. Let G be a nonempty set and let - be an algebraic binary operation on G, i. e., for every
a,b € G the element a - b is in G. Assume also that the following satements are satisfied

in G:

(a) for every a,b,c € G the equality (a-b)-c = a- (b-c) holds (this property is called
the associative law);

(b) there exists e € g such that, for every a € G, the identity a - e = a = e - a holds;
(c) for every a € G, there exists b € G such that a-b=e=10"a.

Then G is called a group. Usually, we will write ab instead of a - b and call the group
operation the multiplication. We also use symbol 1 instead of e in statement (b) and a*
instead of b in statement (c)

Given a € G prove that the maps p, : G — G and A\, : G — G defined by p, : g — ga
and )\, : g — ag are bijections.

Prove that statements (b) and (c) are equivalent to the statement
e for every a,b € G, both equations a -z = b and y - @ = b have a unique solution.

. Given x4, ...,x, € G, where G is a group, prove that x; - ... - x, does not depend on the
order of parentheses.

. A group G is said to be finite if G is a finite set. For a finite group G, prove that for every
x € G there exists a positive integer n such that 2" = xx...x = e (the minimal n with
this property is called the order of x and denoted by o(x) or |z]).

. A subset H of G is called a subgroup if

e H is closed under multiplication, i. e., hyhy € H for every hy, hy € H;

e H is a group, using the multiplication in G.

Prove that in a finite group G a subset H of GG is a subgroup if and only if H is closed
under multiplication.

. Let G, H be groups. A map ¢ : G — H is called a homomorphism, if ¢ preserves
the operation, i. e., for every z,y € G the equality (zy)p = (x¢)(yyp) holds. A bijective
homomorphism is called an isomorphism. Prove that the map ¢ : G — G acting by
¢ : x + 71 is an isomorphism if and only if G is abelian, i. e., xy = yx for all z,y € G
(this property is called the commutative law).

. There are n spies that spy upon each other, furthermore, each of them watches the only
one and is under the watch of one of them. Suppose that the first spy watches the spy
who watches the second, the second watches the spy who watches the third, and so on,
finally, the n-th spy watches the spy who watches the first one. Determine n for which
this is possible, and if so, find out who watches whom.



1. Ilycts G — HEKOTOPOE HEITYCTOE MHOYKECTBO U - — OMHApHAsT aJiredpardecKast Olepars Ha
G, T.e. mys m00bIxX a, b € G snement a-b nexut B G. [peamonoxkum, aTo B G BBITIOJTHEHBI
CJTEJIYIOIINE YTBEPIKICHUST:

(a) st mobbIX a, b, ¢ € G cupaenuBo paBencrso (a-b)-c=a- (b-c¢) (310 cBOMCTBO
HA3BIBACTCS 3AKOHOM ACCOUUAMUBHOCTIU);

(6) cymecTByeT 3JeMeHT e € g, Takoil 4To jjis Jgo6oro a € G cnpaBeJInBO PaBEHCTBO
a-e=a=e-a;

(B) syt siioboro a € G cymecrsyer b € G, Takoit 4to a-b=e=">-a.

Torna G nazwiBaercs 2pynnoti. OOLIMHO MBI Oy/1€M 3alUCHIBATL ab BMeCTO a-b 1 Ha3bIBaTDH
IPYIIIOBYIO ONEPAINI0 YMHOXKeHHeM. Kpome Toro, Mbl GyjeM HCIIOJIL30BATH CHMBOJ 1
BMeCTO e B yTeepzKenun (6) u a~! Bmecto b B yTBepKaenun (B).

Jlnsg mamrOoro a € G mokazarh, YTO oToOpaxkenus p, : G — G u A\, : G — G, onpeenén-
HbIE MIPABUJIAMU Py : § — §a U A, © § — ag SIBIAIOTCA OUEKITNSIMU.

Jokaszars, aro yreepx/acans (0) u (B) SKBUBAJICHTHBI yTBEPIK/ICHHIO

e st JIIOOBIX a, b € (G Kaxkj10e U3 ypaBHEHU a - = b u y - a = b UMeeT eIMHCTBEHHOE
pellenue.

2. nsg mamHbIX 21,...,2T, € G, tne G — rpymna, JI0Ka3aTb, 9TO JEMEHT X - ... - L, He
3aBUCUT OT PACCTAHOBKH CKOOOK.

3. ToBopsar, aro rpynmna G koweunas, ecin G SBISIETC KOHEIHBIM MHOXKeCTBOM. JIj1sT KO-
HevqHO! rpymiel G JOKa3aTh, ITO JyIst JI000ro © € G CyIIeCTBYeT HMOJI0KUTEIbHOE IeI0e
IUCIIO N, TAKOE ITO & = X ...T = e (MEUHIMAJIBHOE YHCJIO N C 9TUM YCJIOBHEM Ha3bIBa-
ercs nopadkom dJIeMeHTa T 1 0bo3HadaeTcs depes o(x) nim |z|).

4. HommuoxkecrBo H rpynmnsl G Ha3bIBAETCA n0depynnod, ecjim

e [ 3aMKHYTO OTHOCUTEJILHO YMHOXKEHUSA, T. €. hihy € H njnsa mobbix hy, hy € H;

e H spiisiercsd rpynmoil OTHOCUTENILHO yMHOXKeHus B .

JlokazaTp, 9To B KOHE4YHOU rpytie G nojgMuoxkecTBo H rpymibl GG sABJIS€TCs MOJINPY IO
TOIJIA U TOJILKO TOTJIa, KOorjia H 3aMKHYTO OTHOCUTE/ILHO YMHOYKCHUS.

5. llycre G, H — rpymmel. Otobpaxkenne ¢ : G — H Ha3bIBAeTCSI 20MOMOPPHUIMOM, €C-
JIM ¢ COXPaHSIeT OIepaluio, T. €. i JoObIX =,y € GG CIpaBeInBO PABEHCTBO (TY)p =
() (yp). BuekrupHbIil roMoMOpdU3M HA3BIBAETCA U30MOPPHusmom. okazars, 910 0TOO-
paxkernue ¢ : G — G, geficTByiomiee 110 IPABWIY @ : & +— T~ 1 gBjgeTcs 130MopdU3MOM
TOIJIa ¥ TOJIbKO TOrja, Korja rpyimna GG abenesa, T. e. xy = yx s Beex x,y € G (910
CBOWCTBO HA3BIBAETCSI 3AKOHOM KOMMYMAMUSHOCTNAUL).

6. VMMmeercs n MIIIMOHOB, KOTOPBIE MIITUOHIT JIPYT 3a JAPYTOM, IPHYEM KazK bl CJICUT TOJIHKO
3a OJTHUM M CAM HAXOJUTCS IO HAOJIIOJEHIEM JIUIIb OJHOTO n3 HuX. lIpesmnosmoxkum, aTo
IIEPBBIii IIIIIAOH CJAEJNUT 38 TeM, KTO CJIE/IUT 38 BTOPBIM, BTOPOIl CJIe/IUT 3a TeM, KTO CJICTUT
3a TPETbUM U TaK Jlajiee, HAKOHEI, N-bIil CJeIUT 3a TeM, KTO CJIEJIUT 3a nepBbiM. Haiignre
7, IPU KOTOPBIX 3TO BO3MOXKHO, W €CJIA TaK, BBIACHUTE, KTO 38 KEM CJICIIUT.



