therefore, ~I ~- UI ~ p27,. Let ~r I --= (~,(,~)I i = 2 , . . . , 7 ;  ~ E K*) 
and L~ = ($,(t)l r �9 @x, t �9 K).  The group L~ is isomorphic to the universal Chevalley Stoup Ee(q), 

and Lx = L~.  (h), where h G ~r \Hl .  Let lto = ftp~(~3)hp:(~4)~,,(As)Tt~,(~s)~,s(A3)~,o(~4)/tp,(,~2) and 

/to(,) - hp.(/~)b.p,(/~2)~pt(/~)~,(tt2), where ~ generates K*, and /~3 _ 1. Then I,~ is isomorphic to an 

extension of the central product of groups s and (ho) over the subgroup (ho(/~)) by a cyclic group of order 

d', that  is, I,~ ~_ d' .  (Ee(q) x (q - 1)/d ' ) .  d', where d' = (q - 1,3). 

Since the center of 6 is a subgroup of (ho), we obtain P~ ~_ p~" : (d ' .  (Es(q) x (q - 1)/c)- d'), where 

c = d . d ' ,  d =  ( 2 , q - 1 ) .  

C. Representation of G on cosets w.r.t. P1. The element w~x acts on @ as is shown in Diagram 1 [for the 

group Ee(q)], but the orders of r +, @+, and @+ ~,2 are, of course, greater in this case. Namely, I@+1 = 63, 

I@~+1 = 36, and I@~1 = 20. Thus t~x n ~ " '  ___ V 2~.. 
L e t  Z' ~,~ = (~r(t)] r �9 @~,2, t �9 K) ~ bs(q) a n d  tTl, 2 --.~ < $ r ( t ) [  /" �9 @' l 'k@ + t �9 K)  "~ Ul,~. Since the 1 ~ 1,2 '  - -  

@+~@+ the group U1,2 is Abel/an. It is equality r =/>2 + s2, where s2 ~ 4'+~,2, holds for every element r ~ ~ ~ ~,~, 
isomorphic to p l e , .  

The elements ho and ~,~ (~), where ~ generates K*, centralize L~,2, and the element z(/~). ~p, (/~), where 

z(g) e Z(/,~,~) and g '  = 1, lies in (/to). Hence ~ n / ~ ' "  = p~e~ (e- ((D~(q) x (q - 1)/e) x (q - 1)/e) �9 e), 

where e = (q - 1, 4). Factoring out/14"2 by the center of 6 ,  we find 

M, = ~'~ n P~'" = p ~ ' :  ( p ~ '  : (~'. ( (Os(q) • (q - 1) le)  • (q - l ) l e ) -  e)),  

where c' = e/d. Therefore, [/'1: M2[ = IP l :  ~r21 -- n2 = q.  (q9 _ 1)(qS + q4 + 1)/(q - 1). 

Let wo = We~--e,We,+t, = We2+e,We,--e,. Denote by @+ a subset {e2 -4-ell j = 3 , . . . ,  7} of @+, and by 

u an element - e l  - es of @+. A diagram showing the action of Wo on @ is this: 

16 elements 

(10 elements) 

-.... 

r  

(20 elements) 

r 
1 ~ 1,7 

(16 elements) 

(20 elements) 

(16 elements) 
J 

--I/, 

16 elements 

(10 elements) 

D i a g r a m  3 
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It follows from the diagram that 01 N P~~ ~- p17,. 
- I  

Let Ll, 7 = (~,(g)[ r G ~1,~, g E K), U1,7 = (~,(t)[ r E ~+\~+1, x,r t G K) -~" U1,7. The group Ul,vis  

isomorphic to p l y , ,  and L~,r is isomorphic t o / ~ ( q ) .  Following essentially the same argument as was used 

for M2, we see that  M3 = P1 n P~~ -~ p17,: (pX6, : (c' .  ( (D~(q )  x (q - 1)/e) x (q - 1)/e) .  e), where c' = e/d,  
e = (q -- 1,4), d =  (2, q -  1). Thus n3 = [PI:  M3I---1/51: ~r3[ = ql0(q9 _ 1)(qS + q4 + 1)/(q -- 1). 

Consider the action of an element wl = w o . w 4  on @, where w,, is a reflection corresponding to the 

element u, defined above. A diagram depicting that action is the following: 

r + 1,7 

<}+\@+ 
1 \ 1,7 

D i a g r u m  4 

Obviously, M 4 : P1 N p ~ x  : L1" Therefore, IP1 : M4I : qar We have 1 + [Px : Ma[ + [Px : M3[ + IP1 : 

M4[ = IG : PI[. Hence the rank of the representation equals 4. 

T H E O R E M  2. For simple non-Abelian groups G : ET(q), the parameters n, ha, n3, n4, P ,  M2, M3, 

and M4 of minimal permutation-tepresentatious are given in the following list: 
n ---- (qt'-i)(qo+x)(q'+l)q_x , n2 = q �9 (,'-l)(r , n3 = qlo.  (~'-i)(qt+~'+l)q_l , n4 = q27 

P = p ~ " :  (d ' - (E6(q)  x ( q -  1)/c) .  d'), 
M2 = p26,: (p16,: ( d .  ((/35(q) x ( q -  1)/e) x ( q -  1) /e ) -e) ) ,  

M3 = p17,:  (pX6, : (c '-  C(/~(q) x (q - l ) l e )  x (q - 1) le)-  e)), 

M 4  = d ' .  (EeCq) x (q - 1)/c) .  d', 
where d - (q - 1, 2), d' = (q - 1, 3), e - (q - 1, 4), c' -- e / d ,  c = d .  d ' .  

The rank of the representation equals 4. 

3. G R O U P  Es(q) 

A. Algebra Es. The rank of Es equals 8. If e l , . . . , e s  is an orthonormal basis of the Euclidean space 
~ ,  where /C is a Caftan subalgebra of Es, then a system H of simple roots for Es is defined as follows: 

8 1 
P l  = e l  - - e 2 ,  P2 = e2 --e3~ P3 = e3 - - e 4 ,  p4 --- e4 - - e s ,  P5 = e5 - - e 6 ,  p~ = e6 - -eT ,  P7 = e 6 + e ~ ,  Ps = - - g  ~ e i .  

i = 1  

The system of positive roots is 

{ e { •  i < j ,  i : 1 , . . . , 6 ,  j : 2 , . . . , 7 ;  } 

@ + :  - • - e s ,  i :  1 , . . . , 7 ;  i~+[ : 120. 
8 8 ' 

1 - ~ e i e i ,  e i = •  e s = l ,  l - [ ~ i = l  
i-----I /----1 

3 0 7  



- 1  0 . . .  0 

The matrix A has the form 

Dynkin diagram is 

2 

- 1  

0 

0 

A' , where A' coincides with a matr ix  A for Er.  The 

Pl /72 /73 P4 P~ P7 Ps 
0 0 0 ~ ] 2 ~ - . - - - . . 0  0 

( 

B. Group Es(q) and its parabolic subgroups of least index. The universal group Es(q) coincides with the 

adjoint group G - Es(q). From the main result in [2] and Proposition 1 of [1], it follows that  a subgroup of 

least index in G should be parabolic. Proposition 1 of [1] allows us to compute orders of maYimal parabolic 

subgroups of G. Comparing these orders, we see that,  up to conjugation, the subgroup of least index in G 

is P1. Thus 
[G I = qX20(q30 _ 1)(q24 _ 1)(q20 _ 1)(qXS _ 1)(qX4 _ 1)(qX2 _ 1)(qS _ 1)(q2 _ 1), 

IPxl = qXZO(qXS _ 1)(qX  _ 1)(q12 _ 1)(qXO _ 1) (qS _ 1) (qr  _ 1) (q2  _ x ) (q  - 1) ,  

I c :  e l l  = (q O, 1)(q12 + 1)(qlO + 1)(q6 + 1) / (q  - 1). 

In view of the Levi decomposition, P1 = UI. LI. For all but one r 6 @+\@i +, we have r = Pl-k sl ,  where 

sl E @+. The excepted dement  is u = el - es = 2pl + 3/>~ + 4/73 + 5p4 + 6p~ + 3p6 q- 4/77 + 2ps. For every 

r (except u of course) of @+\@~, there exists an dement  r '  E ~ + \ ~  such tha t  r -6 r '  = u. Therefore, 

Lemma 1 in [1] (Chevalley commutator  formula) implies that U1 is isomorphic to p '  �9 pSS,. 

Let L i = (X,.I r E r  ~- Er(q).  The element /h, = /h,(~) = /b,,(~2)h~,(~3)h~,(~4)hT,,()~S)h~,(~ 6) x 

hT, s()t3)h~,(a4)h~s(a2), where )~ generates K*, centralizes L~ since (u,pi)  = 0 for every i = 2 , . . .  ,8. Fur- 

thermore, the center of the subgroup L~ is in (]h~}- Hence Lx = d . ( E r ( q )  x ( q -  1 ) / d ) - d ,  w h e r e  d = ( q -  1, 2) .  

C .  Representation of G on cosets w.r.t. P1. The dement  wrt acts on @ as is shown in Diagram 1 (see 

Sec. 1.C). Therefore, U1 N P~*'~ ~_ p, . p54~ x p~ Let L'1,2 = <Xrl r E ~l,z) ~- /~e(q) and U1,2 = <X,.I 
+ + r ~ ~i \~1,2)" It is dea r  that  U1,2 --p27O. 

The elements ]h, and h~t(a), where ~ generates K*, centralize L~, 2 and so does the element 

h~,(,~)h~(~-2). Furthermore, Z(L~,2) _< //h,h~(,~-~)). Hence L1 n P~"  ... p2~~ : (d'.  (E~(q) x (q - 

1)/d') • (q - ' I ) ) .  d'. 
Thus M2 = Px np~", ~_ ( f  .p54~ x f ) :  (p~7, : (d'.(Es(q)x (q -1 ) /d ' ) x  ( q - 1 ) ) . d ' ) ,  where d ' =  ( q - 1 ,  3), 

and I/ '1: M2I = q.  (q14 _ 1)(q9 -k 1)(q 5 + 1)/(q - 1). 

We know that (u,p~) = 0 for every i : 2 , . . . , 8 .  Therefore, Wu acts on @ as follows: w,,(@i) : @i, 

we -': (r +) = @-\@~-, w~,(@-\@~') = @+\@+. Hence P1 nP~'- : M 3 = L1. Thus IP i :  M3I = qSr~ 

Consider an dement  wo = w,, �9 w~a. The following diagram reflects the action of wo on @: 
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++\+t 

27 elements 

27 elements 

Pt 

U 

e2 -- es 

+t % 

/ 
~+ 

1,2 
(36 elements) 

+ + 4t \~t,2 
(27 elements) 

(36 elements) 

+~-\,++,+ 
(27 elements) 

. . _ . . _ . . - J  

27 elements 

27 elements 

--Pt 

- - u  

- -e2  + e s  

D i a g r a m  5 

In this way U 1 N p ? o  ___ ~2s. and n I I"I j[7~o -- L1,2 = L1 Cl P ? ' * .  Therefore ,  M4 m p2s. : (p27. : 

(d ' .  (Ee (q )  x (q - 1)/d ' )  x (q - 1))" d'). The  index of M4 in P1 equals q29. (q14 _ 1)(q9 + 1)(q5 + 1) / (q  - 1). 

Now consider an element  Wl = w~,_~,toct+~, ,  whose action on @ is shown in the following diagram:  

12 elements 

32 elements 

I 
++ 

(12 elements) 

1,8 

+ + 
~ l k ~ l , S  

--e I -- e 8 

+ ; \ + ; , s  

et  + es 

12 elements 

32 elements 

+o 

(12 elements) 

D i a g r a m  6 

Here ~0 + denotes the set { e l •  j = 2 , . . . , 7 } .  Thus  U I N P ~ '  ~_ p~ xp t2+ .  Let  L~, s - -  (X~l 

~ + \ ~ +  \ _ p33, Since hu centralizes ' we obta in  M5 -- r E r  ~- D6(q) and U1, 8 "- (Xr[ r e =~1 \ 1,8/ "~ �9 Lt,s ,  
P1 A P ~ '  _~ (p+ .p32, x p12,) : (p33, : ( d .  ( 4 .  D6(q)  x (q - 1 ) / d ) . d ) .  (q - 1)), where d = (q - 1,2),  and 

IP~: MsI = q,~(q~4 _ 1)(qX2 + q~ + 1)(qS + q4 + 1)/(q - 1). 
5 

We h,,ve IG : P~I -- 1 + ]E IP~ : M, I .  Hence, the rank of G's ~ep~ese,tatio- on the r w.,.t .  P~ 

equals 5. 

T H E O R E M  3. For simple non-Abelian groups G = Es(q) ,  the parameters  n, n2, n3, n4, ns,  P ,  M2, 

M3, M4, and Ms of minimal  pe rmuta t ion  representat ions are given in the following list: 
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n = ( q ' ~ 1 7 6  (,/~"-1)(q'+1)(,~'+1) qS"t, q29 
q - - 1  ' 17"2 = q"  q--1 ' n 3  = 1~4 - "  

n 5  __ q 1 2  . (qZt-1)(qZ='t'qS+l)(qS+q'+l). 
q-1  

p = (p , .pS6 , ) :  (d. (E,(q) x ( q -  1) /d) -d) ,  

M~ = (p' .p~" •  (p~" : (d'. (E~(q) • ( q -  1)/d') • ( q -  1)).d'), 
/14"3 = d-  (ET(q) • (q - 1 ) /d ) .  d, 

~ ,  = p ~ ' :  ( p ~ '  : (d ' .  (E~(q)  • (q - 1) /d ' )  • (q - 1 ) ) .  d'),  
M5 = (p ' .  p32, x p12,) : (p33, : (d. (d. De(q) x (q - 1)/d) �9 d)- (q - 1)), 

where d - ( q  - 1 ,  2 ) ,  d '  - ( q  - 1 ,  3 ) .  

The rank of the representation equals 5. 

�9 ( ~ " -  1 ) ( q ' + , ) ( q ' + 1 )  
q - - 1  
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