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M I N I M A L  P E R M U T A T I O N  R E P R E S E N T A T I O N S  
OF F I N I T E  S I M P L E  O R T H O G O N A L  G R O U P S  

V. A. VasiFev and V. D. Mazurov UDC 519.44 

In the paper, nontrivial permutation representations of minimal degree are studied for finite 
simple orthogonal groups. For them, we find degrees, ranks, subdegrees, point stabilizers and 

their pairwise intersections. 

For a finite group, a faithful permutation representation of minimal degree is called a minimal permu- 

tation representation. A classical group is a general linear, symplectic, orthogonal, or unitary group over a 

field; a simple classical group is one which is isomorphic to the (unique) non-Abelian composition factor of 

some classical group. 

This paper continues [1], where minimal permutation representations of Lm(q), Sin(q), and U,,~ (q) were 

studied. Our present goal is to obtain a description of minimal permutation representations of finite simple 

orthogonal groups. We follow the notation and terminology of [1]. 

Let V be a vector space of dimension m over a finite field k of order q. A quadratic form on V is a map 

F :  V ~ k such that  F (~z )  = ~2F(~) and F(z  -4- y) -= F(x)  -4- f (x ,  y) A- F(y),  where f is some symmetric 

bilinear form. Throughout  the paper, the value f ( z ,  y) of the form f on a pair z, y E V will be denoted 

by (z, y). A form f is symmetric if (z, y) = (y, z) for all z, y E V. A vector v is said to be isotropic with 

respect to F if it is isotropic with respect to f ,  and F(v) -- 0. A subspace is isotropic with respect to F if 

it is isotropic with respect to f and all of its elements are isotropic with respect to F.  

A quadratic form F is said to be nondegenerate if the kernel ker F = {zlx E ker f ,  F(x )  = 0) of F 

contains only the zero vector. A subspace is said to be anisotropic with respect to F if the restriction of 

F to the subspace is nondegenerate. It is clear that f is determined by F.  On the other hand, if the 

characteristic of k is odd, then 4 .  F (z )  = f ( 2 z )  = 2F(z)  + (z, z), i.e., F (z )  = ( z , z ) / 2 ,  and F is also 

uniquely determined by f .  The latter is not true for a field of even characteristic. 

In what follows, we will assume that  F is a nondegenerate form. 

L E M M A  1. If the dimension m of the space V is odd, m = 2t + 1, then V has a basis ul, vl, . . . .  ut, vt, a 

such that  F(a) • O, F(ui) -= F(vi) -= (ui,vj) = (ui,a) = (vi,a) = 0, and (ui,vi) = 1 for i, j = 1 , 2 , . . . , t ,  

i # j .  
If the dimension m of V is even, m = 2t, then V has a basis o f  one of the following types: 

(a) a basis ul, v l , . . . ,  ut, vt such that F(ui) = F(vl) = (ui, vj) = 0 and (ui, vl) = 1 for i, j = 1, 2 , . . . ,  t, 

i # j  
o r  

(b) a basis ul, v l , . . . ,  u t - l , v t -1 ,  a, b such that F(ui) = F(vi) = (ui,vj)  = (u~,a) = (vi,a) = (ui,b) = 

(vi, b) = O, (ui, vi) = F(a) = (a, b) = 1 for i, j = 1, 2 , . . .  , t  - 1, i # j ,  and F(b) = $, where the polynomial 

z 2 + z + $ has no roots in k. 
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P r o o f .  See [2, See. 2.5]. 

The basis of V of one of the types (a) or (b), specified above, is called standard. When the dimension 

of V is even, we call it a space of ~ype + if its basis is of type (a); otherwise, V is a space of gype --. In ~he 

general case we speak of spaces of type ~, where ~ refers either to one of the symbols +, . or to one of the 

numbers 1, - 1. 

A one-dimensional subspace X is called a plus point if its orthogonal complement X ± has even dimension 

and is of type 4- with respect to the restrictions of f and F to X ±. Similarly, X is a minus poin~ if X ± 

is of type - .  When a transformation ~o of the space V is written in matrLx form [~o], it is assumed that ,  

unless specified otherwise, a standard basis is chosen in V; the order of columns of i9] corresponds ~o the 

order of vectors in the basis specified in Lemma 1. 

L E M M A  2. Let i (V)  be the number of vectors in V which are isotropic with respect to F.  

If dim (V) = 2~ is even and Y is of type ~, then i (V)  = q2~+! + cqt- l(q _ 1). 

If dim (Y) = 2~ + 1 is odd, then i (V)  = q~. 

P r o o f .  We proceed by induction on dim (V). If dim (V) : 1 or dim (V) : 2 and V is a space of type 

- ,  then only the zero vector is isotropic with respect to F. If dim (V) = 2 and V ks of type q-~ then a vector 

x =. au  ÷ fly, where u and v form a standard basis, is isotropic if and only if c~/3 = 0. It follows that  there 

exist 2q - 1 isotropic vectors in V. 

Let dim (V) _> 3. Denote by W the orthogonal complement to the subspace spanned by elements 

u = ul  and v = v~ of a standard basis. Then W has the same type as V, and for every isotropic vector 

= otu÷f lv  ÷ w ,  where w ~ W,  aft = - F ( w ) .  For every isotropic vector w, there exist 2q - ~ such vectors 

z; for every anisotropic vector, there exist q - 1 vectors. Thus i (V)  = i (W)(2q - 1) + ( I W I "  i (W)) (q  - 1), 

and the lemma is proved by induction. 

L E M M A  3. Let id(V) be the number of subspaces of dimension d in V which are isotropic with respect 

to F.  

If dim (V) = 2t is even and V is of type e, then 

d-1 

i n ( v )  = 1 - I ( q  + - - 1 ) .  

j : 0  

If dim (V) = 2t + 1 is odd, then 

d-1 

i (v) : Hfq '- J - 1 ) / (¢  1). 
j=O 

P r o o f .  The conclusion of Lemma 2 provides the necessary basis fo~ a proof by induction. Now, if ~V 

is an isotropic subspace of dimension d ~ 2 in V and z is a nonzero vector in W,  then W Cf ~±; since 

the kernel of the restriction of F to z± coincides with kx, the form obtained by restricting F to ~± and 

then using induction on x±//kz is nondegenerate. Thus, W / k x  is an isotropic subspace of dimension d 1 

in the orthogonal space X -- z X / k z  of dimension m - 2 which has the same type as V. It follows ~hat 

every isotropic vector z of V is contained in i d - l ( X )  isotropic subspaces of dimension d in V. On ghe 

other hand, every such subspace contains qd - 1 nonzero vectors all of which are isotropic. Therefore, 

Q ( V )  = i d _ i ( X ) ( i ( V )  - 1)/(q ~ - 1), from which the conclusion of the lemma follows by induction. 

The orthogonal group of a quadratic form f is the group GO(F)  : {~ ~ GL(V) I  Vz e V F ( ~ o )  : F ~ ) } .  

It is clear that  GO(F)  C I ( f ) ,  and that GO(F)  -- I ( f )  if the characteristic of the field is odd. If the 
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characteristic is equal to 2, then (z, z) = 0 for every z in V, and GO(F) is a subgroup of the symplectic 

group Sp(V). 

W i t t ' s  L E M M A .  Let ~o : U --, W be a nondegenerate linear map of a subspace U of V onto a subspace 

W of V. If ~ satisfies the condition F(~qo) = F(~)  for all x E U, then ~ can be extended to an element of 

the group GO(F). 
P r o o f .  See [39, Sec. 20]. 

It follows easily from Lemma 1 that,  for a space V of odd dimension over k and for all quadratic forms 

F,  groups GO(F)  are isomorphic. We will denote each of them by GO(V), and the corresponding matr ix 

group by GOre(k) or GO,n(q). 
For a space V of even dimension over k, there exist two classes of isomorphic groups GO(F) ,  depending 

on which of the cases of Lemma 1 is realized. Every representative of the class corresponding to case (a) 

will be denoted by GO+(V), and the corresponding matrix groups, by GO+(k)  and GO+(q). The groups 

corresponding to case (b) are denoted by G O - (V ) ,  GOre(k), and GOTn(q ). In the general case we write 

tOe(V),  where e is either + or - if the dimension of V is even, and e is an empty symbol if the dimension 

of V is odd. 

Considering those elements of the orthogonal group whose determinant equals 1, we obtain the special 
orthogonal group SOe(V) [resp. SOem(q)]. The projeciive special orthogonal group PSOe(V) [PSO~(q)] 
is the factor group of SOe(V) [SO~(q)] w.r.t, the central subgroup. In the general case PSOe(V) is not 

simple. Except for finitely many cases, however, it contains a certain normal subgroup which is non-Abelian 

and simple. This simple subgroup will be denoted by o,(v) [in matrix form, by O~(q)]. 

Following [4], we now give the exact definition of o~(v). Let v E V and F(v) ¢ o .  A transformation r~ 

., has order 2, belongs to GOe(V), and is called a reflection. of eL(V)  defined by the rule z .r~ =- z -  F(~) .v 

For odd q, every element of GOe(V) can be written as a product of reflections. Let g E GOe(V); then g - 

rvl " . . - . r~ , ,  where V l , . . . ,  v~ E V. This expression is not unique for g, but the map ®: GOe(V) --+ k*/(k*)  2 

given by the rule ®(g) = F(v~) . . . . .  F(vt). (k*) ~ does not depend on the choice of r ~ , , . . . ,  r~,. Thus, e is 

a well-defined function, which we call the spinor norm. 
Denote by ~e(V) the set of all g ~ SOe(v)  such that O(g) = 1. (k*) ~. Since, for odd q, the order of 

k*/(k*)  2 is equal to 2, the set fie(V) is a subgroup ofinde~ 2 in SO~(V). Its image Pile(V) in PSOe(V) 
will be denoted by Oe(V). 

Suppose now that  q is even and the dimension m of V is odd, m -- 2t + 1. Then GO(V) - SO(V) is 
isomorphic to the simple symplectic group S2t(q), and we define O(V) by the equalities O(V) -- fl(V) = 

s o ( v )  = c o ( v ) .  

Finally, let q be even and let m -- 2t, i.e., the dimension of V is also even. We define the map from 

SO e (Y) into {+1} which takes every g E SOe(V) to ( - 1 )  a, where d is the dimension of the subspace of fixed 

points of g. (Hereinafter, for convenience we denote this map by (9.) The map is a homomorphism, and its 

kernel is a subgroup of index 2 in SOe(Y), denoted by fie (V). Denote by Oe(V) the group Pfl~ (V) = fie (V). 

When m -- 2t + 1, the orthogonal groups have the following orders: ICO.~(q)l = d. N, [SOm(q)l = 
[PsOm(q)[ = N, In,~(q)l = [Pn.~(q)l = Io,~(q)[ = N/d, where N = qt'(q2t _ 1)(q2t-2 _ 1 ) . . . . .  (q2 _ 1), 

d = (2, q -  1). 

When m = 2t, the orthogonal groups have the following orders: [CO~(q) I = 2N, ]SO*re(q) I = 2N/e, 
IPsO (q)l = 22v/  I n k ( q ) l  = N / , ,  IPnk(q)l  = IOZ(q)l = N/d,  w h e r e  N = - 

1)(q 2t-4 - 1 ) . . . . .  (q2 _ 1), d =  (4, q t - ¢), e = ( q -  1,2). 

It has already been noted that  minimal permutation representations of other simple classical groups are 
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described in [1]. Since On(q) is isomorphic to L2(q), O+(q) to L2(q)L~(q), O~ (q) to L2(qZ), O~(q) to S~(q), 

O+(q) to La(q), and O~(q) to U4(q), throughout the paper we can assume that m > 7. Furthermore, for 

q even, the groups O2t+i(q) and S2t(q) will be isomorphic; their minimal permutation representations a~e 

also described in [1]. 

Consider some permutation representations of GO~(V) and fl (V), from which we can obtain minimal 

permutation representations of simple orthogonal groups. Denote the vectors ui  and vi of a standard basis 

by u and v, respectively, and set U -- ku. Then U ± = U ~ W, where W is spanned by all elements of the 

standard basis, except u and v. 

Let Pi  = Pi(GO(V))  be the stabilizer of U in GO(V). It is clear that  Pi  preserves the series 0 < U < 

U ± < V. Denote by M the normal subgroup of Pi which consists of elements acting trivially on the factors 

of the series, and set L -- {~ E GL(V)Iu~ = )~u, v~ = )~-iv, ¢Plw E GO(FIw)} ,  

It is easy to verify that  L is a subgroup and Pi = M . L .  Let ¢ E M. Elementary calculations show that  

there exists w(¢)  E W such that v¢  = v + w(¢) - F(w(¢))u  and we  = w - (w, w(¢))u  for every w E W. 

Conversely, every linear transformation ¢ lies in M whenever it satisfies these equalities and the equality 

Thus, the correspondence ¢ --* w(¢) is a one-to-one map of M onto W. Moreover, it is obviously 

an isomorphism of M onto the additive group of the space W. Now, if ~ E L and u~ = Au, then 

w(~- i¢ !o )  - ;~w(¢)~, and so P~ is isomorphic to the semidirect product of the additive subgroup of W and 

k* × GO(W),  on which the action of a pair (~, ~) • k* × GO(W) is defined by the equality w(~,~) -= £w~. 

By assumption, the dimension of W is greater than 2, and so W contains a vector w iso~opic with 

respect to F .  The stabilizer of kw in L is isomorphic to L0 -- k* x Pi(GO(W))  and the stabilizer of kw in 

M _ W coincides with the orthogonal complement W0 of w in W. The stabilizer D2 of the oneodimensiona! 

subspace kw in P1 is isomorphic to W0- L0. 

Obviously, the stabilizer D3 of kv in Pi  coincides with L. Simple calculations show thai 

]GO(V): Pi[ = 1 + IPi: D21-t-IPi: D3i, 

and hence we obtain the following: 

P r o p o s i t i o n  1. The rank of the permutation representation of GO~n(q ) on the set of one-diraensional 

subspaces isotropic with respect to a nondegenerate quadratic form F is equal to 3. If n is a degree and 

n2, na are nontrivial subdegrees of this representation, then for m --- 2~ -t- 1 we have 
n = (q2t _ 1)/(q - 1), 

n2 = ( q 2 , - i _  q)/(q _ 1), 
n3 ---- q 2 t - 1 ;  

for m = 2t, 

= (qt - ~ ) ( q ' - ~  + e ) l ( q  - 1),  

n2 : (qt _ eq)(qt-2 + e)/(q - 1), 

713 __ q 2 t - 2 .  

If H is a point stabilizer and if D2 and D 3 a r e  two-point stabilizers in this representation, then 

H = p'( '~-~). (GO~_2(q) x (q - 1)), 

= ( ( q  - 1 )  × × ( q  - 1))), 
Da -" GO~_2(q) × ( q -  1), 

where p is a prime and q - p ' .  

Now we find the same invariants for f ~ ( q ) ,  preserving the notation of Proposition 1. 
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If q is even, then GOe(V) = SOe(V) and the stabilizer Pl(SOe(V)) of the one-dimensional isotropic 

subspace U is equal to PI. The group ~e(Y) coincides with GOe(Y) for m = 2t + 1. The same is true for 

stabilizers. Let m = 2t. The reflection ra generated by d = u2 + v2 lies in P1, because u .  r~ = u, and ra 

does not lie in f e ( V )  because it stabilizes a subspace of dimension 2t - 1. Hence, the index in r e ( v )  of 

the stabilizer J51 = PI(R'(V)) is equal to the index of P1 in GO'(V). It is easy to see that  M _ Pl  and 

L n P1 = L = {~o e GL(V)[ u~o = Au, v~o = A-iv, ~[w G f ( F l w ) } .  Comparing the orders, we see that  

P1 = M .  L. Since m _> 7, a similar argument shows that D2(fe(V)) = Wo" Lo, where L0 -~ k* ×/51(W) 

and D3( f ' (V) )  = L. 

The case where q is odd is slightly more complicated. The reflection ra (as any reflection) has determinant 

- 1  and stabilizes U. Therefore, IGO'(V): Pxl = ISOe(V): PI(SOe(V))I. An argument similar to the case 

where q is even shows that  PI(SOe(V)) = M..[, ,  where L = {~ e GL(V)I u~o = Au, v~o = A-iv, 

~]w e SO(FIw)}, D2(SO'(V)) = Wo" Lo, where 1,0 = k* × PI(SOe(W)), and D3(SOe(Y)) = .L. 
Now consider the element gl E GOe(V) equal to the product of two reflections, re and re, generated 

by the vectors c = u + v and e = u + av, where a lies in k* but does not lie in (k*)Z. Since det gl = 1 

and u "gx = au ,  the element gl belongs to PI(SOe(V)) but does not belong to r e (V) ,  because ®(gl) = 

O(rc) .  ®(re) - a .  (k*) 2 ¢ 1. (k*) 2. Hence, the index of the stabilizer ]51 = PI(f ' (V))  in ~2" (V) is equal to 

the index of Px in GO'(V). As before, M _ /51. Define £ as the semidirect product  of £* and the group 

of order 2 generated by h, where L* = {~o E GL(V)I u~ = Au, v~o = A-iv,  A C (k*) 2, Plw C f ( f l w ) }  and 

h = gl • g2. In the last equality, gt is defined as above and g2 is the product of two reflections generated 

by d = u~. + v2 and el = u~ + a • v~. By comparing the orders and taking into account the inclusion 

L < ~, N f~ (V), we obtain the desired equality ]51 = M .  L = M .  ((fie(W) x (k*)2). 2). A similar argument 

shows that  D2(fe(V)) = Wo" Lo, where Lo = (PI(W) × (k*)2) • 2 and D3(~(Y))  = L. 

Obviously, I re (V) :  P~[ = 1 + 115~: D2(fe(V))[  + IPl: D3(ne(V))[. Hence, what we have proved so far 

is the following: 

P r o p o s i t i o n  1'. The rank of the permutation representation of f /~(q) on the set of one-dimensional 

subspaces isotropic with respect to a nondegenerate quadratic form F is equal to 3. If n is a degree and 

n2, n3 are nontrivial subdegrees of this representation, their values are the same as the respective values in 

Proposition 1. 

If H is a point stabilizer and D2, D3 are two-point stabilizers in this representation, then for even q = 2 ~ 

we h a v e  

H = × (q - 1)), 

D2 = 2 '(m-3) ((2 '('~-4) (,n-4(q) × (q- I))) × (q 1)), 
D3 = f~_~(q )  × ( q -  1); 

for q ---p~, where p i s  an odd prime, 

H p ' ( " - ~ )  f~ ---- " ( ( m - 2 ( q )  × ( q -  1) /2) .  2), 
D2 - pS(,n-3). (((pS(m-4). ((t2~_4(q) × (q - 1)/2) × (q - 1)/2)" 2), 

D3 = (OZ_~(q) x (q - 1) /2) .  2. 

Let V be a space of type +, let dim (V) = m = 2t, and let U be its isotropic subspace of dimension t 

spanned by vectors ux, . . . ,  ut of a standard basis. Denote by W the subspace spanned by v t , . . . ,  vt. 
First, we will find the stabilizer P~. = P2(GO+(V)) of U in GO+(V). By Witt 's  lemma, GO+(V) acts 

transitively on the set of isotropic subspaces of dimension t. Hence [GO+(V): P2I = it(V) (see Lemma 3). 

Next, we describe two subgroups M and L in P~. such that  P~ is their semidirect product. Let M be 

a subgroup consisting of those elements of GO+(V) which act identically on U. Obviously, M _~ P2. Let 
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~o E M. In the basis ul ,  u 2 , . . . , u t ,  Vl, . . . ,v t ,  the element ~o corresponds to the matr ix I~o] which has 

0 a12 a13 .. .  

the form [ En-~w ] EL ~ j ~  j -a12 0 a23 ... , where C = It is clear that  M is an elementary Abelian -a13 -a~3 0 °.. " 

group of order q(t-1)t/2. Obviously, M <_ SO+(V) and M <_ fl+(Y). Let L = {¢ $ ~?l ~ e GL(U), 

77 e GL(W)}  A GO+(V). We will prove that for ¢ e GL(U), there exists a unique element ~7 in GL(W) 
such that  ¢ $ ~/ e GO+(V). Every matrix in GL(U) can be written as a product of transvectians, i.e., 

1 

matrices of the form tr O (a) = ".. (a lies at the intersection of the ith row and the j th  column; 

1 
all other elements are equal to 0), and diagonal matrices. Hence, it suffices to prove the uniqueness of ~? for 

transvections and diagonal matrices. If [¢] = diag ( a l , . . . ,  a t) ,  then I77] = diag (a~- i , . . . ,  a~-l). Note that  

det (¢ $ ~7) = 1. If [¢] = trij (a),  then [~?] = tr~j ( - a )  and again det (~o @ ~) = 1. Thus, L ~_ GL,(q). 
It is clear that  L A M = 1 and M .  L < P2(GO+(V)). But IGO+(V): M .  L! = it(V) = IGO+(V): P2i, 

and so P2 = M . L .  Since M and L are in SO+(V), we have P~ < SO+(V). Therefore, if q is odd~ 

the set of isotropic subspaces of dimension t splits, under the action of SO+(V), into two orbits of equal 

size. Moreover, two such subspaces U1 and U2 are in the same orbit if and only if the parity of the 

dimension of U1 A U2 coincides with the parity of ~, since in this case, one subspace can be transformed 

in the other by an even number of reflections. In the present case, the transformation gl defined in the 

proof of Proposition 1' does not lie in fl+ (V) but stabilizes U and has a determinant equaJ to 1. Hence 

[SO+(V): P~] = [f~+(V) : P2(f~+(V))[. Moreover, the stabilizer /52 = P2(fl+(V)) is equal to a semidirect 

product of M and L, where L -- SLt(q). (q - 1)/2. 

If q is even, we have GO+(V) = SO+(V). Then P2 = P2(GO+(V)) <_ fl+(V) since an element ¢ @ 

of L stabilizes a snbspace of dimension 2d, if [¢] = diag ( a l , . - . ,  a t )  and d is the number of units in [¢], 

and a subspace of dimension 2t - 2 if [¢] is a transvection. Hence, ~ = .P2(~+(V)) = P~, and under the 

action of f t+(V),  the set of isotropic snbspaces of dimension t splits into two orbits. The condition for two 

subspaces to belong to one orbit is similar to the corresponding condition for odd q. The results obtained 

are summed up as follows. 

P r o p o s i t i o n  2. In the group fl+(q), m = 2t, the stabilizer of a ~-dimensional subspace isotroplc with 

respect to a nondegenerate quadratic form F has the form pdt-1)~/~. (SLz(q). (q - 1)/2) if q = p~ where p 

is an odd prime, and the form 24t-1)~/~. GLt(q) if q = 2'. The index of this stabilizer is equal to i~(V)/2 

in both cases. 
eq~--] qa÷l __ In the above notation, let m = 8. Then i4(V) = (q3 + 1)(q ~ t 1)(q ÷ 1)(q ° q- 1) = 2- q-1  

2. [GO+(V): P~I. Therefore, [fl+(V) : Pi] = Ifl+(V) : P~]. We shall find the other invadants for the 

representation of f l+(V) w.r.t. ]5. Note that 1~ acts transitively on each of the sets Au and r u ,  where 

Ary -- {X[X is an isotropic subspace, dim (X) = 4, and X n Y = 0} and Dry -= ~YIY is an botropic 

subspace, dim (Y) = 4, and Y A U = 2}. It is obvious that the stabilizer D3 of a subspace X E A~r 

in ]~ is equal to L, where L = L if q is even. Hence IAry I = qS. The stabilizer D~ of a subspace Y 

from r t r  is equal to the semidirect product of M0 and L0, where M0 is an elementary Abelian group o~ 

order qS, and L0 : p4 , .  (SLy(q). (q - 1)/2 x GL2(q)) for q : p ' ,  with p an odd prime; for. even q : 2 ~, 

Lo = Lo = 2 ~'' (GL2(q) × GL~.(q)). In both cases Irryl  = IP : = q (q3  _ + 1 ) / ( q  - i ) .   lemen* ry 
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calculations show tha t  In+(V)  : t)2[ = 1 + l ay ]  + IFvl. Therefore, the rank of this representation is equal 

to 3, and we obtain the following: 

P r o p o s i t i o n  2 I. If  a permutat ion representation of fl+(q) on the set of four-dimensional subspaces 

isotropic w.r.t, a nondegenerate quadratic form F is such that  all of the subspaces consti tute one orbit, 

then its rank is equal to 3. 

If  n is a degree and n2, n3 are nontrivial subdegrees of the representation, then 

n = (q4 _ 1)(q3 + 1)/(q - 1), 

n2 = q(q3 _ 1)(q2 + l ) / (q  - 1), 

r~ 3 = q6. 

If  H is a point stabilizer and D2, D3 are two-point stabilizers in this representation, then, for q = 2*, we 

have 

H = 2 • a L 4 ( q ) ,  

D2 = 2 5 ' .  (2 4 ' .  (GL2(q) x GL2(q))), 

D3 = GL4(q); 
for q = p ' ,  where p is an odd prime, 

H = p~'. (SL4(q)" (q - 1)/2), 

D2 = p5S. (p4S. (GL2(q) × (SL~.(q). (q - 1)/2))), 

D3 = SL4(q)" (q - 1)/2. 

Slightly modifying the argument  used in the proof of the last three propositions, we can prove the 

following auxiliary result. 

L E M M A  4. For every d such that  V contains an isotropic subspace of dimension d, t h e  group De(V) 

acts transitively on the set of all such subspaces, except for the case where dim (V) = m -- 2t, V is of type 

+, and d = *. In this exceptional case, the set splits into two orbits of the same length, and two subspaces 

of dimension t will be in the same orbit iff the pari ty of the dimension of their intersection coincides with 

the par i ty  of t. 

P r o o f .  By Wi t t ' s  lemma, GOe(V) acts transitively on the set of all isotropic subspaces of a fixed 

dimension. Furthermore,  we have already proved the lemma for d = 1 and the exceptional case (see 

Propositions I t and 2.) Consider the other cases. 

Let U be an isotropic subspaee of dimension d in a space V of dimension m. For t t  < GL(V), we denote 

by tt(U) the stabilizer of U in H.  If d < t - 2 whenever m = 2t and V is a space of type - and if d _< t - 1 in 

other cases, then in the orthogonal complement U -L to U there exist two vectors u and v such that  u, v ~ U, 

F(u) = F(v) = 0, and (u, v) = 1. Complete the set {u, v} to a standard basis for V. Note tha t  if q = 2 s 

and m = 2t + 1, then the group GO(V) coincides with fl(V), and there is nothing to prove. Let q = 2 '  and 

m = 2t. Then the reflection generated by u + v fixes a subspace of dimension 2t - 1 and stabilizes U. Hence, 

the stabilizer of GOe(V) is not contained in W(V) .  Thus, ]fl*(Y): fie(U)] = ]GOe(Y): GOe(U)I = Q(V). 
If  q is odd, then the same reflection has determinant - 1  and lies in GOe(U). The product  of this 

reflection and the reflection generated by u + av,  where 0 # a ~ (k*) 2, lies in the intersection of GOe(U) 
and SOe(V) but  does not lie in fV(V), since the spinor norm of this product equals a .  (k*) 2. Thus,  

l e e ( v ) :  n ' ( v ) )  = I so ' (v ) :  s o ' ( v ) l  = ICOe(V): aoe (v ) l  = 

Now let m = 2t + 1 and d = t. In view of the above, we can assume that  q is odd. The t ransformation 

that  takes the vector a of a standard basis to - a  and fixes all other elements of the basis stabilizes U and 

does not belong to .flOe(V). Let u E U and let v be a vector in V such that  (u,v) = 1. The product  of two 
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reflections generated by u + v and u + av,  a 6 k*\(k*)  2, stabilizes U, lies in SOe(V) and does hog he in 

fie(V). Thus, the conclusion of the lemma is true in this case. 

It  remains to consider the case where m = 2~, d = g - 1, and V .is of type - .  For even q, we have 

GO-(V) = SO-(V).  Furthermore, there exist an element ~ in k such that  F (ab )  = F(a) = 1, where a 

and b are elements of the s tandard basis. This follows from the equality k* (k*)2 which holds if q is even. 

The transformation that  transposes a and c~b and fixes all other elements of the s tandard basis does not lie 

in t2* (V) and stabilizes U, because U n (a, b) = 0. Thus, 

Ioo'(v): c o e ( v ) l  = tn'(v): n*(v)i. 

I f  q is odd, then the reflection generated by a lies in GO~(U) but does not lie in SO~(V). A transfor~ 

mutton tha t  lies in SO~(U) but does not lie in fie(V) can be defined as in the previous case. The lemma is 

proved. 

Let the order of k be q = p ' ,  where p is an odd prime, and let C be an anisotropic subsp~ce of V. 

Then V = C + W, where W -- C ±. Therefore, if P = P(GOe(V)) is the stabi~zer of C in GOe(V), and 

E P,  then ~0 = ¢ S T ,  where ¢ E GOex(C) and 7? G GOeu(W). It  follows that  P ~_ GO~(q) × GO~_,~(q), 

Here, d = d i m ( C )  and el, e2 depend on the choice of C. An essential case is one where C = kc is a 

one-dimensional subspace spanned by an anisotropic vector c. Using the fact that  GOl(q) -- {1, - 1 } ,  * n ~ao g 

with some elementary calculations, we obtain the following: 

P r o p o s i t i o n  3. In the group GO~(q) with q odd, the stabilizer of a one-dimensional subspaee C 
e I 

anisotropic with respect to a nondegenerate quadratic form F has the form GOm_l(q) x 2~ where ~ is 

empty, if m = 2t, and equals +1 or - 1  if C is a plus point or a minus point, respectively, and m = 2t + 1. 

If n is the index of the stabilizer in GO*re(q), then n = qt-X(qt _ e)/2 for m = 2t and n = qt(q~ + d)/2 for 

m = 2 / + l .  

Since q is odd, [GOe(V) : SO*(V)[ = 2. The reflection re generated by c stabilizes C and does not 

belong to SO~'(V). Hence, IP(GO~(V)): P(SOe(V))J 2, and so P(SOe(V)) ~_ " d = ~0~.1(q).2, The product  

g = r a .  rff, where r d and ra are the reflections generated by d = u + v and d = u + av, a E k*k(k*) 2, for 

u, v e W, F(u) = f (v)  = O, and (u,v) = 1, is contained in P(SOe(V)) but not in ~2e(V), The stabilizer 

P( f le (V))  of C in fl~(Y) is isomorphic to f l~ (q) .  2. Thus, we arrive at the following analog of Proposition 
3 for the group fie (V). 

P r o p o s i t i o n  3 t. In the group f l~(q) with q odd, the stabilizer of a one-dimensional subspace C 
t 

anisotropic with respect to a nondegenerate quadratic form F has the form ~ ,~- l (q )  "2, where d is empty~ 

i f m  = 2t, and equals +1 or - 1  i f m  = 2 t +  1 and C is a plus point or a minus point, respectively. The index 

of the stabilizer in f l~(q)  is equal to the index of the stabilizer of C in GO~(q), indicated in Proposit ion 3o 

Consider the group GO,n(3), rn = 2t + 1. We assume that  F(a) = 1, where a is a vector of the standard= 

basis. I t  is obviously a plus point and the subspace C = kc, where c = ul - vx, is a minus point. Denote 

by i°3 = P3(GO,r,(3)) the stabilizer of C in GOre(3). By Proposition 3, we have P3 = G O , ( W ) .  2, where 

W - C  ±. 

Set A c  = {X = kz l ( c , z  ) - 0, F ( z )  = -1} ,  re = {r = kylY ¢ C, (c,y) :/= O, F(y) = -1}o Since, by 

Wit t ' s  lemma,  GO(V) acts transitively on the set of minus points, P3 acts transitively both  on A c  and r e :  

Let z = a c +  w, where a G k, w G W, and X = kz  e Ac .  Then (c,~) = 2~xf(c) + (c,w) = 0, Since 

(c,w) = 0, we have a = 0 and z = w. Furthermore, f (w)  = f ( z )  : F(c) : - 1 .  Therefore, the stabillze~ 

D2 of X in P3 is isomorphic to the direct product of a group of order 2 and the stabilizer of an anisotropic 

point X = kw of W. By Proposition 3, D2 -~ (GOre_2(3) x 2) x 2 and n2 : [Ac[ = 3 ' -x (3  ~ + 1)/2. 
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Similarly, let y = a c + w ,  a E k, w E W, and Y = ky E F c .  The coefficient a is nonzero since (c,y) ~ O. 

Hence, F(c) : F(y)  = a2F(c) + f ( w )  and, therefore, f ( w )  = O. Thus, the stabilizer 93  of Y in P3 is 

isomorphic to the direct product  of a group of order 2 and the stabilizer of an anisotropic point w of W in 

G O - ( W ) .  By Proposition 1, 03  ~ (3 m-3" (GO~,,_3(3) x 2)) x 2 and n3 -- Irol = 2(3' + 1)(3 '-1 - 1)/2 = 

(3' + 1)(3 ' -1  - 1). Therefore, IVO,~(3)" P3t = 1 + Ircl  + IAcl.  

Since m >_ 7, the arguments used in proving Propositions 1' and 3' are valid for D2(~2m(3)) and 

D3(~2,,(3)), whose indices in/~3 = P3(O(V)) are equal to n2 and n3, respectively. Moreover, D2(flm(3)) - 

(n,n_2(3) .  2) .  2 and D3(fl,n(3)) -~ (3 m-3-  ( ~ _ 3 ( 3 )  x 2)).  2. 

P r o p o s i t i o n  4. The rank of the permutation representation of ~,n(3), m : 2t + 1, on the set of minus 

points with respect to a nondegenerate quadratic form F is equal to 3. If n is a degree and n2, n3 are 

nontrivial subdegrees of the representation, then 

n = 3 ' ( 3 ' - -  1)/2, 

n~. : 3~-1(3 ~ + 1)/2, 

~3 = (3' + 1)(3 ' -1  - 1). 

If H is a point stabilizer and D2, D3 are two-point stabilizers in this representation, then 

H = ~: ,_1(3)"  2, 

D~ = ( ~ _ 2 ( 3 ) .  2 ) .  2, 

D~ : (3 ~'-3 • (~ ; ,_3(3)  × 2) ) .  2. 
Now let m = 2t and consider the group GO+(3).  The subspace C = kc, where c = u l - v l ,  is anisotropic. 

Denote by P4 : P4(GO+(V)) the stabilizer of C in GO+(V). By Proposition 3, P4 - GO(W) × 2 where 

W :- C ±. Choose the vectors u~, v2 , . . . ,  uti v,, ~, where ~ -- ul + vl, as a standard basis for W. 

By Witt ' s  lemma, GO + (V) acts transitively on the set of one-dimensional anisotropic subspaces X = kz  

such that  F(~)  = F(c) = - 1 .  Therefore, P4 acts transitively on the sets A c  and r c ,  defined by the following 

equalities: 

Av  -- {X = k~l(c, x) - O, F(z)  -- -1} ,  

r c  : {Y  - ky lY  ¢ C, (c,y) ¢ 0, F(y) -- -1} .  

As in the proof of Proposition 4, we can show that i f~ = c~c+w, v~ G k, w E W, and X = kz  ~ A c ,  then 

z : w and F(w) = F(c) = - 1 .  Since C -- k~ is a plus point for the restriction of F to W, and F(~) -- 1, it 

follows that  X = kw is a minus point. Therefore, D2 -~ (GO~_2(3) × 2) × 2, n2 : IAcl : 3~-1(3t-1 - 1)/2. 

Arguing as in the proof of Proposition 4, we conclude that the stabilizer D3 of Y --- ky  in P4 is isomorphic 

to the direct product of a group of order 2 and the stabilizer of an isotropic point w from W in GO(W),  

i.e., 93  ~ (3  m - 3 "  (GO,,~_3(3) × 2)) × 2, n 3 : [I~cI = 3 2 t - 2  - 1. Hence, [GO+(3): P41 : 1 ÷ I re[  + IAc[. 

Using Propositions 1' and 3', we obtain the following: 

P r o p o s i t i o n  5. The rank of the permutation representation of the group G+(3),  m = 2t, on the set of 

one-dimensional anisotropic subspaces spanned by vectors with equal values of a nondegenerate quadratic 

form F is equal to 3. 

If n is a degree and n2, n3 are nontrivial subdegrees of the representation, then 

n : 3 ' -1(3  ̀  - 1)/2, 

n2 : 3 ' -1(3 ' - I  - 1)/2, 

n3 : 3 2 ` - 2  - -  1 .  

If H is a point stabilizer and D2, D3 are two-point stabilizers in this representation, then 

H : ~,~_~(3).  2, 

D2 = ( n ~ _ 2 ( 3 ) .  2) .  2, 
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D3 : (3 ~ - 3 .  ( n ~ _ ~ ( 3 )  × 2. 

We turn to the case where q = 2 s. Recall that  we can assume m : 2~. 

L E M M A  5. The index of the stabilizer of a one-dimensional anisotropic subspace in ~ ( q ) ,  where 

q : 2 '  and m = 2*, is equal to qt - l (q ,  _ e). 

P r o o f .  In a field of characteristic 2 we have (k*) 2 = k*. Therefore, by Wit t ' s  | emma,  G O ~ ( q )  ~cts 

transitively on the set of all anisotropic subspaces. Thus, if C is a one-dimensional anisotropic subspace 

spanned by a vector c and P is its stabilizer in GO~,(q), then I G O r ( q ) :  PI - tcG°~(q) i  = (q2, _ 1) / (q - 

1) - (q, _ ~)(q*-I + e) / (q  - 1) : q , - l (q t  _ ~). Denote by I 5 the stabilizer of C in f ~ ( q ) .  The  reflection r~ 

does not belong to ~ ( q )  but belongs to P. Hence, ] f~ (q ) :  P] : IGOr(q ) :  PI : q,-l(q~ _ ~). The lemma 

is proved. 

Now we consider GO+(2)  in more detail. Denote by c the sum of vectors ul and Vl from a s tandard 

basis. Then C : kc is a one-dimensional anisotropic subspace of V. The group P~ = P ~ ( G O + ( V ) )  is its 

stabilizer in G O + ( V ) .  Let c, u2, v2 , . . . ,  ut, v,, u be a new basis for V. Here u = ul.  Let W be the subspace 

spanned by u 2 , v 2 , . . . ,  ut, yr. Then C ± = C + W. The equalities O : ((~c + w), c) : ( (ac  + ~e)~o, c~o) : 

((~ + w)~, , ) ,  where ~ ~ k, w e W, and ~ e P~, show that ( ~  + ~ )~  ¢ C ±. On ~h~ other h~n~, 

C = ker f ] c "  : (C±)  ± ~ C±.  Thus, P~ coincides with the stabilizer of C ± and, therefore, contains 

subgroup isomorphic to GOre_l(2).  

Now consider the action on u of ~o from P~. We have u~o = fl(~o)u + a(~o)c + w(~o). Since (c, "u) = 1, 

/3 = 1. We show that  w(9) is uniquely determined by the restriction of 9 to C ±. Choose ~ox, ~v2 @ P~ such 

that  ~Ox]c~- = ~O2]c- = ~b. For every w ~ W, there exist a vector w0 ~ W and a scalar 7 ~ k such tha~ 

(7c + wo)¢ = w. Therefore, 7 -- (7 c + Wo, u) = ((7c + Wo)Wl, u~ol) = (w, u + a(~ol)c + w(~ox)) = (w, w(~ol) ). 

Similarly, 7 - (w, w(92)). Summing the two equalities, we obtain 0 = (w, w(~ l )  + w(~v2)). Since w is 

arbitrary, w(~ox) + w(92) ~ ker f I w  = 0. Hence, w(9~) = w(92). Since 0 = F(u)  = F (u~)  = F (w(~ ) )  + 

~r2(~o) + ~x(f) = F( to(9))  , o~(~o) does not depend on 9]c  ± and can assume any value from k. If WIck- = ~, 

then, in the basis chosen, the matr ix  ~o has the form [¢] , where ¢ ~ G O ( C ± ) .  Since all 

~(¢) 
of [¢] are equal to 0, the reflection rc, whose matr ix  in this elements (except the first one) in the first row 

basis is equal to 
1 

0 

0 

0 

1 0 . . .  0 

"1 

0 

1 

commutes with all elements of Ps. Therefore, it generates a normal subgroup of order 2, with the factor 

group isomorphic to GO,n_1(2). On the other hand, by Lemma 5, P~ contains a normal  subgroup ~P5 = 

P~(t2+(2)) of index 2, which does not contain r o  Thus, P5 = (re) × P5 = 2 × GO,~-1(2),  and the stabilizer 

P5 of C in n + ( 2 )  is isomorphic to GO,n- l (2) .  

The group P5 acts transitively on the sets A c  = { X  : k z l F ( ~  ) = I, (z,c) : Q, X ~ C}  and 

r c  = ( Y  : k v l F ( v )  = 1, (v ,c)  = 1). 

Let z = / ~ u  + otc + w, ct,/3 E k, w E W, and X = kz  E &c .  Since (z, c) = 0, it follows tha~ ~ = 9 and 
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z = c~c + w. Therefore, AC coincides with the set of all one-dimensional anisotropic subspaces of C ±. 

Consider the factor space C±/ke r  (flc~_). Each element of this factor space is a coset C + w consisting 

of two vectors c + w and w of the space C ±. If F(w) = 1, then F(c + w) = 0, and vice versa. Thus, with 

each nonzero vector of C2-/C we can naturally associate the unique anisotropic vector in C'I-\C. On the 

other hand, there exists an isomorphism i: GO(C ±) ---, Sp (C±/C). In the group GO(C'L), the stabilizer 

of an anisotropic subspace distinct from C coincides, therefore, with the preimage of the stabilizer of a 

one-dimensional subspace in Sp (C±/C). Moreover, rc also stabilizes X E Ac .  The group D2 is isomorphic 

to (2 "~-3. GOre_3(2)) x 2 and D2(fl+(2)) is isomorphic to 2 ° - 3 .  G0,,~_3(2). 
Choose a vector y such that Y = ky E F c .  Denote by U the subspace spanned by c and y. Since 

(c, y) = 1, we have V - U + U ±. Obviously, U is a subspace of type - ;  hence, U 2- is also of type - .  If D3 

is the stabilizer of c and y in GO+(V), then D3 acts trivially on U. Hence, D3 ----- GO-(U ±) = GO~n_2(2 ). 

Now we will find D3(fl+(V)). By assumption, m _> 7 and, therefore, U 2- contains isotropic vectors u0 

and v0 such that  (u0, v0) = 1. The reflection generated by the vector u0 + v0 lies in D3 but does not lie 

in ~2~_2(2 ). Hence, Da(f~+(V)) = f~-(U -t) = tim_2(2). In order to prove the next result, we need only 

observe that  [GO+(2):  Ps i - -  ]D+(2): P s i -  1 + Irol  + IZ~ol. 

P r o p o s i t i o n  6. The rank of the permutation representation of f]+(2), m = 2t, on the set of one- 

dimensional subspaces anisotropic with respect to a nondegenerate quadratic form F is equal to 3. 

If n is a degree and n2, n3 are nontrivial subdegrees of the representation, then 
n = 2t-1(2 t - 1), 

n2 = 22t-2 - 1, 

n3 = 2t-1(2 ~-1 - 1). 

If H is a point stabilizer and D2, D3 are two-point stabilizers in this representation, then 

H = n, ,_1(2) ,  

D 2 = 2 m-3 . rim_3(2), 

D3 = f ~ , _ 2 ( 2 ) .  

P r o p o s i t i o n  7. Let m > 7 and let m be even if q = 2',  s _> 1. Let ~r be a nontrivial permutat ion 

representation of minimal degree for G = f ~ ( q ) .  Then, for m = 8, ¢ = +, and q > 3, ~" is similar to the 

representation of G on the cosets of/~1 or P2; for odd m and q = 3, 7r is similar to the representation on 

the cosets of P3, and for even m, ¢ = +, and q = 3, to the representation on the cosets of P4; ~r is similar 

to the representation on the cosets of P5 if m is even, ¢ +, q = 2, and to the representation on the cosets 

of P1 in the remaining cases. 

P r o o f .  Let H be the proper subgroup of least index in G. It was proved in [5] that H is reducible. 

If W is a minimal H-invariant subspace, then H = Gw. Let dim (W) = d. Since W is minimal, only the 

following cases are possible: (a) ker ( f lw)  = ker (FIw)  = W; (b) ker ( f lw)  = 0 and ker (F[w) = W; (c) 

ker (f[w) = ker (F[w)  = 0. We consider them separately. 

(a) Here W is isotropic. By Lemma 4, [G: HI = id(V), except for the case where m = 2t, z = +,  and 

d = t, for which we have [G: HI = it(V)/2. Elementary calculations show that  for d > 2, the inequalities 

IG: H[ > id(V)/2 >_ il(V) = [G: Pll hold. The equality is realized only if m = 8 ;¢  = +, and d = 4, in 

which case tG: H t = [G:/~1[ = [G: P21 and H is a conjugate of P2. 

I f d  = 1, then H is a conjugate of P1. Since for odd m and q = 3 we have IG: Pit > [G: P31, it follows 

that  IG: H[ > [G: Pal. Similarly, [G: HI > IG: P4[ and [G: HI > [G: Psi for suitable m, z, and q. Case (a) 

is completed. 
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(b) Obviously, this s i tuat ion is possible only if q = 2 ' .  Hence we can assume tha t  m = 2L Let u and 

v be two linearly independent  vectors in W ,  F ( u )  : ct, F ( v )  : / 3 .  Since (k*) 2 : k*, there  exists )~ ~ k* 

such tha t  ~2 = a f t -1 .  Therefore,  F ( u  + )~v) = a + a ~  -1 •/3 = 2a  = 0, which contradicts  the assumption 

tha t  ker ( F ] w )  = 0. Thus,  the dimension of W is equal to 1. By Lemma 5, IG : H i = q , - l ( q~  _ ¢) > 

(at _ , ) ( q t - l + c ) / ( q _  1) = IG: Pll ,  except for the case where ¢ = +1 and q = 2, for which jG: Hi  = IG: ~ i  

and H is a conjugate  of G in Ps. 

(c) Here V = W + W -L, and so H < G O a l ( W )  x G O * ~ ( W I ) .  Elementary  calculations show tha t  if 

d > 2, we have ]G: HI > IG:/531 for q : 3 and m odd; ]G: H[ > ]G: P4] for m : 2L z : +,  and q : 3; 

IG: H I > [G: Psi for m even, ¢ = + ,  q = 2; and IG: HI > [G: Pll  in the other  cases. 

Let d = 1, then q is odd. If m = 2t and V is a space of type ~, then, by Proposi t ion 3', IG:  Hi  = 

q t - l ( q t  _ e) > (a t - ¢)(q t - 1  + ¢ ) / (q  - 1) : ]G:/511" T h i s  inequality is violated only if q : 3, ¢ : +1,  where 

H is a conjugate  of/54, and IG: H I = [G:/541 > I G:/511. I f m  : 2t + 1 and W is a point  of type  ¢, ~hen, by 

Proposi t ion 3', IG: H I = qt(qt  + ~ ) / 2  > ( q 2 t  1 ) / ( q - 1 )  = G: Pxl, except for the case where q = 3, ¢ = - 1 .  

In this last case H is a conjugate  of P3, and IG: HI = G: P31 > IG: P~l. The  proposi t ion is proved. 

Every maximal  subgroup of the group ~2~(q) contains its center, which is of order  2 and is generated 

by - E ,  if m = 2t and ((qt _ ¢), 4) -- 4, and is trivial in other  cases. Therefore ,  Proposi t ion 7, together  

with informat ion about  pe rmuta t ion  representat ions of ~ (q) on the cosets of P~, i = 1 . . . . .  5, implies the 

following: 

T H E O R E M .  For the simple non-Abelian groups G = O ~ ( q ) ,  m > 7, where m is even for q = 2~ the 

parameters  n, n2, n3, H ,  D~, and D3 of minimal permuta t ion  representat ions are contained in the following 

list: 

in the case where m = 8, ¢ = +,  and q > 3, we have 

n ----- (q4 _ 1)(q3 -4- 1)/(q -- 1), n2 = q(q3 _ 1)(q2 + 1)/(q -- 1), rt 3 -~ q¢; 

for (q3 _ 1,4) = 4, q = pS, where p is an odd prime, 

H = × (q - 1 ) / 4 ) .  2) ,  

D2 = pS , .  ( (p4 , .  ( ( f t+(q)  x (q - 1 ) /2 ) .  2) × (q - 1 ) /4 ) .  2), 

D3 = ( t l + ( q )  x (q - 1 ) / 4 ) .  2 

o r  

H = p S , .  ( S L 4 ( q ) .  (q - 1)/4) ,  

D2 = pS, .  (p4 , .  (GL2(q )  x ( S L 2 ( q )  . (q - 1)/4))) ,  

1:)3 = S L 4 ( q )  " (q -- 1)/4; 

for (qa _ 1,4) = 2, q = p*, where p is an odd prime, 

H ---- p6 , .  ((f~+(q) × (q _ 1 ) / 2 ) - 2 ) ,  

D2 = p S ' '  ((p4S. (n+(q)  × ( q _  1 ) / 2 ) .  2) × ( q -  1 ) / 2 ) . 2 ) ,  

n a  = (f~+ (q) × (q - 1 ) /2 ) .  2 

o r  

H = p 6 , .  ( S L 4 ( q ) .  (q - 1)/2) ,  

D2 = p S , .  (p4S.  (GL2(q )  x (SL2(q) -  (q - 1)/2))) ,  

= s L y ( q ) .  (q  - 1) /2 ;  

for q = 2 s, s ~ 2, 

H - -  2 s*. (a +(q) x ( q -  1)), 
D2 = 2 5,-  ((2 4*. (f~+(q) × ( q -  1)) × ( q -  1))), 

D 3 = f l  +(q)  x ( q - - l )  
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o r  

H - 2 6' • GL4(q), 

D2 = 2 ~ ' .  ( 2 " .  (GL2(q) × GL2(q))),  

D3 = G L 4 ( q ) ;  

in the  case where  rn = 2~, ~ = + ,  and  q - 2, 

n = 2 t - 1 ( 2  t - 1), n2 = 2 2t-~ - 1, n3 = 2 t -1 (2  t - 1  - i ) ,  

tx = n , . _1 (2 ) ,  

D2 = 2 m - a "  ~ m - a ( 2 ) ,  

D3 = n~_2 (2 ) ;  
in the  case where  m = 24 + 1 a n d  q = 3, 

n = 3t(3 t -- 1 ) /2 ,  n2 : 3 t - 1 ( 3  t + 1) /2 ,  n3 : (3 t + 1)(3 t -1  - 1), 

11 : n ; . _ 1 ( 3 ) .  2, 

D2 = ( [2m-Z(3)"  2 ) .  2, 

D3 = (3 ~ - 3 .  ( n ~ _ ~ ( 3 )  × 2) ) .  2; 

in the  case where  m = 2t, ¢ = + ,  and  q - 3, 

n = 3 t - 1 ( 3  t - 1 ) /2 ,  n2 --= 3 t -1 (3  t - 1  - 1) /2 ,  n3 = 3 2t-2 - 1; 

for  t odd ,  

1 1 =  f~m_l(3)  • 2, 

D2 = (n7 ._2(3) -  2 ) .  2, 
D3 = (3 "~-3" ( f~m-3(3)  × 2 ) ) .  2; 

for ~ even,  

11 = r im_l(3) ,  

3 2  = f ~ _ 2 ( 3 ) "  2, 

D3 = 3 r n - 3 .  ( r i m - 3 ( 3 )  x 2); 

in the  case where  ra  = 2t + 1, q = p '  # 3, a n d  p is an  odd  prime,  

n = (q2t _ 1) / (q  -- 1), n2 = (q2 t -1  _ q ) / ( q  _ 1), n3 = q 2 t - 1  

I t  = p , ( m - 2 )  . ( ( f ~ m - z ( q )  x (q - 1) /2 ) "  2), 

D2 = p , ( ,~ -3 ) ( ( ( p , ( , ~ - 4 ) .  ( ( n , n - 4 ( q )  × (q - 1 ) / 2 ) .  2)) x (q - 1 ) / 2 ) .  2), 

D~ = ( n , . _ ~ ( q )  × (q - 1 ) / 2 ) .  2; 

in the  case where  m =- 2t, q = 2 s, s > 2, and  the  pair  (m ,~ )  is d is t inct  f rom ( 8 , + ) ,  
n : (qt  _ ¢ ) ( q t - 1  + e ) / ( q  -- 1), n 2 : (qt _ ¢ q ) ( q t - 2  + ¢ ) / ( q  _ 1), na = q2t -2 ,  

H -- 2 , (m-2)  • ( n m _ 2 ( q )  × (q - 1)), 

D2 = 2 ' ( m - 3 )  • ((2 s(m-4) • (n~n_4(q) x (q - 1)) x (q - 1)), 

D3 = n ~ _ 2 ( q )  × (q - I); 
in the  case where  rn = 2t, q -- p ' ,  p is an  o d d  prime,  the  pair  (m, ¢) is d is t inc t  f r o m  (8, + ) ,  a n d  (q, ¢) is 

d i s t inc t  f r o m  (3, + ) ,  

n = (a t - ¢ ) ( q t - 1  + ¢ ) / ( q  _ 1), n 2 = (qt  _ c q ) ( q t - 2  + ¢ ) / ( q  _ 1), n3 = qZt-2;  

for ((q' - , ) ,  4) = 2, 

11 = p , ( m - 2 ) .  ( ( n ~ _ 2 ( q )  × (q - 1 ) / 2 ) .  2), 

D2 = pS(m-3 ) .  ( ( ( p s ( m - 4 ) .  ( ( f ~ - 4 ( q )  x (q - 1 ) / 2 ) .  2) × (q - 1 ) / 2 ) ) .  2, 

/93 = ( t~k_2(q)  x (q - 1 ) / 2 ) .  2; 
for (qt  _ e, 4) = 4 a n d  ( q t - 1  _ ¢, 4) = 2, 

11 = p , ( ,~ -2 ) .  ( n L _ 2 ( q )  x (a - 1 ) /2) ,  
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D2 = pS(,n-3). ((pS(,n-4). ((n~n_4(q) x (q - 1)/2)-2) x (q - 1)/2), 

D3 = n ~ , _ 2 ( q )  × (q - 1) /2 ;  

for (q'  - , ,  4) = 4 a n d  ( q , - 1  _ , ,  4)  = 4, 

H = ps(m-2). ((t2~t_2(q) x (q - 1)/4)" 2), 

D2 = p , ( , , , - 3 ) .  ( ( (p , ( , , , -4 ) .  ( ( ~ , - 4 ( q )  x (q - 1 ) / 2 ) - 2 )  x (q - 1 ) / 4 ) .  2),  

D3 = ( f~-2(q)  x (q - 1)/4).  2. 

In every case, the rank of the minimal permutation representation of G is equal to 3. 

In conclusion, we note that the degrees of minimal permutation representations of classical (including 

orthogonal) groups were obtained by Cooperstein in [5]. His paper, however, contained some inaccuracies. 

A refined list of minimal degrees appeared in [2, p. 175]. In that fist, however~ the minimal degree of the 

group O+(3), where m is an even number greater than 6, was indicated incorrectly, which is confirmed by 

the results of the present investigation. 
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