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1. Introduction

Given a positive integer n, an n-valued group on a set X can be thought as a
natural generalization of an ordinary group, where the product of any two elements
is a multiset containing elements of X with some multiplicities the sum of which
is equal to n (as for the exact definitions, we refer to Section 2). Thus, a 1-valued
group is nothing else than a group in the usual sense. The concept of multivalued
group goes back to a construction in the Buchshtaber-Novikov paper [7]. Nowadays,
the theory of multivalued groups is an actively developing part of mathematics and
finds numerous applications in its various fields, such as topology [4–6], dynamical
systems [11, 12, 16], Hopf algebras [8, 9], discrete mathematics [10, 24] and so on,
see also the survey [3] and references therein. Let us specially note the recent
completion of the classification of involutive 2-valued groups in [13,15].

In the general definition of a multivalued group, the operation of taking the
inverse is not necessarily an involutive antiisomorphism of its group algebra (as in
the case of an ordinary group). If a property of this type is postulated from the
beginning, then the group algebras of the corresponding multivalued groups appear
in a natural correspondence with so called combinatorial algebras introduced in [10].
The finite dimensional combinatorial algebras form a natural subclass of generalized
table algebras used to study the characters of finite groups [1]. The multivalued
groups whose group algebras are combinatorial are said to be involutive.1 A direct
definition of multivalued involutive groups (not using group algebras) is given in
Section 2.

A natural example of multivalued involutive groups is represented by the coset
groups, see [8]. Let G and A be ordinary (1-valued) groups, and let ϕ : G→ A be a
homomorphism. Then the triple (G,A,ϕ) yields an |A|-valued group on the set X
of the orbits of the action of A on G, afforded by ϕ.

In Section 3, we present a construction of multivalued involutive groups of order 3
from strongly regular graphs; concerning a huge and nice theory of these graphs, we
refer the reader to recent monograph [2], see also Section 3. Here we only note that
each strongly regular graph G corresponds to a triple of integer parameters k > 0
and λ, µ ≥ 0. The multivalued involutive group corresponding to such G is denoted

1Here we use the definition of involutive group from [10] which is weaker than that in [13].
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by X(G) = X(k, λ, µ). Among the strongly regular graphs, the rank 3 graphs are of
special interest (in fact, the most part of the monograph [2] is devoted to complete
classification of them). The defining property of such a graph G is that the group
Aut(G) is of rank 3, i.e., is transitive on the vertices of G, on the pairs of adjacent
vertices of G, and on the pairs of adjacent vertices of the complement of G.

It is easily seen that there is a unique (up to isomorphism) multivalued group of
order 2. Our goal is to classify the coset multivalued groups of order 3. One family
of these groups is given by the (2k+1)-valued groups X(k), where 4k+3 is a prime
power (see [21] and the last paragraph of Section 2). One more family consists of
the multivalued groups X(G), where G is a rank 3 graph. It turns out that these
two families exhaust the whole variety of coset multivalued groups of order 3.

Theorem 1.1. A multivalued group X of order 3 is a coset group if and only if X
is isomorphic to a multivalued group X(k), where 4k + 3 is a prime power, or a
multivalued group X(k, λ, µ), where the integers k, λ, µ are as in Theorem 4.1.

The idea of the proof of Theorem 1.1 is based on the fact that if X is a multival-
ued group associated with triple (G,A,ϕ), then the semidirect product Goϕ(A) ≤
Sym(G) is a group of rank 3. Since G is a normal regular subgroup of the semidi-
rect product, the problem reduces to determine the rank 3-groups having a normal
regular subgroup. At this point, we prove that this subgroup must be elemen-
tary abelian. This enables us to use the classification of the affine rank 3-groups,
completed in [19], see also [2, Chapter 11].

All undefined terms concerning multivalued groups, permutation groups, and
strongly regular graphs can be found in [3], [14], and [2], respectively.

The authors thank V. M. Buchshtaber for fruitful discussions and useful com-
ments.

2. Multivalued groups

Let X be a set, and let n be a positive integer. A n-valued group X = (X, ·, ?)
on X is defined by the operations · and ? of multiplication and taking inverse,
respectively. The product of two elements x, y ∈ X is defined to be an n-multiset

x · y = [(x · y)1, . . . , (x · y)n]

with elements belonging to X. It is assumed that the multiplication is associative,
i.e., the n2-multisets (x · y) · z and x · (y · z) coincide for all x, y, z ∈ X,

(1) [((x · y)i · z)j : 1 ≤ i, j ≤ n] = [(x · (y · z)i)j : 1 ≤ i, j ≤ n].

Furthermore, it is assumed that there is an identity element e ∈ X with respect to
the multiplication, i.e., for all x ∈ X,

(x · e)i = (e · x)i = x, i = 1, . . . , n.

Finally, the operation of taking inverse maps X to X so that e is an element of the
multisets x · x? and x? · x. The number |X| is called the order of X.

In what follows, for any x, y, z ∈ X, we denote by mz
x,y the multiplicity of the

element z ∈ X in the multiset x · y. A bijection f : X → X ′, x 7→ x′, is called an
isomorphism of the n-valued group X on X onto n′-valued group X′ = (X ′, ·, ?) if

mz
x,y

n
=
mz′

x′,y′

n′
for all x, y, z ∈ X.



ON MULTIVALUED GROUPS OF ORDER 3 3

A coset group is given by a pair of ordinary groups G and A, and a homo-
morphism ϕ : A → Aut(G). In the corresponding n-valued group X(G,A,ϕ), the
number n is equal to |A|, the set X consists of the A-orbits in the induced action
of A on G, the multiplicities are defined by

(2) mz
x,y = |{a ∈ A : g · ha ∈ z}|, g ∈ x, h ∈ y,

where ha := hϕ(a), and the inverse of x is equal to the A-orbit (g−1)A. In particular,
any group G can be treated as the 1-valued coset group X(G, 1, id). Every coset
group is involutive, i.e., the mapping X → X, x 7→ x?, is an involution respecting
the diagonal multiplicities m(x) = me

x,x? , x ∈ X. More exactly, for all x, y ∈ X,
we have

(3) me
x,y > 0 ⇔ y = x?

and

(4) m(x) = m(x?), (x · y)? = y? · x?,

where (x · y)? = [(x · y)?1, . . . , (x · y)?n].
The associativity implies that the following identity holds in any multivalued

involutive group:

(5) m(x) ·mx?

y,z = m(y) ·my?

z,x, x, y, z ∈ X.

To prove the identity, we calculate the multiplicities of the identity element e in
the multisets on the left- and right-hand side of formula (1). From formula (3), it
follows that they are equal to

mx?

y,z ·me
x?,x = mx?

y,z ·m(x?) and my?

z,x ·me
y?,y = my?

z,x ·m(y?),

respectively. This proves the required identity by the first equality in formula (4).
In the present paper, we will focus on multivalued involutive groups of order 3.

In this case, only three multiplicities mz
x,y are enough to determine the group up

to isomorphism.

Theorem 2.1. Let X = (X, ·, ?) be an n-valued involutive group of order 3, and let
X = {e, x, y}, m(x) = me

x,x∗ , m(y) = me
y,y∗ , and a(x) = mx

x,x. Then exactly one
of the two following statements holds:

(i) x? = x, y? = y, and

x · x = [e, . . . , e︸ ︷︷ ︸
m(x)

, x, . . . , x︸ ︷︷ ︸
a(x)

, y, . . . , y︸ ︷︷ ︸
n−m(x)−a(x)

], y · y = [e, . . . , e︸ ︷︷ ︸
m(y)

, x, . . . , x︸ ︷︷ ︸
a(y)

, y, . . . , y︸ ︷︷ ︸
n−m(y)−a(y)

],

x · y = y · x = [x, . . . , x︸ ︷︷ ︸
a(x,y)

, y, . . . , y︸ ︷︷ ︸
n−a(x,y)

],

where a(x, y) = r(n−m(x)−a(x)) and a(y) = ra(x, y) with r = m(y)/m(x),
(ii) x? = y, y? = x, and

x · x = [x, . . . , x︸ ︷︷ ︸
a(x)

, y, . . . , y︸ ︷︷ ︸
n−a(x)

], y · y = [x, . . . , x︸ ︷︷ ︸
n−a(x)

, y, . . . , y︸ ︷︷ ︸
a(x)

],

x · y = y · x = [e, . . . , e︸ ︷︷ ︸
n−2a(x)

, x, . . . , x︸ ︷︷ ︸
a(x)

, y, . . . , y︸ ︷︷ ︸
a(x)

].
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Proof. We consider two cases depending on whether the involution ? is trivial or
not. First, let x? = x, y? = y. By formula (3), we have me

y,z = me
z,y = 0 for all

z 6= y. Furthermore, x · y = x? · y? = (y · x)? = y · x by the second equality in
formula (4). Thus it suffices to verify that mx

y,y = a(y) and mx
x,y = a(x, y). By the

identity (5), we have

mx
x,y =

m(y)

m(x?)
·my?

x?,x =
m(y)

m(x)
·my

x,x = r · (n−m(x)− a(x)) = a(x, y),

where we used the fact that m(x) > 0 by the equivalence (3). Using the obtained
equality, we similarly conclude that

mx
y,y =

m(y)

m(x?)
·my?

x?,y =
m(y)

m(x)
·my

x,y = r · a(x, y) = a(y),

as required.
Let x? = y, y? = x. By formula (3), we have me

x,x = me
y,y = 0, whereas by

the first and second equalities in formula (4), we have m(x) = m(x?) = m(y) and
my
y,y = mx

x,x = a(x), respectively. Thus it suffices to verify that mx
x,y = my

x,y =
n− a(x). Using the identity (5), we have

mx
x,y =

m(x)

m(x?)
·mx?

y,x? = my
y,y = a(x),

as required. �

The n-valued involutive groups of order 3, defined in statements (i) and (ii) of
Theorem 2.1, will be denoted by Xn(m1,m2, a) with m1 = m(x), m2 = m(y),
a = a(x), and Xn(a), respectively.

Corollary 2.2. The multivalued groups Xn(m1,m2, a) and Xn′(m
′
1,m

′
2, a
′) (re-

spectively, Xn(a) and Xn′(a
′)) are isomorphic if and only if u/n = u′/n′ for

u ∈ {m1,m2, a} (respectively, for u = a).

As it is readily seen from the definition of the multivalued group X(k) in [21],
in the above notation, X(k) = X2k+1(k).

3. Multivalued groups and strongly regular graphs

The main goal of this section is to define a large family of multivalued groups
of order 3, related with strongly regular graphs. To this end, let G be a strongly
regular graph; this means that G is not complete or edgeless, and the number of
common neighbors of two arbitrary vertices α and β in G is equal to k (respectively,
λ, µ) depending on whether α and β are equal (respectively, adjacent, distinct and
nonadjacent). The integers k > 0 and λ, µ ≥ 0 are called the parameters of G. The
parameters satisfy the relation

k(k − 1− λ) = (v − k − 1)µ,

where v is the number of vertices of G. Because of this relation, we do not include v
as a parameter of G, as is usually done.

Let A be the adjacency matrix of the graph G, that is A is a {0,1}-matrix of size
v× v, where the entry Aα,β is equal to 1 or 0 depending on whether the vertices α
and β are adjacent or nonadjacent in G. The algebra A = A(G) generated over C
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by A, has a linear basis consisting of the identity matrix A0 = I, the matrix A1 = A,
and the adjacency matrix A2 of the complement graph Ḡ of G. Moreover,

A1 ·A1 = k ·A0 + λ ·A1 + µ ·A2(6)

A2 ·A2 = k̄ ·A0 + µ̄ ·A1 + λ̄ ·A2(7)

A1 ·A2 = A2 ·A1 =
v − 2− λ− µ̄

2
·A1 +

v − 2− λ̄− µ
2

·A2,(8)

where k̄ = v−k−1, λ̄ = v−2k+µ−2, and µ̄ = v−2k−λ. In fact, the above equalities
imply that the complement graph Ḡ is strongly regular with parameters (k̄, λ̄, µ̄).

The algebra A is a combinatorial algebra in the sense of [10, Definition 1.6] with
respect to the linear basis R = {A0, A1, A2} and the identical antiisomorphism ∗.
Indeed, let ctr,s be the coefficient at the matrix At in the product Ar · As, where

r, s, t ∈ {0, 1, 2}. The nonnegative integers ctr,s are the structure constants of the

algebra A with respect to the basis R. The diagonal numbers dr = d(Ar) = c0r,r
are obviously bounded by v from above. Moreover,

c0r,s = dr δr,s,

where δ is the Kronecker delta and the mapping Ar 7→ dr, r = 0, 1, 2, is a one-
dimensional representation of A.

Theorem 3.1. Let G be a strongly regular graph with parameters (k, λ, µ), and
let n be the least common multiple of k and k̄. Then there is an n-valued involutive
group X(G) = X(k, λ, µ) on the set {x0, x1, x2}, such that

(9) mxt
xr,xs

= n · ctr,s ·
dt
drds

, r, s, t ∈ {0, 1, 2}.

In particular,

(10) m(x1) = m0
x1,x1

=
n

k
, m(x2) = m0

x2,x2
=
n

k̄
, a(x1) = mx1

x1,x1
=
nλ

k
.

Proof. By [10, Theorem 2.2], the combinatorial algebra A = A(k, λ, µ) defines an
n′-valued involutive group X′ on the set {x0, x1, x2} with multiplication defined by
formula (9) in which the number n is replaced by the least common multiple n′ of
the (positive) denominators in the representation of the rational number ctr,s/dr in

the form of a reduced fraction.2 Since n′ divides n, the multivalued group X′ is
isomorphic to an n-valued involutive group X(k, λ, µ) with multiplication defined
by formula (9). �

Example. The Petersen graph is a unique strongly regular graph on 10 vertices
with parameters (3, 0, 1). Thus, X(3, 0, 1) is a 6-valued group on the 3-element set
X = {x0, x1, x2} and the multiplication defined as follows:

x1 · x1 = [x0, . . . , x0︸ ︷︷ ︸
2

, x2, . . . , x2︸ ︷︷ ︸
4

], x2 · x2 = [x0, x1, . . . , x1︸ ︷︷ ︸
2

, x2, . . . , x2︸ ︷︷ ︸
3

],

x1 · x2 = x2 · x1 = [x1, . . . , x1︸ ︷︷ ︸
2

, x2, . . . , x2︸ ︷︷ ︸
4

].

In the notation of Section 2, we have m1 = m(x1) = 2, m2 = m(x2) = 1, and
a = a(x1) = 0. Thus, X(3, 0, 1) = X6(2, 1, 0).

2There is a misprint in formula (7) of the paper [10]: the great common divisor there should
be replaced by the least common multiple.
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It should be noted that not each multivalued involutive group of order 3 is of the
form X(G) for some strongly regular graph G. Indeed, a straightforward computa-
tion shows that for each natural number q = 4`+1, there exists a multivalued group
X = X2`(1, 1, ` − 1). Assume that X = X(G) for some strongly regular graph G.
Then from formulas (9), one can find that the parameters v and k of G are equal
to 4` + 1 and 2`, respectively. It follows that k̄ = 2` = k. As is well known, this
is possible only if v is a sum of two squares (see, e.g., [2, Theorem 8.2.3]). Thus
X = X(G) only if 4`+ 1 is a sum of two squares.

The multivalued group X(G) defined by a strongly regular graph G depends
on the parameters of G only. Therefore, any two nonisomorphic strongly regular
graphs with the same parameters define the same multivalued group. Note that
for infinitely many positive integers v there can be exponentially many nonisomor-
phic strongly regular graphs with v vertices and the same parameters [2, Subsec-
tion 1.1.18].

Among strongly regular graphs, the rank 3 graphs are of special interest. By
definition these are graphs admitting an automorphism group acting transitively
on the vertices, on the ordered pairs of adjacent vertices, and on the ordered pairs
of nonadjacent vertices. The automorphism group of a rank 3 graph is always a
rank 3 group, i.e., a transitive group a point stabilizer of which has exactly three
orbits.

Theorem 3.2. Let K be a group of rank 3, G a normal regular subgroup of K,
and A the stabilizer of the identity element e of G in K. Assume that A is of even
order and x is an A-orbit other than {e}. Then the Cayley graph G = Cay(G, x)
is a rank 3 graph. Moreover, the multivalued groups X(G) and X(G,A, id) are
isomorphic.

Proof. Since A is of even order, we have x−1 = x. Consequently the Cayley graph G
is undirected and hence of rank 3. Denote its parameters by (k, λ, µ). From for-
mulas (7) and (8) for the intersection numbers of the combinatorial algebra A(G)
corresponding to the strongly regular graph G, we obtain

c01,1 = d1 = k, c02,2 = d2 = k̄, c11,1 = λ.

By Theorem 3.1, this gives the following formulas for the corresponding multiplic-
ities of the multivalued group X′ = X(G) on the set {e′, x′, y′}:

(11) m(x′) =
n′

k
, m(y′) =

n′

k̄
, mx′

x′,x′ =
n′λ

k̄
,

where n′ is the least common multiple of k and k̄.
The multivalued group X = X(G,A, id) is defined on the set {e, x, y}, where we

identify e with the singleton {e} and denote by y the set of all nonidentity elements
of the group G, not belonging to x. Since x = x−1, Theorem 2.1 implies that

X = Xn(m(x),m(y), a(x)),

where n = |A| and a(x) = mx
x,x. For every g, h ∈ x and a ∈ A, we have g · ha = e

if and only if ha = g−1. By formula (2), this shows that the number me
x,x is equal

to the order of the stabilizer Ah of the element h in the group A. Since x is an
A-orbit and the cardinality of x is equal to k, we conclude that

(12) m(x) = me
x,x = |Ah| =

|A|
|x|

=
n

k
.



ON MULTIVALUED GROUPS OF ORDER 3 7

Similarly, for any element h ∈ y, we have

(13) m(y) = me
y,y = |Ah| =

|A|
|y|

=
n

k̄
.

Finally, fix g ∈ x. Again by formula (2), the number mx
x,x is equal to the number

of all a ∈ A for which g · (g−1)a ∈ x or, equivalently, ga · g−1 ∈ x−1 = x. When a
runs over A, the vertex ga runs over all the vertices of G (each counted |Ag| times)
adjacent with both the vertex e (because ga ∈ x) and g (because ga · g−1 ∈ x).
Thus,

(14) mx
x,x = |Ag| · λ =

|A|
|x|

λ =
nλ

k
.

Now comparing formulas (10) with formulas (12), (13), (14), we obtain

m(x)

n
=
m(x′)

n′
,

m(y)

n
=
m(y′)

n′
,

mx
x,x

n
=
mx′

x′,x′

n′
.

Thus the multivalued groups X and X′ are isomorphic by Corollary 2.2. �

4. The groups of rank 3 with regular normal subgroup

Recall that every rank 3 group K ≤ Sym(Ω) of even order corresponds to a pair
of complementary rank 3 graphs with vertex set Ω. By the parameters of K, we
mean the parameters k, λ, µ of the one of these graphs whose valency k is lower.
We denote this graph by G(K).

Let us emphasize two things. First, nonisomorphic rank 3 groups K1,K2 ≤
Sym(Ω) can correspond to the same graph G(K1) = G(K2). Second, nonisomorphic
graphs G(K1) and G(K2) might have the same parameters k, λ, µ. The goal of this
section is to find all attainable triples of the parameters for the rank 3 groups
with regular normal subgroups. For every such triple (k, λ, µ), we also point out a
possible rank 3 graph G and possible rank 3 group K such that G = G(K) has the
parameters k, λ, µ.

A permutation group K ≤ Sym(Ω) is called affine, if it has a regular normal
elementary abelian p-subgroup V . Then K = V : A is a split extension of V and a
point stabilizer A. The set Ω can be identified with V considered as a vector space
over the prime field Fp in such a way that V itself acts on this space by translations,
and A being the stabilizer of the zero vector acts on it as a subgroup of GL(V ).
Such an identification provides a natural embedding K ≤ AGL(V ).

Theorem 4.1. Let K be a rank 3 group of even order. Assume that K has a
regular normal subgroup V of order v. Then K = V : A is affine, v is a power of
a prime p, and the parameters of K are either in Table 1 or listed below:

(i) v = pt+s, where t, s > 0, k = pt − 1, λ = pt − 2, µ = 0,
K is imprimitive, G(K) is a disjoint union of ps cliques of size pt, and as A
can be taken the stabilizer in GL(V ) of a t-dimensional subspace of V ;

(ii) v = q2, k = 2(q − 1), λ = q − 2, µ = 2,
K = K0 o Sym(2) preserves a product decomposition V = U × U , where U is
a normal regular subgroup of K0 of order q, K0 is transitive on U#, G(K) is
a q × q-grid, and as a point stabilizer of K0 can be taken the group GL1(U);

(iii) v = 4t+ 1, k = 2t, λ = t− 1, µ = t,
K ≤ AΓL1(v), and as G(K) and as A can be taken the Paley graph and the
subgroup of index 2 in GL1(V ), respectively;
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(iv) v = p(e−1)t, where e > 2 is a prime with orde(p) = e − 13, k = (v − 1)/e,
λ = (v−3e+1−(−1)t(e−2)(e−1)

√
v)/e2, µ = (v−e+1+(−1)t(e−2)

√
v)/e2,

K ≤ AΓL1(v), G(K) is the Van Lint–Schrijver graph, and as A can be taken
a subgroup of index e in ΓL1(V );

(v) v = q2e with e ≥ 3, k = (q + 1)(qe − 1), λ = qe + (q− 2)(q + 1), µ = q(q + 1),
K ≤ AΓL2e(q), G(K) is the bilinear forms graph Hq(2, e), and as A can be
taken the subgroup (GL2(q) ◦GLm(q)) : Aut(Fq);

(vi) v = q2e, e ≥ 2, ε = ±, and (q, ε) 6= (2,+), k = (qe − ε1)(qe−1 + ε1),
λ = q(qe−1 − ε1)(qe−2 + ε1) + q − 2, µ = qe−1(qe−1 + ε1),
K ≤ AΓL2e(q) G(K) is the affine polar graph VOε

2e(q), and as A can be taken
the subgroup ΓOε

2e(q);
(vii) v = 22e, e ≥ 2, k = 2e−1(2e − 1), λ = µ = 2e−1(2e−1 − 1),

K ≤ AΓL2e(2), G(K) is the complement VO+
2e(2) of the affine polar graph,

and as A can be taken the subgroup ΓO+
2e(2);

(viii) v = q10, k = (q2 + 1)(q5 − 1), λ = q5 + q4 − q2 − 2, µ = q2(q2 + 1),
K ≤ AΓL10(q), G(K) is the alternating forms graph A(5, q), and as A can be
taken the subgroup (ΓL5(q)/{±1})× (F∗q/(F∗q)2);

(ix) v = q16, k = (q3 + 1)(q8 − 1), λ = q8 + q6 − q3 − 2, µ = q3(q3 + 1),
K ≤ AΓL16(q), G(K) is the affine half spin graph VD5,5(q), and as A can be
taken the subgroup (F∗q ◦ Inndiag(D5(q)) : Aut(Fq).

Furthermore, every triple (k, λ, µ) of the attainable parameters for K appears in
items (i)–(ix) and rows of Table 1 exactly once.

Proof. Suppose first that K ≤ Sym(Ω) is imprimitive, Σ is a nontrivial system
of blocks for K, and ∆ ∈ Σ is one of the blocks. Recall that K∆ denotes the
permutation group on ∆, induced by the action of the setwise stabilizer of ∆ in K,
and KΣ denotes the permutation group on Σ induced by action of K. Since K
is of rank 3, Σ is the only nontrivial system of blocks, and the groups K∆ and
KΣ must be 2-transitive. It follows that G(K) is a disjoint union of cliques (the
complement graph has a greater valency). Since K has a normal regular subgroup,
K∆ also has such a subgroup. By Burnside’s theorem, see, e.g., [14, Theorem 4.1B],
the socle of a 2-transitive group H is either a regular elementary abelian p-group
for some prime p or a nonregular nonabelian simple group. It follows that in the
latter case, H cannot have a normal regular subgroup, so K∆ has a regular normal
abelian elementary p-subgroup U , say, of order pt. If the order of normal regular
subgroup V of K was divided by two distinct primes, then Σ would not be the
unique system of blocks for K, which is not the case. Thus, |V | = pt+s, K = V : A
is affine, and k, λ, and µ are as in item (i) of the theorem. A point stabilizer A,
considering as a subgroup of GL(V ), obviously stabilizes (setwise) the subspace U .
On the other hand, the setwise stabilizer of U in GL(V ) acts 2-transitively on U
and the factor space V/U , so it can be taken as A, which completes the proof of (i).

Thus, we may assume that K is primitive. The O’Nan–Scott theorem implies
(see, e.g., [2, Theorem 11.1.1]) that for every primitive rank 3 group K, one of the
following holds:

(a) the socle of K is a nonregular nonabelian simple group;

3to avoid coincidences with the parameters of groups from other series let (p, e, t) 6=
(2, 3, 2), (5, 3, 1), (2, 3, 3), (3, 5, 1), (2, 5, 2), (3, 7, 1), (2, 11, 1), (2, 13, 1).
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Table 1. Attainable parameters of small primitive affine rank 3 graphs

v = pd k λ µ type possible A refs
64 = 26 18 2 6 C 3.Sym(6) [2, § 10.24]
169 = 132 72 31 30 B 3× (SL2(3) : 4) [2, Table 11.8]
243 = 35 22 1 2 C 2×M11 [2, § 10.55]
243 = 35 110 37 60 C 2×M11 [2, § 10.55]
256 = 28 45 16 6 C Sym(10) [2, § 10.57]
256 = 28 102 38 42 C L2(17) [2, § 10.58]
361 = 192 144 59 56 B 9×GL2(3) [2, Table 11.8]
625 = 54 144 43 30 C 34.Sym(6) [2, § 10.73A]
625 = 54 240 95 90 B 4.(24 : Sym(6)) [2, Table 11.8]
841 = 292 168 47 30 B 7× (SL2(3) : 4) [2, Table 11.8]
961 = 312 240 71 56 B 15× (2.Sym(4)) [2, Table 11.8]
961 = 312 360 139 132 C 15× SL2(5) [2, Table 11.8]
1681 = 412 480 149 132 C 40 ◦ SL2(5) [2, Table 11.7]
2048 = 211 276 44 36 C M24 [2, § 10.84]
2048 = 211 759 310 264 C M24 [2, § 10.85]
2401 = 74 240 59 20 C 6.S4(3) [2, § 10.89A]
2401 = 74 720 229 210 C 6.Sym(7) [2, § 10.89C]
2401 = 74 960 389 380 C 48 ◦ SL2(5) [2, § 10.89D]
4096 = 212 1575 614 600 C (3×HJ) : 2 [2, § 10.92]
5041 = 712 840 179 132 C 35× SL2(5) [2, Table 11.7]
6241 = 792 1560 419 380 C 39× SL2(5) [2, Table 11.7]

6561 = 38 1440 351 306 B 2.26 : O−6 (2).2 [2, Table 11.8]
15625 = 56 7560 3655 3660 C (2.HJ) : 4 [2, § 10.95]
531441 = 312 65520 8559 8010 C 2.Suz .2 [2, § 10.100]

(b) K ≤ K∆ o Sym(2) preserves a product decomposition Ω = ∆2;
(c) K = V : A is affine, and A ≤ GL(V ) is a primitive linear group.

In case (a), K has no any normal regular subgroup. In (b), the group K0 = K∆

must be 2-transitive. As in the previous paragraph, K∆ must include a regular
normal elementary abelian p-subgroup U for some prime p, say, of order q = pt.
Therefore, V = U × U is an elementary abelian p-group, proving (cf. (c)) that
every group K satisfying the hypothesis of the theorem is affine. Returning to (b),
the group AGL1(U) acts 2-transitively on U , so we may take GL1(U) as a point
stabilizer in K0. It remains to note that corresponding graph G(K) is q × q-grid,
see [2, Section 11.2], so its parameters k, λ and µ are as in (ii).

From now on, K = V : A is a primitive affine group as in case (c) and A is prim-
itive linear group, since K does not preserve a nontrivial product decomposition.
The classification of the primitive affine rank 3 groups was completed by Liebeck
in [19] (see also [2, Theorem 11.4.1]). He divided the affine groups of rank 3 into
three classes: (A), (B), and (C). Class (A) includes all the infinite series, while
‘extraspecial’ class (B) and ‘exceptional’ class (C) consist only of finitely many
groups.

Suppose first that K is not from (B) and (C), and K 6≤ AΓL1(v). It follows
from [22, Theorem 1.1] that K and G(K) can be taken as in items (v)–(ix) of
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the theorem. The parameters k, λ and µ can be easily extracted from [2]. It is
worth noting two things here. First, the affine polar graph VO−4 (q) and the Suzuki-
Tits ovoid graph VSz(q), where q = 22e+1, are not isomorphic, but have the same
parameters k, λ, and µ. Second, in item (vii), we have to include the parameters of
the complement of the affine polar graph VO+

2e(2), because the valency of the later
graph is greater than the valency of the complement.

If K ≤ AΓL1(v), then, up to a complement, G(K) is either the Van Lint–
Schrijver, Paley, or Peisert graph, see the short and clear proof of this fact in [20,
Theorem 3], so the groups K are described in [20, Propositions 1,2], see items
(iii)–(iv) of the theorem. The parameters of the corresponding graphs are taken
from [23] and [2, Section 1.1.9]. The arguments from [22] and [17] allow us to
avoid the coincidences with parameters of the graphs from items (v)–(ix) by set-
ting (p, e, t) 6= (2, 3, 2), (5, 3, 1), (2, 3, 3), (3, 5, 1), (2, 5, 2), (3, 7, 1), (2, 11, 1), (2, 13, 1)
in the case of the Van Lint–Schrijver graphs. Note also that the parameters of
the Paley and Peisert graphs of the same degree are always the same, though the
graphs themselves are isomorphic only if v = 9.

The affine rank 3 groups K from classes (B) and (C) are described in [19], see
also [2, Tables 11.5 and 11.6]. The parameters of the corresponding graphs are
extracted from [2, Tables 11.7 and 11.8]. Let us emphasize that in Table 1, we list
only the graphs from classes (B) and (C) that do not have the same parameters
as the graphs listed in Theorem 4.1. One can verify this fact using the arguments
of [17, Section 3] and Tables 4–6 therein. �

5. Proof of Theorem 1.1

First, we prove the sufficiency. The fact that the multivalued group X(k) =
X2k+1(k) is coset if the number 4k + 3 is a prime power, was proved in [21]. Let
X = X(G) be the multivalued group of a rank 3 graph G with parameters (k, λ, µ) as
in Theorem 4.1. Then the groupK = Aut(G) has a regular normal subgroupG = V .
By Theorem 3.2, this implies that the multivalued group X = X(G) = X(k, λ, µ) is
isomorphic to a coset group X(G,A, id), where A is a point stabilizer of K.

To prove the necessity, let X = (G,A, φ) be a multivalued coset group for appro-
priate groups G, A, and a homomorphism ϕ. By the assumption, X is defined on
the set {e, x, y} of the A-orbits. We consider two cases depending on whether x? is
equal to x or y.

Assume that x? = y. In this case, the Cayley digraph Cay(G, x) is the Paley
tournament, |G| is a prime power, and the automorphism group of Cay(G, x) has a
subgroup A′ acting semiregularly on the nonidentity elements of G with the same
orbits as A has, see [18]. In particular, we may assume that A = A′. Then

n = |A| = |x|.
On the other hand, from Theorem 2.1, it follows that X = Xn(a), where n = |A|
and a = mx

x,x. Furthermore, by the assumption, the orbit x contains no g ∈ G such

that g−1 ∈ x. This implies that

n− 2a = me
x,y =

|A|
|x|

= 1.

It follows that X = X(k), where k = a. Moreover, since 2a = n − 1, we calculate
4k+3 = 4a+3 = 2n−2+3 = 2n+1 = 2|A|+1 = 2|x|+1 = |G|. Thus, 4k+3 = |G|
is a prime power, as required.
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Now, let x? = x and y? = y. It follows that the number |x| (and also |y|) is even.
Since |x| divides |A|, this shows that the group A is of even order. In addition, the
group K = G o A is of rank 3 and has the regular normal subgroup G. It follows
that the parameters (k, λ, µ) of the rank 3 graph G = G(K) are as in Theorem 4.1.
By Theorem 3.2, we conclude that the multivalued groups X and X(G) = X(k, λ, µ)
are isomorphic, and we are done.
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