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Recognizability of groups G»(q) by spectrum!
Vasil ev A. V., Staroletov A.M.

Let G be a finite group, m(G) be the set of prime divisors of the order of G, w(G) be the
spectrum of group G, that is the set of its element orders. The prime graph (Gruenberg —
Kegel graph) of G is defined as follows: its vertices are elements of 7(G), and two distinct
vertices r and s are adjacent if and only if rs € w(G). It is clear that GK(G) is uniquely
determined by spectrum w(G), and the spectrum in turn is restored by the set u(G) of
maximal with respect to divisibility elements of w(G).

We call groups G and H isospectral if w(G) = w(H). Let h(G) be the number
of pairwise nonisomorphic groups isospectral to G. Group G is called recognizable (by
spectrum) if h(G) = 1, almost recognizable if h(G) < oo, and non-recognizable if
h(G) = oo. Since every finite group containing nontrivial normal solube subgroup is
non-recognizable |1, Lemma 1], a recognizability of nonabelain simple groups is of prime
interest. It turns out that many of these groups are recognized or almost recognized by
spectrum. The surveys of results in this area may be found in [1, 2]. Observe that best
achievements were obtained here in case when the prime graph of L is disconnect.

The goal of the present paper is to investigate the recognizability of groups G(q). It
was proved earlier that groups G9(3") are recongizable for every n [3]. Recognizability
of the group G3(4) was set in [4]. It is showed in [5] that the group G»(7) is restored
up to isomorpishm by its prime graph in the class of finite groups, in particular, it is
recongizable by spectrum. In this paper we prove recognizablity of Gs(g) in the remain

cases.

Theorem. Let L = G3(q) be a finite simple group over the field of order ¢ > 2 and G be
a finite group with w(G) = w(L). Then groups L and G are isomorphic.

Note that for ¢ = 2 the group Gs(q) is not simple. Its commutant G5(2)’ is isomorphic
to the simple unitary group 2A5(3) for which h(2A45(3)) = oo [6].

!The authors were supported by the Russian Foundation for Basic Research(Grants 11-01-91158, 12-
01-90006 — the first author, 12-01-31221 — the second author) and the Target program of SB RAS for
2012-2014 (integration project No. 14)



§ 1. Preliminaries

For nonzero integers ny, no,...,n; denote by (n,nse,...,n) their greatest common
divisor, by n; | mg denote the fact that n; divides ny, and denote by ny : ng_1 ... ng:nyg
the chain of divisibilities ny | ng, no | ns, ..., ng_1 | ng. For nonzero integer n and

prime r by n, we denote r-part of n, i.e., the largest power of r that divides n, while n,.
denotes the r’-part of n, i.e., the ratio |n|/n,; moreover, if a prime r is odd and coprime to
n, then by e(r,n) is denoted the multiplicative order of n modulo r. For an odd number
n put e(2,n) =1, if n = 1(mod4), and e(2,n) = 2 if n = 3 (mod 4).

Let n be an integer, |n| > 1. A prime r is called a primitive prime divisor of n* — 1
if e(r,n) = i. The existence of primitive divisors for almost all pairs of n and i was

established by Zsigmondy.

Lemma 1.1 (Zsigmondy [7|). Let n be an integer number and |n| > 1. Then for

every natural number i, there is a prime r with e(r,n) = i, ercept when (n,i) €

{<2’ 1)7 (27 6)7 (_27 2)7 <_2v 3)’ (3’ 1)7 (_37 2)}

The set of all primitive divisors of n’ — 1 is denoted by R;(n), an element of this set
is denoted by r;(n), moreover, if n is foregone then notation r; is used. For i # 2 the
product of all primitive divisors of n* — 1 taken with multiplicities is called the greatest
primitive divisor and denoted by k;(n). In turn the number kqo(n) is defined as the product
of all primitive divisors of n + 1 taken with multiplicities. It is easy to check that for
fixed » numbers k;(n) are pairwise coprime for different i. Moreover, when i is odd we
have k;(n) = kgi(—n), in particular, k;(n) = ky(—n) = |n — 1|/2 if n = 3 (mod 4), and
ki(n) = ko(—n) = |n — 1| otherwise. It follows from [8| that for i > 2

|@i(n)]|
(r, ®;,(n))’

where ®;(z) is the ith cyclomatic polynomial, r is the largest prime divisor of i, and if

k?z(n) = (1)

i, does not divide r — 1 then (r, ®; ,(n)) = 1. In particular, k3(n) = k¢(—n) = (n* + n +
1)/(3,n—1).

In notations of nonabelain simple groups we keep the following agreements. Groups of
Lie type are denoted according to Lie notation. Moreover, we use the short form A?(q)

where ¢ € {+, —}, setting AT (q) = A,(q) for the linear group, and A, (q) = 2A,(q) for the



unitary group. The alternating (symmetric) group of degree n is denoted by Alt,, (Sym,,
respectively). For convenience we consider the Tits group ?F4(2)’ as one of sporadic groups
which are denoted according to [9].

Let G be a finite group. Denote by s(G) the number of connected components of the
graph GK (G). For every 1 < i < s(G) denote by m;(G) i-th connected component of the
graph, by w;(G) subset in w(G) of numbers whose prime divisors lie in m;(G). If the order

of group G is even then assume that 2 € m(G).

Lemma 1.2 (Gruenberg, Kegel [10]). If G is a finite group with s(G) > 1, then one of
the following holds:

(1) s(G) =2, G is a Frobenius group;

(2) s(G) =2, G = ABC, where A, AB are normal subgroup of G, B is a normal
subgroup of BC, and AB and BC are Frobenius groups;

(3) there is a nonabelain simple group S such that S < G = G/K < AutS for
some nilpotent normal m(G)-subgroup K of G; moreover, s(S) > s(G), and for every

1 <i < s(G) there is 1 < j < s(S) such that w;(G) = w;(5).

Recall that a subset of vertices of graph is called a coclique, if every two vertices of
this subset are non-adjacent. Denote by ¢(G) the maximal size of a coclique in GK(G). If
2 € m(Q@) then denote by #(2,G) the maximal size of a coclique containing 2 and denote

by p(2,G) a set of vertices in such coclique.

Lemma 1.3. (|11, Proposition 2|, [12, Theorem 2|) Let L be a finite nonabelain simple
group with t(L) > 3 and t(2,G) > 2, and let G be a finite group isospectral to L. Then
the following hold.

(1) There exists a nonabelain simple group S such that S < G = G/K < Aut S for the
maximal normal soluble subgroup K in G.

(2) For every coclique p of GK(G) containing at least 3 elements at most one prime from
p divides the product |K|-|G/S|. In particular, t(S) > t(L) — 1.

(3) Every prime r € 7(G) non-adjacent to 2 in GK(G) does not divide |K| - |G/S|. In
particular, t(2,5) > t(2, L).

Finite simple groups with disconnected prime graph were described by Williams [10]

and Kondrat’ev [13|. The complete list of these groups with corrected inaccuracies can
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be found in [4, Tables la-1c|. In the present article the short version of this list is used
(see Tables 1 and 2). The tables contain all simple groups S (excepting sporadic) with
disconnected prime graph satisfying ¢(2,5) > 3 (values of ¢(2,5) for all simple groups
were found in [14]). It is inferred from results of Williams and Kondrat’ev that if S is a
simple group and s(S) > 1, then for every 1 < i < s(5) the set w;(S) has the unique
maximal element with respect to divisibility. In the tables these maximal elements are
denoted by n; = n;(S) where 1 < i < s(.5). Moreover, in Table 1 for every group S from
the list a set p(2,5) is given. If S a group of Lie type over the field of order u then an
element from p(2,.5) denoted by r; is a primitive prime divisor r;(u) of u’ — 1. It follows
from [14, Propositions 6.4 and 6.7] that for every group S of Lie type given in Table 1, the
set p(2,5) is defined uniquely up to choice of primitive divisors of R;(u). The set p(2,5)
is defined uniquely for alternating group S from Tables 1 and 2.



T ablel. Finite simple group S with s(S) =2 and #(2,5) > 3.

Throughout the table s is an odd prime number.

S Conditions on S p(2,5) na(S)
Altgiq 5,5 — 2 are primes {2,5,5 — 2} s
Ao (u) uis even, u >4, (u—1)3 =3 {2,3,79,73} (u?+u+1)/3,u—1)
Ao (u) uis even, u >4, (u—1)3 #3 {2,7r9,73} (> +u+1)/(3,u—1)
A, 1(u) | wis even, s >3, (s,u) # (7,2) {2,rs_1,75} (u¥ = 1)/(u—1)(s,u—1)
As(u) wis even, (u—1)[(s +1), (s,u) # (5,2) | {2,7s,7511} (u* =1)/(u—1)
As(u) (u=1)2=(s+1)2>2 (u—1)|(s+1) | {2,75, 7511} (u®—1)/(u—1)
2As(u) | wiseven, (u—1)3=3 {2,3,ra(—u),r3(—u)} | (v —u+1)/(3,u+1)
2 A (u) wis even, u>2, (u—1)3#3 {2,79(—u),r3(—u)} (u? —u+1)/(3,u+1)
2A,_1(u) | uis even, s >3 {2,r5-1(—w),rs(—u)} | (u*+1)/(u+1)(s,u+1)
PAs(u) | wiseven, (u+1)[(s+1), (s,u) # (5,2) | {2, 75(~u), rspa(—w)} | (u* +1)/(u+1)
2As(u) (u4+1)2=(s+1)2>2, (u+1)|(s+1),

and (s,u) # (3,3) {2,rs(—u), repa(—w)} | (w*+1)/(u+1)
Cs(2) s>3 {2,715, 795 } 25 —1
Dy (u) u=2oru=>55>3 {2,75,795 2} (u® —1)/(u—1)
De1(2) | 5>3 {2,715 1,795} 25 —1
2Dy(2) {2,7,17} 17
Dp(u) | wiseven, 4 <n=2" (n,u)# (4,2) {2,7n_1,T2n—2,T2n} | u" +1
Dn(2) | 5<n=2m+1 {2,79n—2,T2n} |
2Ds(3) s#£2Mm+ 1 {2,725-2, 725} (3°4+1)/4
’D,(3) |n=2"+1%#s {2, 79n_2,T2n} (3n141)/2
Go(u) 2<u=¢cl(mod3), e=+ {2,73,76} u? —eu+1
Fg(u) u is even {2,78,79,712} (S +ud+1)/(3,u—1)
Eg(u) u is odd {2,79,712} (S +u?+1)/(3,u—1)
2Fe(u) | uis even, u > 2 {2,78,712,718} (ub —u?+1)/(3,u+1)
2Fe(u) | wis odd {2,719, 718} (b —u?+1)/(3,u+1)




T a ble 2. Finite simple groups S with s(S) > 3.

Throughout the table s is an odd prime, u is a power of a prime v.

S Conditions on S N9 n3

Altg $,8 — 2 are primes | s s—2

Ai(u) | uiseven, u > 2 u+1 u—1

Ai(u) | u=1(mod4) v (u+1)/2

Ai(u) | 3<u=3(mod4) |v (u—1)/2

245(2) 7 11

2Ds(3) | s=2"+1 (37t +1)/2 (3°4+1)/4

Ga2(u) | u=0(mod3) u? —u+1 u? +u+1

Fy(u) | uiseven ut+1 ut —u? 4+ 1

2Ga(u) | u=3%+1 >3 u—+3u+1 u+v3u+1
2Fy(u) | u=2%+1>2 W —V2ul +u—V2u+1 | u+ V2 Fu+v2u+1
Eq(2) 73 127

E:(3) 757 1093

S Contitions on S N9 ns3 T4 5
As(4) 3 5 7

2By(u) | u=2%+1 > 2 u—1 u—v2u+1 w4 V2u+1
2F6(2) 13 17 19

Eg(u) | u= 2,3(modb) “;Z:Ziﬁl “;ijiﬁl ud —ut +1

Bs(u) |u# 2,3(mod5) | L =l | ot ud —ut 1| Lyt

Lemma 1.4. Let q be a power of a prime p. Then

(1) 1(Ga(q)) € {8,12,2(¢ £ 1),¢* = 1,¢* £ ¢ + 1} Cw(Ga(q)) for p = 2;
(2) 1(Ga(q)) = {p*,pla£1),¢* = 1,¢° £ q+ 1} for p=3,5;
(3) 1(Ga(q)) =4{plg£1),¢* —1,¢° £ q+ 1} for p > 5.

Proof. It is a consequence of the results [15, 16].

Lemma 1.5. Let G be a finite group isospectal to Ga(q), ¢ > 2, and S < G = G/K <
Aut S, where K is the soluble radical of G. Assume that S ~ A%_,(u) where either n > 3,
orn =2 and u is even. Then there exist integers iy, ia, m1(S) € pu(S) and my(S) € u(S)
such that {i1,i2} = {n — 1,n} and the following chains of divisibilities hold

(@ +q+1)imi(S) ki (cu) t ks(q);
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(¢® —q+1) :ma(S) ¢ kiyleu) * ke(q).

Proof. Let p; € R3(q), p2 € Rs(q). Then the set {2,p1,ps2} is the maximal coclique
of GK(G) containing 2. By Lemma 1.3(3), the primes p;, py divide the order of S, so
the set {2,p1,p2} is a coclique of GK(S). Since S is not A;(u) for odd u, the numbers
p1 and py do not equal to characteristic v of S. Hence there are integers 71, 75 such that
p1 € Ry, (eu), p2 € R;,(eu). Note that p; and py are greater than 3. It follows from Tables 1
and 2 that {i1,i2} = {n — 1,n}, and for every r € R,,_1(cu) and s € R,,(cu) the primes
r and s are non-adjacent in GK(S). Therefore, R3(q) C R;,(cu) and Rs(q) C Ry, (cu).
By [17, Theorems 2.1, 2.2|, the group S contains cyclic Hall subgroups of orders k,_1(cu)
and k,(eu). Hence the inclusion R3(q) C R;, (u) implies the divisibility ks(q) | ki (cu).
Similarly, we get kg(q) | kiy(cu). The set pu(S) contains an element m,(S) divisible by
ki (eu), and so by k3(q), and element my(S) divisible by k;,(cu), and so by kg(q). Since
q > 2, Lemma 1.4 yields that the unique element in u(G) divisible by k¢(q) is ¢ — g + 1,
therefore, my(S) divides ¢*> — g + 1. Similarly, m{(S) | (¢* + ¢+ 1).

Lemma 1.6. Let G be a finite group isospectral to Gy(q), ¢ > 2, and S < G = G/K <
Aut S, where K is soluble radical of G. Assume that S ~ Ai(u) for odd u, and t = n3(.S),

where n3(S) is taken from Table 2. Then for some T € {+,—} we have v = k3(7q) and

te{q® —1q+1,ks(—7q)}.

Proof. Let p; € R3(q), p2 € R¢(q). By the same way as in Lemma 1.5, we obtain that
{2, p1,p2} is a coclique containing 2 of GK(S), so one of p; and p, is equal to v, the other
divides t (see Table 2). Repeating the arguments of the proof of Lemma 1.5 we obtain
that for some 7 € {4, —} the following chains of divisibilities hold

(®+7q+1) v ks(rq);

(*—7q+1) 1t} ks(—7q).

Now the conclusion holds obviously, since v is a prime and the ratio of ¢* — 7¢ + 1 and

k3(—7q) lies in the set {1, 3}.

Lemma 1.7. Suppose n is an integer greater than 2, u is a prime power, ¢ € {4, —}.

Let a,(u) = Lz_l) and b5, (u) =

| (eu—1,n)(eu—1

(euw)n—1/2_1
(eu—1,n)

‘. Then a,(u) > 3 for even n, except



when (n,u) € {(4,2),(4,3),(4,4),(4,5),(4,7),(4,9), (4,11),(6,2)}, and b5,(u) > 3 for odd
n, except when (n,u) € {(3,2),(3,3),(3,4),(3,5),(3,7),(3,8),(5,2),(5,4)}.

Proof. Elementary calculations.

Lemma 1.8. Let g be a positive integer. A prime divisor of ¢>+q+1 or ¢*> —q+1 distinct
from 3 is of type 6k + 1 for some integer k. Moreover, for ¢ > 2 both of these numbers

have a prime divisor distinct from 3.

Proof. Due to the equality ¢* —q¢+1 = (¢ — 1) + (¢ — 1) + 1, it is sufficient to prove
the statement of the lemma for prime divisors of numbers ¢> + ¢ + 1. Suppose r is a
prime divisor of ¢*> + ¢ + 1. Then r divides ¢ — 1. Moreover, by Fermat’s little theorem
r | (g" 1 —1). We have (¢ —1,¢" Y —1) =¢® Y —1.If (3,7 —1) = L then r | (¢— 1),
hence ¢? + ¢+ 1 = 3 (mod ). Hence r = 3. Suppose that (3,7 — 1) = 3. Since ¢*> + ¢+ 1 is
odd, we have = 1 (mod 6). The second part of the statement follows from the fact that
q*> £ q + 1 is not divisible by 9 for all ¢ > 2. The lemma is proved.

§ 2. Proof of the theorem: a nonabelain composition factor

Let L = Gs(q) and G be a finite group with w(G) = w(L). As observed, the
recognizability of Go(q) was proved for ¢ = 3%, k > 1, and ¢ = 4,7, so we assume
that (3,¢) = 1, ¢ > 5, and ¢ # 7. Note that GK(G) = GK(L), so t(2,G) = 3, hence,
by Lemma 1.3, there is a nonabelain simple group S such that S < G/K < Aut S for
the maximal normal soluble subgroup K of G, and s(S) > 2, t(2,5) > 3. Thus S is
either a sporadic group or one of the groups from Tables 1 and 2. We consider every case
separately and show that S ~ L. Fix € from {4, —} such that ny(L) = ¢*+eq+ 1. Lemma
1.2 implies that ¢*> + eq + 1 = n;(S) for some ¢ > 1. Further we use this fact without a

detailed explanation.

Lemma 2.1. S is neither a sporadic group, nor the Tits group.
Proof. It is a direct consequence of Lemma 7 in [18].

Lemma 2.2. S # Alt,,.

Proof. Assume the contrary. It follows from Tables 1 and 2 that either m or m — 1 is

prime. Therefore, among prime divisors of the order of S there are exactly two numbers
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not-adjacent to 2. These are either m and m — 2 or m — 1 and m — 3. By Lemma 1.3(3),
every prime divisor of k3(q) and kg(q) should be equal to of one of those numbers. Hence
k3(q) coincides to one of them and kg(q) does to the other. Therefore, |k3(q) — k¢(q)| = 2.
On the other hand,

2
g +qg+1 2
|k3(q)—k6(q)|ZqQ—q+1—T:§(q—1)2>2

for ¢ > 2; a contradiction.
Lemma 2.3. S % 2D4(2),2A5(2), E7(2), B7(3), A2(4),% Es(2).

Proof. Assume the contrary. Then ¢* + eq + 1 = n;(S) where i € {2,3,4}. Since ¢ > 5,
we have ¢ + eq + 1 > 21. Applying Tables 1 and 2 we obtain S € {F;(2), E;(3)}. If
S = E;(2) then ¢* + eq + 1 = 73. Hence (¢,¢) = (8,+) and (¢,g) = (9,—), so ¢ = 8
due to (¢,3) = 1. Since 127 € w(E7(2)) \ w(G2(8)), it is impossible. If S = F;(3) then
¢*+¢eq+1="757. Hence (q,¢) = (27, +) or (¢,€) = (28, —), and both cases are impossible

due to restrictions for q.

Lemma 2.4. S % A;(u).

Proof. Let S ~ A;(u). Suppose that u is even. It follows from Lemma 1.5 that ¢*+eq+1 =
u+71 where 7 € {+, —}. Moreover, by Lemma 1.6, % €{1,3}. It ¢*—eq+1 =u—r1,
then 72 = (u+71) — (u — 71) = (* + ¢+ 1) — (¢* — e¢ + 1) = 2eq; a contradiction.
Therefore ¢> —eq+ 1 = 3(u — 71). So 76 = 2¢*> + £4q + 2, which is impossible for ¢ > 4.
Thus u is odd. Let ¢*+eq+1 = (u+71)/2 where 7 € {+, —}. Then Lemma 1.6 yields that
> —eq+1=3v.1If ¢g=5then e =+, v="7and u = 62 — 71, which is impossible. So we
may assume that ¢ > 8 and hence v > 19. If u = v then 6(¢> + eq+ 1) = ¢* —eq+ 1 + 73,
whence 5¢% + Teq + (5 — 73) = 0, which is impossible for ¢ > 8. Therefore, u > v*. Then
2(¢*+eq+1) = u+71 > 19v+71 > 6(¢* —eq+1), whence ¢ —2eq+1 < 0; a contradiction.
Therefore, ¢*> + g + 1 = v. By Lemma 1.6, we have a(u + 71) = 2(¢*> — eq + 1) where
a € {1,3}. Let u = v. If a = 1 then the equality ¢*> — 3¢ + 1 = 0 holds, and if a = 3
then the equality ¢ + 52q + 1 = 0 does. Both equalities are impossible for ¢ > 4. Hence
u > v?. Since ¢ > 5, the inequality v > 31 holds. Therefore, 2(¢*> —eq+ 1) = a(u +71) >
31v+ 71 = 31(¢* + eq + 1) + 71, which is again impossible for ¢ > 5.

Lemma 2.5. S #£ AS | (u), where n >3 and € € {4+, —}.
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Proof. Let S ~ A ,(u). First we suppose that n is even. Note that in this case
kn(eu) divides (eu)™? + 1 and, in particular, k,(eu) < |(eu)"/? + 1|. Further, by [17,
e u(9).
Therefore, by Lemma 1.5, there is 7 € {4, —} such that the following chain of divisibilities
holds

eu™—1

Theorems 2.1, 2.2], the number k,(eu) divides ¢, where t = D

(P +1q+1) it} ky(ew) : ks(rq).

Assume that (n,u) ¢ M where M = {(4,2),(4,3),(4,4),(4,5),(4,7),(4,9),(4,11),(6,2)}.

Lemma 1.7 implies af,(u) = % > 3. On the other hand,

@ +7q+1 < 3ks(1q) < 3kyn(eu) < 3|(6u)"/2 + 1] < aj,(u) - |(6u)"/2 +1] =t

a contradiction. Hence (n,u) € M. By Lemma 1.8, all prime divisors of ¢*+7¢+1 distinct
from 3 have form 6k + 1, so the same is true for t. If n =4 and v = 2,3,4,7,9,11, then
we have a contradiction for 5 divides ¢. If (n,u) = (4,5), then either ¢ = 39 and ¢ = +
or t = 52 and € = —. The last case is impossible, since number ¢*> + 7¢ + 1 is odd.
Therefore, k3(Tq) | 13, so ¢* + 7q¢ + 1 = 39, which is impossible for ¢ is a prime power.
Let finally (n,u) = (6,2). If € = 4 then ¢ = 63, which contradicts to Lemma 1.8 because
of 9 | (¢*+7q+1). Therefore, e = — and t = 7. We obtain that (¢* +7¢+ 1) divides 21,
hence ¢ = 5. In this case 11 € 7(S) \ 7m(L); a contradiction. Thus n cannot be even.

Let n—1 be even. Again k,,_; (eu) divides (eu)™ /241 and, in particular, k,_; (eu) <
|(eu)™=1/2 4 1|. By [17, Theorems 2.1, 2.2], the number k,_;(eu) divides ¢, where ¢ =

eu"1—1

(eu—1,m)

chain of divisibilities holds

€ u(S). Therefore, Lemma 1.5 implies that there is 7 € {+, —} such that the

(+7q+1)t} ky_i(eu) : ks(rq).

Suppose that (n,u) ¢ M where M = {(3,2),(3,3),(3,4),(3,5),(3,7),(3,8),(5,2),(5,4)}.

(VP13 On the other hand,

(eu—1,n)

Lemma 1.7 yields that bf(u) =

¢ +7q+1 < 3ks(1q) < 3k,_1(eu) < 3’(616)(”71)/2 + 1] < b, (u) - |(eu)("71)/2 +1| =t

a contradiction. Hence (n,u) € M. If (n,u) € (3,3),(3,5), (3,7) then ¢ is even; if (n,u) =
(3,4) then t is divisible on 5; if (n,u) = (5,4) then ¢ is divisible on 17; in all these cases we

obtain a contradiction applying Lemmas 1.5 and 1.8. The case (n,u) = (3,2) is impossible,
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since for € = — group S is not simple, and for € = + we have S = Ay(2) ~ A;(7), which
contradicts to Lemma 2.4. If (n,u) = (3,8), then ¢t = 21 or t = 63. The last case is
impossible for 9 does not divide ¢> + 7¢ + 1. Hence ¢ = — and k3(7q) divides 21. So ¢ = 5
and 19 € 7(S)\7(L); a contradiction. It remains to treat the case (n,u) = (5,2), in which
either ¢ = 15 or ¢ = 3. In the former case we get a contradiction by Lemma 1.8, the later

case is impossible due to t > 7.

Lemma 2.6. S % (C4(2).

Proof. Let S ~ C,(2). It follows from Table 1 that ¢*> + e¢ + 1 = 2% — 1, whence
q(g+el) = 2(2671/2 —1)(26=D/2 £ 1), If ¢ is even then the equality provides ¢ = 2, so we
may assume that ¢ is odd. The numbers 26=/2 — 1 and 25-1/2 4 1 are pairwise coprime,
therefore only one of them is divisible by ¢, hence 2(2"~1/2 —1)(2(*=D/2 4+ 1) > 2¢(q —2).
It follows that (g +¢1) > 2¢q(q — 2), which is wrong for ¢ > 5. Hence g = 5. The equality
¢ +eq+1 = 2°—1 implies that ¢ = + and s = 5. However, 17 € «(S) \ 7(L); a

contradiction.
Lemma 2.7. S % D, (u).

Proof. Assume the contrary. Table 1 provides that either v = 2, n € {s,s + 1} and
P +eq+1=2"—1,oru=>5mn=sand ¢*+eq+ 1= (5°—1)/4, where s is a prime
greater than 3. Treating the former case similarly to Lemma 2.6 we obtain that s = 5,
e =+, so ¢ = 5. However, 17 € m(D5(2)) C m(Dg(2)), but 17 & m(G2(5)); a contradiction.
Thus ¢ + eq+ 1 = (5° — 1) /4, hence 4q(q + 1) = 5(5°"! — 1). Since s is an odd prime,
the number s — 1 is even, so 4q(q +¢) = 5(5~1/2 — 1)(5(=1/2) 1 1). If ¢ is divisible by 5,
then ¢ = 5, so 557! — 1 € {16,24}. It is possible only if s = 3, which contradicts to the
choice of s. Therefore (¢,5) = 1. Since (5(~V/241,56=1/2 1) = 2, one of these numbers
is divisible by ¢. Hence 4(q + 1) > 5(¢ — 2). Since ¢ > 5, we have ¢ = +. Then ¢ < 13

and ¢ + 1 is divisible by 5, which is possible only in if ¢ = 9; a contradiction.
Lemma 2.8. S # 2D, (u).

Proof. Assume that S ~ 2D, (u). It follows from Tables 1 and 2 that there are 3 possible
values for ¢>+eq+1: (3" 1+1)/2, (3"+1)/4 or 28 +1 for some k. If ¢*+eq+1 = 28 +1 then
q(q+el) = 2% So g = 2, which is impossible. Let ¢ +eq+1 = (3" 1 +1)/2. In this case n
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is odd, so 2¢(qg+¢1) = (3("=V/241)(3=D/2 1), Since (3("~1/241,3"=D/2 1) = 2 one
of these two numbers is divisible by ¢. Suppose firstly that both of them are not equal to q.
Then 3"~V/2 11 > 2¢, which implies 2¢(q +¢1) > 2¢(2¢q — 2), a contradiction. Therefore,
either 3("=1/2 1 1 or 3("=1/2 — 1 is equal to ¢q. Therefore 2q(q + £1) = q(q & 2), which is
impossible due to restrictions on ¢. Let finally ¢* + ¢+ 1 = (3" + 1) /4. Then n is odd, so
4q(q+el) = 3(3=D/24-1)(3(»=1/2 _1). The equality (3"~1V/2+1,3=1D/2_1) = 2 implies
that either 3"~1/2 11 or 3("=1/2 1 is divisible by 2¢. Therefore 4q(q+c1) > 3-2¢(2¢—2);

a contradiction.

Lemma 2.9. S is neither Eg(u) nor 2Eg(u).

Proof. Assume the contrary. Then ¢* + eq + 1 = ny(S) = % where 7 = + for
S ~ Fg(u) and 7 = — for S ~ ?Fg(u). First, suppose that (u — 71,3) = 1. Then
qlg+el) =wd(ud +71). If ¢ > ud + 1 then ¢ +¢1 > u® + 71, s0 q(q + €1) > u(u?® + 71).
Similarly, if ¢ < w3 — 1 then ¢(q + 1) < u3(u® + 71). Hence ¢ is equal to one of the
numbers u® — 1, u?, u® + 1. Assume that ¢ = v®> + 71 = (u+ 71)(u? — Tu + 1). Since q is
a prime power and (u + 71,u* — 7u + 1) divides 3, we have ¢ € {7,9}; a contradiction.
Hence ¢ = u3. In this case the definition of primitive prime divisor and Lemma 1.1 imply
that Ris(u) C R4(q) and Rya(u) # @. Therefore, for r € Ris(u) we have r € 7(S) \ m(L);
a contradiction. Suppose that (v — 71,3) = 3. Then 3(¢®> + eq + 1) = u® + 7u® + 1, so
3q(q +el) = (u® — 71)(u® + 72). The numbers u® — 71 and u? + 72 are distinct from 3,

hence (u® — 71,u3 + 72) = 3. Therefore at least one of them is divisible by 3¢. Hence

3P +eq+1)=(u?—71)(u+ 72) > 3¢(3¢ — 3), which is false for ¢ > 2.
Lemma 2.10. S % Fy(u)

Proof. Let S ~ Fy(u). Using Table 2 we find out that ¢*> + eq + 1 is equal to one of the
numbers u? + 1, u* —u?+ 1. In the first case q(q+¢1) = u*, which is possible only if ¢ = 2;
a contradiction. In the second case, we have the equality q(q + ¢) = u?(u® — 1). Similarly
to Lemma 2.9 we obtain that ¢ € {u? — 1,u*}. If ¢ = u?® then Rg(u) C R4(q). The set
Rg(u) is not empty and lies in 7(S) \ 7(L); which is impossible. Therefore ¢ = u? — 1.
Since u* + 1 € w(9), we have (¢ +1)?+1 =u*+1 € w(L), but (¢ + 1)? + 1 is greater

than any number from u(L) for ¢ > 2; a contradiction.
Lemma 2.11. S £ 2Gy(32™1),
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Proof. In this case Table 2 provides that ¢>+eq+1 = 3™ +73mF1 41 where T € {+, —}.
Hence q(q+¢1) = 3™*1(3™+71). Since one of the numbers ¢ and ¢+ ¢1 must be divisible
by 3™ we have 3™1(3™ 4 71) = q(q + 1) > 3™F1(3™*! — 1), which is impossible due

tom > 1.
Lemma 2.12. S % 2B,y(2%m*1).

Proof. Assume the contrary. Then ¢>+eq+1 is equal to one of the following numbers: u—1,
ud2u+1, where u = 221 If ¢ +eq+1 = 221 — 1, then q(q+c1) = 2(2™+1)(2™—1).
Either 2™ + 1 or 2™ — 1 is divisible by ¢, so q(¢ + 1) = 2(2™ 4+ 1)(2™ — 1) > 2¢(q — 2),
which is possible only if ¢ < 5. Hence ¢ =5, ¢ = +, and m = 2. Then 41 € w(S) \w(L); a
contradiction. Therefore > +eq+1 = u4+/2u+1. Hence g(q+¢) = 2" (2" 4-71). One of
the numbers ¢ and g+¢1 is divisible by 2™t so 2m1(2m4-71) = ¢(g+¢) > 2™ (2™ —1).

It is possible only if m = 1 and 7 = +, hence ¢(q + 1) = 4 - 3, which is false for ¢ > 5.
Lemma 2.13. S % 2[,(2*™+1).

Proof. Assume the contrary. Then ¢ + ¢+ 1 = u2 + 7v2u + u + 7v/2u + 1, where
u = 2™t and 7 € {+,—}. Therefore, q(q 4+ €1) = 2™ (22™*! 4 1)(2™ + 71). Since
(22m+1 +1,2™ 4 71) divides 3, the number ¢ divides only one of the three factors in the
right part of the last equality. If ¢ divides 2! or 2™ 4 71, the equality obviously does
not hold. Hence ¢ divides 2?™*! 4 1. If ¢ = 22™+! 1+ 1 then the equality is false again,
because of ¢ + el = 22mFT1 11 4 g1 # 22m+L 4 79m+1 Hence 221 + 1 > 3¢. Then
3q(3q — 1)/2 < (2¥m+1 4 1)(22m+! 4 72m+1) = ¢(q + 1), which is impossible.

Lemma 2.14. S # Ex(q).

Proof. Assume that S ~ Eg(u). Then g+eq+1 € {“;;f;iﬁl, “;2:2?;1 Jud —ut 1, 1120;’11}.

If g+eq+1=u®—u'+1 then q(q+¢l) = u*(u* — 1). Let (u*,q) # 1. It follows that
u' = q and @ # Ryp(u) C Rs(q). We get a contradiction in view of rog(u) € w(S)\w(L).
Hence q | (u*—1) and u* | (¢+¢1), so u* —1 = ¢, ¢ = +. In this case u—1 and u+1 should
be powers of p. This is possible only if u € {2,3}. However, 15 = 2% — 1 and 80 = 3* — 1

are not prime powers; a contradiction.

Suppose that ¢*+eq+1 = 2120:11. Then q(q+¢1) = w?(u®—1)(u*+1). If (g, u* +1) = 1,

then ¢ divides u? or u*— 1. In both cases g+¢1 > (u*+1) > u?+1, hence ¢ > u?, which is
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impossible. Therefore u + 1 is divisible by ¢ and ¢ +e¢1 is divisible by u?(u? —1). Suppose
that ¢ + €1 > u?(u? — 1). Then ¢ + 1 > 2u*(u®> — 1) > u + 2 > ¢ + 1; a contradiction.
Hence ¢ + el = v?(u? — 1) and ¢ = u* + 1, which is impossible.

Let > +eq+1= % for some 7 € {+, —}. We have ¢(q +¢1) = u(u* — 1)(u® —
7u? + 71). Direct check shows that an equality of such type is impossible for v < 5 and
arbitrary €, 7, and ¢, where ¢ is a prime power. So we may assume that v > 5. Moreover,
numbers u, u? — 1, u?> + 1, v* — 7u? + 71 are pairwise coprime except the following
cases: (u* — 1,u? +1) € {1,2} and (u® + 1,u® — 7u® + 71) € {1,5}. Therefore, since q
is a prime power and ¢ divides u(u* — 1)(u® — 7u? + 71), the following inequality holds
q < 5(u® — 7u® + 71). Hence ¢ + €1 > u(u* — 1)/5. But w > 5 provides u(u* —1)/5 >
5(u? — Tu? 4+ 71) + 1, so ¢ + €1 > ¢ + 1; a contradiction.

Lemma 2.15. If S ~ Gy(u) then ¢ = u.

Proof. Let S ~ Gy(u). Then ¢* + eq+ 1 = u* + 7u + 1 where 7 € {+,—}. Hence
qlg +¢el) = u(u+ 71). If ¢ # u then ¢ = u + 71. Note that v? — 1 € w(Gy(u)), so
q(q — 12) € w(Ga(q)). Since g > 5, Lemma 1.4 yields that ¢(¢ — 72) divides only one
number from p(q+ 1), p(¢ — 1). Hence ¢ = p, and g — 2 divides ¢ + 1. It is possible only if
¢ =5 and € = —, which contradicts to the choice of €, because 52 — 5 + 1 is divisible by

3, and so is not equal to ny(L). Therefore ¢ = u. The lemma is proved.

Thus, S ~ L = Gy(q).
§ 3. Completion of the proof

By the preceeding arguments, we may assume that S = Land L < G = G/K < Aut L,
where K is the soluble radical of G. Therefore, to complete the proof of the theorem it is

sufficient to establish the following two lemmas.
Lemma 3.1. K =1.

Proof. Assume the contrary. By [19, Lemma 12|, we may suppose that G =V X L is a
natural simedirect product of an elementary abelian r-group V" and the group L, moreover,
L acts on V' by conjugation faithfully and irreducibly. First, assume that r # p. Then

[20, Lemma 1.4] implies that L includes a Frobenius subgroup with a kernel of order ¢
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and a cyclic complement of order ¢*> — 1. Therefore, [21, Lemma 1] yields that G contains
an element of order 7(¢* — 1). Since w(G) = w(L), this contradicts to Lemma 1.4. Hence
r = p. By the main result of [22], the group L is unisingular for every odd ¢, that is every
its semisimple element has fixed point in every F'L-module, where F' is a finite field of
characteristic p. In particular, p(¢*> — 1) € w(G) \ w(L); a contradiction. Thus we may
assume that ¢ = 2F > 4.

Consider extended Dynkin diagram of the algebra Gj:

o Q2 Qo
O ——=0, O,
where a1,y are simple roots, aj is short, ay is long, and ayg = —(3a; + 2an) is

a negative root of the highest weight. Further notation of the lemmas corresponds to
[23], in particular, a root subgroup corresponding the root « is denoted by X,, and its

element corresponding to a scalar ¢ from the base field is denoted by x,(t). Assume that

A = (X4y, X_ap). Homomorphism ¢ from SLy(q) to A, defined by

1 ¢ 10
— T_q(t) and — T, (1),

01 t 1

is isomorpishm, because ¢ is even. Therefore A ~ SL,(q). Let A is a generator of the
multiplicative group of the field Fj of order ¢q. Denote by x the image of diagonal matrix
diag(A\, A1) under the isomorpishm ¢ (this is the element h_,,(A) = hq, (A)ha,(A?) in
terms of [23]). Note that the order of x is equal to ¢ — 1 > 3. The subgroup A lies in the
following two subgroups of group L: B = (Xiq,, X1a,) =~ SLs3(q) and (Xia,, Xia,) =
A x C, where C' ~ A. If W is a natural B-module then dim Cy (x) = 1. Therefore,
by |24, consequence 1.6], the element x fixes a point in every B-module over any field of
characteristic 2. In particular, considering V' as B-module, we obtain that U = Cy (z) # 0.
The subgroup C' ~ SLy(q) contains dihedral subgroup D of order 2s, where s is an odd
prime divisor of ¢ + 1. Let 2z is an involution and y is an element of order s from D. Since
D centralizes z, the submodlue U is D-invariant. If 0 # u € Cy(y) then G contains the
element uzy of order 2(¢ — 1)s, which is impossible due to Lemma 1.4. Hence Cy(y) = 0.
Then |21, Lemma 1| implies that the group U X\ D contains an element uz of order 4, and
so the element uzz of G has the order 4(¢ — 1) € w(L); a contradiction. The lemma is

proved.
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Lemma 3.2. If L < G < AutL then L =G.

Proof. Assume the contrary. Since p # 3, we may assume that G is a split extension of L
by a field automorpishm ¢ of prime order r. The centralizer C7(¢) of this automorpishm
in L is isomorphic to the group Ga(qo), where ¢ = ¢j. If p = 2 and r > 2, then 8r €
w(G) = w(L); a contradiction. Taking into account that ¢ > 5, we obtain ¢y > 4. Assume
that r # 3. Observe that in this case ¢2 + eqo + 1 divides ¢*> + eq + 1, where ¢ € {+, —},
and (2 +qo+1)(g¢2 —qo+1),(¢*—1)) = 3. Choose € € {+, —} so that r does not divide
¢®> +eq+ 1. Then r(¢2 + g0 + 1) € w(G) = w(L), which contradicts to Lemma 1.4. If
r = 3, choose € € {+, —} so that gy = €1 (mod 3). Then 3p(qy+¢1) € w(G) = w(L), which

again contradicts to Lemma 1.4. The lemma and the theorem are proved.
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