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ABSTRACT. Finite groups are said to be isospectral if they have the same sets of element
orders. The present paper is the final step in the proof of the following conjecture due
to V.D. Mazurov: for every finite nonabelian simple group L, apart from a finite number
of sporadic, alternating and exceptional groups and apart from several series of classical
groups of small dimensions, if a finite group G is isospectral to L then G is an almost simple
group with socle isomorphic to L. Namely, we prove that a nonabelian composition factor
of a finite group isospectral to a finite simple symplectic or orthogonal group L of dimension
at least 10, is either isomorphic to L or not a group of Lie type in the same characteristic
as L.
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1. INTRODUCTION

The spectrum w(G) of a finite group G is the set of element orders of G. Groups are
isospectral if they have the same spectra. Given a finite group G with nontrivial soluble
radical, one can construct infinitely many different finite groups isospectral to G [21,28]. On
the contrary, there is a conjecture due to Mazurov that in general the set of groups isospectral
to a finite nonabelian simple group L is finite and consists of groups closely related to L.
The precise statement of this conjecture is as follows: for every finite nonabelian simple group
L, apart from a finite number of sporadic, alternating and exceptional groups and apart from
several series of classical groups of small dimensions, if a finite group G is isospectral to L
then G is an almost simple group with socle isomorphic to L, and in particular there are
only finitely many different finite groups isospectral to L.
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The main purpose of this paper is to establish the following theorem, thereby proving
Mazurov’s conjecture (our notation for nonabelian simple groups follows [6]).

Theorem 1. Let L be one of the following nonabelian simple groups:

(1) a sporadic group other than Js;
an alternating group A,, where n # 6,10;
an exceptional group of Lie type other than 3Dy(2);

L,(q), where n > 45 or q is even;

Un(q), where n > 45 or q is even and (n,q) # (4,2),(5,2);

Son(q), O2nt1(q), where either q is odd and n > 28 or q is even and n > 20;
+
2

(q), where either q is odd and n > 31 or q is even and n > 20;
on (@), where either q is odd and n = 30 or q is even and n = 20.

(2)
(3)
(4)
(5)
(6)
(7)
8)

SO

(

Then every finite group isospectral to L is isomorphic to some group G with L < G < Aut L.
In particular, there are only finitely many pairwise nonisomorphic finite groups isospectral
to L.

Theorem 1 is undoubtedly a sum of efforts by numerous mathematicians, and a com-
prehensive list of references covering its proof consists of about hundred papers, so this list
is too long to be given here. But for every series of simple groups mentioned in Theorem 1,
we cite the work in which the proof for this series was completed, and as a rule this work
includes a survey of previous investigations. Thus, see [25] for sporadic groups, [11] for
alternating groups, [37] for exceptional groups, and [32, Theorem 1] for linear and unitary
groups. The present paper is concerned with symplectic and orthogonal groups.

By [32, Theorem 2], if L is a finite simple symplectic or orthogonal group of Items (6)—(8)
of Theorem 1 and G is a finite group with w(G) = w(L), then G has only one nonabelian
composition factor and this factor S is a symplectic or orthogonal group having the same
underlying characteristic as L. If S ~ L, then the soluble radical of G is trivial [13, The-
orem 1.1], and hence G is an almost simple group with socle isomorphic to L, as required.
If S # L, then by [36, Theorem 3] there are at most two possibilities for S (see Lemma 13
below). We eliminate these possibilities by the following theorem, and thus Theorem 1
follows.

Theorem 2. Let q be a power of a pm’me p, L one of the groups Sa,(q), where n > 2 and
(n,q) € {(2,2),(2,3)}, Osni1(q), where n >3, or O3,(q), where n > 4, and let G be aﬁmte
group with w(G) = w(L). Suppose that some nonabelmn composition factor S of G is a group
of Lie type over a field of characteristic p. If S % L, then one of the following holds:

(1) L = S4(q), where q # 3***1, and S = Ly(¢?);
(2) L =09(q), Ss(q) and S = Og (q);
(3) {L7 G} = {Og_(?)7 56(2)};
(4) {L,G}={07(3). 02(3)}.

We conclude the introduction with a discussion of what nonabelian simple groups are
genuine exceptions to the general law stated in Mazurov’s conjecture. For brevity we will
refer to a nonabelian simple group L such that every finite group isospectral to L is an almost
simple group with socle isomorphic to L, as almost recognizable by spectrum. The groups
Jo, Ag, Ajg, 2D4(2), Uy(2) =~ S4(3), and Us(2) are not almost recognizable by spectrum;
moreover, each of them is isospectral to a group with nontrivial soluble radical (see [3,21,23,
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25]). All the groups Ls(q), L3(q) and Us(q), except for Ls(9), L3(3), Us(5) and Us(p) where
p is a Mersenne prime and p? — p+ 1 is a prime too, are almost recognizable (see [3], [26,41]
and [26,42] respectively). The question is still open for L4(q) and U(q) with ¢ odd, but
the conjecture is that there are infinitely many ¢ such that L(q) is not almost recognizable
(see [43]). Thus, the exceptions of Items (1)—(3) of Theorem 1 are necessary, while the
condition n > 45 in Items (4)—(5) can probably be replaced by n > 5.

The simple group S4(q) is almost recognizable if and only if ¢ = 3" with m > 1 odd, and
moreover the case (1) of Theorem 2 is possible [22,26]. It is known that w(OF (2)) = w(Ss(2))
and w(Og (3)) = w(07(3)) and that there are no other finite groups with such spectra [20,29].
The group Ss(2) is not almost recognizable [24]. In the last section we generalize this result
to all groups Ss(q) with ¢ even showing that the case (2) of Theorem 2 is possible when ¢
is even. We suspect that it is also possible when ¢ is odd, at least for L = Og(q). Thus
all exceptions of Theorem 2 are substantial. On the other hand, we believe that all other
symplectic and orthogonal groups are almost recognizable by spectrum.

To summarize, we propose the following

Conjecture 1. Let L be one of the following groups:
(1) Ln(q), where n > 5;
(2) Un(q), where n =5 and (n,q) # (5,2);
(3) San(q), where n >3, n# 4 and (n,q) # (3,2);
(4) 02n+1( ), where q is odd, n > 3, n # 4 and (n, q) # (3,3);
(5) O3, (q), where n > 4 and (n,g,2) # (4,2,+), (4,3, +).
Then every finite group isospectral to L is isomorphic to some group G with L < G < Aut L.

In fact, to prove Conjecture 1 it is suffices to show that the only nonabelian composition
factor S of a group G isospectral to a simple classical group L under consideration is not
a group of Lie type whose underlying characteristic differs from that of L. The existing
generic proof of this assertion recently obtained in [32] requires that the dimension of L is
as large as stated in Theorem 1. It is worth also mentioning that the assertion was proved
in some special cases, in particular for many classical groups with disconnected prime graph
(see [2,7,8,14-16,19,27,34] for recent research in this area).

2. PRELIMINARIES

By (a1,as,...,a;) and [ay, as, . .., a;] we denote respectively the greatest common divisor
and least common multiple of positive integers ay,as,...,ar. If a is a positive integer and
r is a prime then 7(a) denotes the set of prime divisors of a and (a), denotes the highest
power of r that divides a.

Lemma 1 (Zsigmondy [44]). Let ¢ > 2 and n > 3 be integers with (q,n) # (2,6). There
exists a prime r such that r divides ¢" — 1 but does not divide ¢* — 1 for i < n.

With notation of Lemma 1, we call a prime r a primitive prime divisor of ¢ — 1 and
denote it by r,(q). By R.(q) we denote the set of all primitive prime divisors of ¢" — 1.
Observe that R,(q) C R,(q") if k is coprime to n, and R,.(q) C R,(¢") for all n and k.

Given a group G, we set 7(G) = 7(|G|) and define the prime graph GK(G) as follows:
its vertex set is m(G) and two different primes r and s are adjacent if and only if G has an
element of order rs. We use standard graph-theoretic terminology: a coclique of a graph is a
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set of pairwise nonadjacent vertices; a neighborhood of a vertex v of a graph is the subgraph
consisting of all vertices adjacent to v and all edges connecting two such vertices.

Lemma 2. Let L be a finite nonabelian simple group of Lie type other than L3(3), Us(3),
S4(3) ~ Uy(2) and let G be a finite group with w(G) = w(L). Then the following hold.
(1) There is a nonabelian simple group S such that S < G = G/K < Aut S, where K is
the largest normal soluble subgroup of G.
(2) If p is a coclique of size at least 3 in GK(G), then at most one prime of p divides
K] -1G/S|. _
(3) If r € m(Q) is not adjacent to 2 in GK(Q), then r is coprime to |K|-|G/S]|.

Proof. 1f there is a coclique of size 3 in GK(L), then the assertion is the main theorem
of [31] supplemented with [33] and [39, Theorem 7.1]. If there are no cocliques of size 3
in GK (L), then we have that GK (L) is disconnected by [18,38,40]. Then the Gruenberg—
Kegel theorem [40, Theorem A] implies that either (1) and (3) holds true for G, or G is
a Frobenius or 2-Frobenius group. Simple groups of Lie type that can be isospectral to a
Frobenius or 2-Frobenius group are described in [1], and these groups are precisely L3(3),

Us(3) and S4(3) >~ Uy(2). d

We say that a finite group H is a (proper) cover of a finite group G if there is a (nontrivial)
normal subgroup K of H such that H/K ~ G.

Lemma 3 ( [13, Lemma 2.3]). Let A and B be finite groups. The following are equivalent.
(1) w(H) € w(B) for any proper cover H of A;
(2) w(H) € w(B) for any split extension H = K : A, where K is a nontrivial elementary
abelian group.

Lemma 4 ( [20, Lemma 1]). Let G be a finite group, K a normal subgroup of G and G/ K
a Frobenius group with kernel N and cyclic complement C. If (|[N|,|K|) = 1 and N is not
contained in KCq(K)/K, then r|C| € w(G) for some r € w(K).

Lemma 5 ( [35, Lemma 3|). Let G be a finite group, K a normal soluble subgroup of G
and S < G/K < AutS for some nonabelian simple group S. Suppose that w(S) \ 7(K)
contains primes t and s that are not adjacent and have disjoint neighbourhoods in GK(G).
If r € m(K) is adjacent to none of t and s in GK(G) and S includes a Frobenius group with
cyclic complement C' and kernel N such that (|N|,r) = 1, then r|C| € w(G).

Lemma 6 ( [13, Lemma 2.7]). Let S be a finite simple group of Lie type over a field of
characteristic p and let S act faithfully on a vector space V' over a field of characteristic r,
where r # p. Let H =V XN S be a natural semidirect product of V by S. Suppose that s is
a power of r and some proper parabolic subgroup P of S contains an element of order s. If
the unipotent radical of P is abelian or both p and r are odd or p =2 and r is not a Fermat
prime or r =2 and p is not a Mersenne prime, then rs € w(H).

We conclude with several lemmas on spectra of symplectic and orthogonal groups. In all
these lemmas, + in [a; £ 1,...,as = 1] means that we can choose + or — for every entry
independently.

Lemma 7 ( [5, Corollaries 2 and 6]). Let L be one of the simple groups Sa,(q) and Oq,41(q),
where n > 2 and q is a power of an odd prime p. Let d = 1 if L = So,(q) or n = 2 and
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let d =2 if L = Ogpy1(q) with n > 3. Then w(L) consists of all divisors of the following

numbers:

1) (¢" £1)/2;

2)[”1:|:1 ,q" 1], where s 22, n; >0 foralll1<i<sandng+---+ns=mn;

3) p*(q "li—l)/d, where k,ny > 0 andp 1420 —2n

4) p [”1i1 . g™ £ 1], where k>0, s > 2, nl>0f07’alll i <sandpFl4+1+
2(n1 + -+ ng) =2n;

(5) p* if 2n = p*~t + 1 for some k > 0.

Lemma 8 ( [5, Corollary 3|). Let L = Ss,(q), where n > 2 and q is even. Then w(L)

consists of all divisors of the following numbers:
(1) [¢" £1,...,¢" £ 1], where s 21, n; >0 forall 1 <i<sandny+ -+ +ns=n;
(2) 2[¢™ £1,...,q" +1], where s > 1, n; >0 forall1 <1 < sandni+---+ns=n—1;
(3) 2k[gm £1,...,¢" £ 1], wherek> 2,5>1,n;>0foralll <i<sand2¥2+1+
N+ +ns=n;

(4) 2% if n =22+ 1 for some k > 2

Lemma 9. Let L = Of (q), where q is a power of a prime p. Then w(L) consists of all
divisors of the following numbers:
(1) (q - 1)/(27q - 1)27 ((]3 + 1)/<2aq - 1)7 (]2 - 17 p(q2 + 1)/(27q - 1);
()25#p—5
(4) 8 ifp=2.

Proof. The assertion follows from [5, Corollaries 3 and 9]. O

NN AN N

Lemma 10. Let L = Og(q), where q is even. Then w(L) consists of all divisors of the
following numbers: ¢* £1, (* £q+1)(¢* — 1), 2(¢* + 1)(g £ 1), 4(¢*> — 1), and 8.

Proof. The assertion follows from [5, Corollary 3]. O

Lemma 11. Let q be a power of a prime p.
(1) Let q be odd andn = 3. Let r = 19, o(q) if ¢" ' =1 (mod 4) and r = r,_1(q) if
¢""' = —1 (mod 4). Then 2pr € w(Ssy(q)) \ w(O 2n+1(Q))-
(2) If n > 4 and (n,q) # (4,2), then pro,_ 2( ) € w(O2n11(q)) \ w(O5,(q)). If n >4 is
even, then pr,1(q) € w(Oaura(g)) \ (O, (4).
Ifq >3, then (¢* — 1)/(2,q — 1)° EMOW)Hwﬁawl
If q is odd, then p(q* + 1) € w(Ss(q)) \ w(O3 (9)).
wW(O02,11(q)) C w(S2n(q)) for all n > 2.
w(Oan-1(q)) € w(03,(0)) € w(O2ns1(q)) for alln > 3.

Proof. (1) Let ¢" ' = ¢ (mod 4). Then 2pr divides p(¢"~! +¢), and in particular it belongs

w(S2,(q)) by Lemma 7. Suppose that 2pr € Qg,11(q). It follows by Lemma 7 that
2pr divides either p*(¢™ £ 1)/2 for some k > 1 and n; > 0 with p*~! + 1+ 2n; = 2n, or
pElgm £, ... g £1]forsome k > 1,5 =2, ny,...,n, > 0 with p* 141420+ - -+2n, = 2n.
In fact, by the definition of primitive divisor, it cannot divide a number of the latter form
since all ny, ..., n, are less than n—1. And if 2pr divides p* (¢ +7)/2 with p*~14+1+2n; = 2n,
then by the definition of primitive divisor we have that k =1, n; =n —1 and 7 = . But
then (¢™ + 7)/2 is odd, a contradiction.

(3
(4
(5
(6

—— — N ——
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(2) See [39, Prop. 3.1].

(3) Let a = (¢* —1)/(2,¢ — 1)%.. Lemma 9 implies that a € w(Og (¢)). By Lemmas 7
and 8, the orders of semisimple elements of Sg(q) are precisely divisors of (¢ +£1)/(2,q— 1),
(®+1)(g+1)/(2,g—1) and ¢* — 1. Tt is clear that a divides none of (¢*+1)/(2,¢—1) and
¢*> — 1. Furthermore,

(¢+1)  (¢—1)
(2>q_ 1) (27q_ 1)
Since ¢ > 2, both (¢—1)/(2,¢q—1) and (¢+1)/(2,q—1) are greater than one, and so a does
not divide (¢*> + 1)(¢ +1)/(2,q — 1) either.

(4)—(5) See Lemmas 7 and 9.

(6) It is well known that Qy, 1 < Q3 (¢) < Q2n41(q), and the assertion follows. O

a=(¢+1)-

Lemma 12. Let q be even, S = Ss(q) and L = OF(q). Suppose that V is a nontrivial
S-module over a field of characteristic 2 and H 1is a natural semidirect product of V and S

Then w(H) € w(L).

Proof. In the proof of Lemma 4.1 in [13], it was established that w(H) contains at least one
of the numbers 16, 24, and 2(¢* + ¢ + 1). By Lemma 9, none of these numbers belong to
w(L). d

3. PROOF OF THEOREM 2

As we mentioned in Introduction, the starting point for our proof of Theorem 2 is the fol-
lowing assertion.

Lemma 13 ( [30,36]). Let q be a power of a prz'me p, L one of the groups Sa,(q), where
n =2 and (n,q) € {(2,2),(2,3)}, Oamsi(q), wheren >3, or OF (q), where n > 4, and let G
be a finite group with w(G) = w(L). Suppose that some nonabelzan composition factor S of
G is a group of Lie type over a field of characteristic p. If S % L, then one of the following
holds:

(q), where q >3, and S = Ly(q¢?);
Se(q), Or(q), O (@) };

c{
} C{S59.(9), 02,41(q),05,(q)} andn >4
O05.(q), S € {S2,-2(q), 02n-1(q)}, and n > 6 is even.

Let ¢ = p™ and let L be one the groups Ss,(q), where n > 2 and (n,q) € {(2,2),(2,3)},
Oon41(q), where n > 3, or O3 (q), where n > 4. Let G be a ﬁmte group with w(G) = w(L).
By Lemma 2, we have

) L=,
) 1L, 5}
3

S < G/K < Aut S,

where K is a soluble radical of G and S is a nonabelian simple group. Suppose that S is a
group of Lie type over a field of characteristic p and S % L. Then L and S are as in the
conclusion of Lemma 13.

Let L = Sy(q), where ¢ > 3. If ¢ = 3™ and m is odd, then G ~ L by [22], contrary to
S % L. If ¢ # 3™ with m odd, then S = Ly(¢*) by Lemma 13, and this is the case (1) of the
conclusion of Theorem 2.

For the rest of the proof we assume that L # S4(q), and hence Lemma 13 implies that
S is a symplectic or orthogonal group over the field of the same order ¢. In particular,
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7(Out S) C {2,3} Un(m). Soif k > 2 and r € R,k(p), then r & w(Out S). Indeed, by
Fermat’s little theorem mk divides » — 1 and so r > 3 and r > m.

Throughout the proof we use the criterion of adjacency in prime graphs of simple groups
obtained in [38,39] and often omit the corresponding reference.

We begin with eliminating a special case where L = S5,(q) and S = Os,41(q), n > 3 and
q is odd. It follows by [13, Prop. 1.3] that K = 1 in this case, and hence S < G < Aut S.
Let 7 = ro(n—1ym(p) if ¢ ' =1 (mod 4) and r = 7(,_1)n(p) otherwise. By Lemma 11, there
is an element g of order 2pr in G\ S. By the above remark, r & 7(G/S).

Suppose that p € 7(G/S). Then G contains a field automorphism of S of order p. By
[10, Prop. 4.9.1(a)], the centralizer of this automorphism in S includes Os,11(qo), where
q = q5. Therefore pro,(qo) and plgo + 1,¢5~* £ 1] lie in w(G). If p does not divide n,
then 79,(q0) € Raon(q) and so pron(qo) € w(L) by [39, Prop. 3.1]. Let p divide n. Then
Ton—2(qo) € Ran—2(q). By the definition of primitive divisor and Lemma 7, it follows that
p(qo + 1)ran_2(qo) € w(L) if and only if go + 1 divides ¢"~! + 1, which implies that n is
even. But then gy + 1 does not divide ¢"~! — 1, and by the same reasoning we conclude that
p(qo + 1)7n—1(q0) € w(L). In any case, w(G) € w(L), a contradiction.

Thus p,r & ©(G/S), and it follows that g"" ¢ S. Therefore G \ S contains an involution
t such that pr € w(Cgs(t)). Suppose that ¢ € InndiagS. Then Inndiag S < G and since
Inndiag S ~ SOs,41(q), it follows that ¢" +1 € w(G) \ w(L), which is impossible. Therefore,
by [10, Prop. 4.9.1(d)], we have that ¢ is a field automorphism, and hence m is even. In
particular ¢ = 1 (mod 4) and r = 793,—1)m(p). By [10, Prop 4.9.1(a,b)], the centralizer Cs(t)
can be embedded into SOs,11(qo), where ¢ = g2, and so Cs(t) has no elements of order r, a
contradiction.

Now we are ready to handle the cases (2)-(4) of Lemma 13.

Case (2). Let both L and S be in {Ss(q),07(q),04 (¢)}. If ¢ = 2 or ¢ = 3, then
respectively {L, G} = {Ss(2), 04 (2)} or {L,G} = {0:(3), 04 (3)} [22,29], and these are the
cases (3) and (4) of the conclusion of Theorem 2. Hence we may assume that g > 3.

Since w(S) C w(L), it follows from Lemma 11 that S # Se(q) if ¢ is odd and S # Of (q).
The preceding discussion implies that (L, S) # (Ss(q), O7(q)). Thus L = Of (¢) and S =
O7(q). Observe that r3(q) and rg(q) have the following properties with respect to GK(L):
{r¢(q),73(q), p} is a colcique and the neighbourhoods of 3(¢) and r¢(q) are disjoint. Also by
Lemmas 7, 8 and 9, the orders of semisimple elements of L and S are precisely divisors of

(1) (" = 1/2,q-1)* (@ £1)/(2,0-1),¢ -1
and

(2> (q2+1>(qi1)/(27q_1>’(q3:tl)/(27q_1)7q2_1
respectively.

We claim that K # 1 yields w(G) € w(L). By Lemma 3 we may assume that K is an
elementary abelian r-group for some prime r and G includes a semidirect product of K and
S. Also we may assume that S acts on K faithfully. Otherwise S centralizes K, and hence
all primes of 7(S) = 7(L) = n(G) other than r are adjacent to r in GK(G), contrary to the
fact that r3(¢) and r¢(¢) have disjoint neighbourhoods in GK(L).

Let r # p. Since r3(q) divides the order of a proper parabolic subgroup of S with Levi
factor of type Ay and pri(q) € w(S), the group S includes a Frobenius subgroup whose
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kernel is a p-group and whose complement has order r3(q). Furthermore, S includes a
Frobenius subgroup with kernel of order ¢ and cyclic complement of order (¢>—1)/(2,q—1)
by [12, Lemma 5]. Applying Lemma 4, we conclude that G has elements of orders rr3(q)
and r(¢* —1)/(2,¢—1). If r(¢* —1)/(2,¢ — 1) € w(L), then keeping in mind that ¢ > 3 and
consulting (1), we see that either r divides (¢* +1)/(2,q — 1) or r = 2. In the former case
rr3(q) € w(L). Let r = 2. Then the highest power of 2 in w(L) is equal to (¢> — 1)3. Let us
consider a parabolic subgroup P of SOz(q) with Levi factor of type B,. The Levi factor of
Pis Ax B where A >~ GLy(q), B ~ SO5(q) and both A and B contain elements with spinor
norm a non-square (see [17, p. 98]). Since SO5(q) has elements of order ¢* — 1, it follows that
PNS also has elements of order ¢*—1. Furthermore, the unipotent radical of P is abelian (see,
for example, [4, Table 8.39]). Applying Lemma 6 we obtain that 2(¢*> — 1)y € w(G) \ w(L).

Now let r = p. If p = 2 then we apply Lemma 12. If p is odd then pri(q) € w(G)
by [13, Lemma 3.2], and so w(G) € w(L).

Thus K =1 and hence S < G < Aut S. Consulting (1) and (2), we see that 74,(p)(¢* —
1)/(2,q—1) lies in w(G) \w(S). Since r4y(p) € 7(G/S), it follows from (2) that at least one
of the numbers (¢+1)/(2,¢—1) and (¢—1)/(2,¢—1) belongs to w(G/S). The group Out S is
a direct product of Outdiag S of order (2,¢—1) and a cyclic group of order m. If ¢ is odd then
¢® +1 € w(Inndiag S) \ w(L), and so G N Inndiag S = S for both even and odd ¢. Therefore
the exponent of G/S divides m. However (¢ £1)/(2,q—1) = (p"™ £1)/(2,p—1) > m for
q > 3, a contradiction.

Case (3). Let n > 4 and both L and S be in {5,(¢), O2,+1(¢), O3,(¢q)}. Since w(S) C
w(L), it follows by Lemma 11 that S # Ss,(q) and (L, S) # (O2n41(q), O3,(q)). Also we
proved that (L, S) # (52,(¢), O2nt1(q)). Therefore L € {Os,,41(q), S2n(q)} and S = Oy, (q).
If n = 4, then the case (2) of the conclusion of Theorem 2 holds. So we may assume that
n > 5. Let t = 1ry,(q) and s = r9,_2(q). Both of ¢ and s exist and divide |S|. Furthermore,
t and s are not adjacent in GK(L) and their neighbourhoods in GK (L) are disjoint. In
addition, s divides the order of a parabolic subgroup of S with Levi factor of type 2D,_;
and ps € w(S). So S includes a Frobenius subgroup F' whose kernel is a p-group and whose
complement has order s.

Suppose that n is odd and let r = r,,,,(p), where ¢ = p™. Since r € w(L) \ 7(S) and
r & m(Out S), it follows that r € w(K'). Observe that {t, s, r} is a coclique in GK (L), and so
t,s € m(K) by Lemma 2. Applying Lemma 5 to r and the Frobenius group F', we conclude
that rs € w(G), a contradiction.

Suppose that n is even. Let 11 = rum_9m(p), 72 = rmiom(p) if (n,q¢) # (8,2) and
r1 = r3(2), ro = r5(2) otherwise. Then ry7ry € w(L) \ w(S) and 11,79 & 7(Out .S). Therefore
at least one of r; and ry divides |K|. Denote this number by r. If n > 6, then {t,s,r} is
a colcique in GK (L), and we derive a contradiction by applying Lemma 5 similarly to the
case of odd n.

Now let n = 6. Then 2t ¢ GK (L) by [39, Prop. 4.4], and so t € 7(S) by Lemma 2. Observe
that {r,s,r5(¢q)} is a coclique in GK (L), and hence s does not divide |K| by Lemma 2. We
claim that at least one of the products rs and pt belongs to w(G), contrary to w(G) = w(L).

Construct a normal r-series of K as follows:
l=Ry < Ki <R <..<KL<RLOULKK <R =K,

R
where Ki/Rifl = O,«/(K/Ri,1> and RZ/KZ = OT(K/KI) for 1 <1< l.
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Suppose first that K/K; # 1 and let K = G/K, and G = G/K,. Since the group
CHK)K/K is a ‘normal subgroup of G/K ~ G/K, it either includes S or is trivial. In the
former case Cz(K {) has an element of order s, and so rs € w(G). In the latter case we apply
Lemma 4 to the Frobenius group F, and again obtain rs € w(G).

Now suppose that K = K; and let R = R /K1, K= K/K; 1, and G= G/K;_1. Since
O.(K) = 1, it follows that Cz(R) < R. Furthermore, we may assume that Cz(R) < K
as above. Thus Cz(R) < R. If p does not divide |K|, then (|K|,|F|) = 1 and the Schur-
Zassenchauz theorem implies that G has a subgroup isomorphic to F. In this case we apply
Lemma 4 and derive that rs € w(G). Let p divides | K|, and let P be a Sylow p-subgroup
of K, Z = Z(P) and N = N4 (P). By Frattini argument, G/K = NK /K, and therefore N
has an element g of order s. Furthermore, since CN(Z ) is normal in N, this group either
has S as a section or is contained in K. In the former case pt € w(G). In the latter case g
does not centralize Z, and then Z = [Z, (g)] x C5(g) vields [Z, (g)] # 1. Thus [Z, (g)] ™ {g)
is a Frobenius group that acts on R faithfully, and applying Lemma 4 once again, we have
rs € w(Q).

Case (4). Finally let L = O3 (q), where n > 6 is even, and S € {S2,_2(q), O2,_1(¢)}. Let
t = r9,-2(¢) and s = 1,_1(q). Both of ¢ and s exist and divide |S|; ¢ and s are not adjacent in
GK (L) and their neighbourhoods in GK (L) are disjoint. In addition, s divides the order of
a parabolic subgroup of S with Levi factor of type A,_» and ps ¢ w(.5), therefore, S includes
a Frobenius subgroup F' whose kernel is a p-group and whose complement has order s. Let
71 = Tn-2)m(P); T2 = rmi2ym(p) if (n,q) # (8,2), and ry = r3(2), ry = r5(2) otherwise. Then
riry € w(L) \ w(S). Thus at least one of the numbers r; and ry divides |K|. Furthermore,
{ry,t,s} and {rq,t, s} are cocliques in GK(L). By Lemma 5, one of r1s and rys lies w(G),
a contradiction.

The proof of Theorem 2 is complete.

4. NEW EXAMPLES OF NON-QUASIRECOGNIZABLE SIMPLE GROUPS

A finite nonabelian simple group L is said to be quasirecognizable by spectrum if every
finite group isospectral to L has only one nonabelian composition factor and this factor
is isomorphic to L. Clearly quasirecognizability is a necessary condition for being almost
recognizable.

Recall that for even ¢, the simple group Ss,(¢) is equal to Sps,(q) and the simple group
05,,(q) is Q5,,(q), a subgroup of index 2 in GO3, (q) (see, for example, [6, p. xii]). Mazurov
and Moghaddamfar [24] noted that w(Sps(2)) = w(GOg(2)), and thereby Spg(2) is not
quasirecognizable by spectrum. We generalize this result to all even gq.

Proposition 1. Let g be even. Then w(Sps(q)) = w(GOg (q)) and in particular Sps(q) is
not quasirecognizable by spectrum.

Proof. Denote Sps(q), GOg (q), and €5 (q) by L, G, and S respectively. Since G is a sub-
group in GOy(q) ~ Sps(q), it follows that w(G) C w(L). Thus it is suffices to show that
(w(L)\ (w(S)) € w(G). It follows from Lemma 8 that w(L) consists of all divisors of
the numbers ¢* +1, (¢* £ q+1)(¢* — 1), 2(¢* £ 1), 2(¢* + 1)(¢ £ 1), 4(¢* £ 1), and 8(q + 1).
Supplementing this by Lemma 10, we see that every number of w(L) \ w(S) is a divisor of
one of the numbers 2(¢* £ 1), 4(¢> + 1), and 8(q £ 1).
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It is well known that GO,,,(¢) includes a subgroup of the form GO, (¢q) x GO,, ,.(q) for
every 1 <k <n—1and T € {+,—}. Thus G includes GO{ (q) x GO; (q), GO (¢) x GOy (q),
and GOJ (q) x GOg (q).

It can be verified by means of [9] that 4 € w(GOS(2)). Since GOJ (2) < GOJ (q) and
SLy(q*) < GOy (q), it follows that 4(¢* + 1) € w(G).

Since ¢® — e € w(GO5(q)) and GO5(q) is dihedral of order 2(¢ — €), we conclude that
2(¢> £1) € w(G). Furthermore, Sy ~ GOZ (2) < GOF(q), and hence 8(q¢ + 1) € w(G). Tt
remains to establish that GOg (¢) has an element of order 8.

The group GOg (q) is isomorphic to a split extension of SUy(q) by a graph automorphism.
We identify SU,(q) with

H={A€cSL(¢®) | AJA' =]},

where J is 4 x 4 matrix with 1's on antidiagonal and 0’s elsewhere and (a;;) = (aj;). Then

7 defined by A" = A is a graph automorphism of H. Choose t € G'F(q?) such that 7 # ¢
and let

1 ¢ 0 0
0110
B=1loo01 w
0001
It is not hard to verify that B € H and
1 00 t*+1¢%
. (o100 o
BN =1o01 o
000 1
Since ¢ + t2 = (, the order of B~ is equal to 8, and hence 8 € w(GO; (q)). O
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