1. Let G be a finite Abelian group. Prove that

(a) if |G| # 1 then G has an element of prime order;

(b) for every prime divisor r of |G|, there exists an element g € G of order r;
(
(

)

)
c¢) if m divides |G| then G has a subgroup of order m;
d) if |G| = mn, where (m,n) = 1, then G has exactly one subgroup of order m;
)

(e) if |G| = mn, where (m,n) = 1, A is the subgroup of order m of G, and m; divides
m, then every subgroup of G of order m; is contained in A.

2. Let Q be the additive group of the field of rationals.

subgroup of order n.

(e) Does there exist a surjective homomorphism Q — Z7
Additional problems.

1. Prove that

a=f= (o )= (o D)= (5 0) =0 o)}

where i = —1, is a subgroup of SLy(C). Prove that Qg is not Abelian. Are Qg and
Dy isomorphic? Find all normal subgroups of QJs. The group Qs is called the quaternion

group.
2. Let F be a field of finite order g. Prove that the minimal p such that

1+1+...41=0
—_—

p times

is prime. Prove that F' has a subfield isomorphic to Z,. Deduce that ¢ = p" for some
positive integer n.

3. Let F be a finite field of order g. The groups GL,(F) and SL,(F') are usually denoted
by GL,(q) and SL,(q), respectively.

(a) Find |GLa(q)l, |SL2(q)l, |GL2(q)/Z(GL2(q)), [SLa(a)/Z(SLa(q))].
(b) Prove that GLy(2) ~ S5, GL2(3)/Z(GLy(3)) =~ Sy, SL2(3)/Z(SL2(3)) ~ As.
(¢) Find |GLn(q)l, [SLn(q)], [GLn(q)/Z(GLn(q)), [SLn(q)/Z(SLn(q))l

4. Let A and B be subsets of a group G and let g € G. Prove that



(a
(b

d) (AB)9 = A9BY,

) (
) (
(c) (A\B)? = A7\ BY;
(d) (
(e) (A7H)? = (A7)~

AUB)Y = A9 U BY:
ANB)Y = AN BY;

9=Nps(A%);

9=Cpy

(A%);

< G then |BY : A9 = |B : Al.



