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COCLIQUES OF MAXIMAL SIZE
IN THE PRIME GRAPH
OF A FINITE SIMPLE GROUP
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A prime graph of a finite group is defined in the following way: the set of vertices of the
graph is the set of prime divisors of the order of the group, and two distinct vertices r
and s are joined by an edge if there is an element of order rs in the group. We describe

all cocliques of mazximal size for finite simple groups.

Let G be a finite group, 7(G) the set of all prime divisors of its order, and w(G) the spectrum of
G, i.e., the set of its element orders. A graph GK(G) is called the prime graph, or the Gruenberg—
Kegel graph, of G if the vertex set of G equals 7(G) and two distinct vertices r and s are adjacent
iff rs € w(@). For convenience, we say that primes r, s € 7(G) are adjacent if they are adjacent as

vertices of GK (G). Otherwise, r and s are said to be nonadjacent.
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The present paper is a continuation of the investigation of the prime graphs of finite simple
groups initiated in [1]. We keep the notation created and the conventions made therein. Denote
by ¢(G) the maximal number of prime divisors of G that are pairwise nonadjacent in GK(G). In
other words, ¢(G) is the maximal number of vertices in cocliques of GK(G). (A set of vertices
of a graph is called a coclique or an independent set if its elements are pairwise nonadjacent.) In
graph theory, this number is called an independence number of a graph. By analogy, we denote
by ¢(r,G) the maximal number of vertices in cocliques of GK (G) containing a prime r and call it
an r-independence number.

In [1], for every finite non-Abelian simple group G, we gave an arithmetic criterion for adjacency
of vertices in the prime graph GK(G). Using this criterion, values for ¢(G) and ¢(2, G), as well as
a value of t(p, G) for the case where G is a group of Lie type over a field of characteristic p, were
determined. Denote by p(G) and p(r, G), respectively, a coclique of maximal size in GK(G) and
a coclique of maximal size in GK(G) containing r. It is not hard to see that p(G) and p(r, G) are
generally not uniquely determined. In [1], all cocliques p(2, G), and also all cocliques p(p, G) for
groups G of Lie type over a field of characteristic p, were described. Moreover, there, at least one
coclique p(G) was determined for every simple group G, which allowed ¢(G) to be calculated, but
the problem of finding all such cocliques was left unconsidered.

The main objective of the present paper is to find all cocliques of maximal size in the prime
graph of a finite simple group G. In order to achieve this goal, we introduce two sets ©(G) and
©’(@G) consisting of some subsets of 7(G), in which case every coclique p(G) of maximal size can
appear as 0(G) U0 (G), where §(G) € ©(G) and 0'(G) € ©/(G).

THEOREM. Suppose that G is a finite non-Abelian simple group. Then every coclique
of maximal size in GK(G) is a union of subsets 0(G) € O(G) and 0'(G) € ©'(G). The sets
O(G) and ©'(G), together with the maximal size t(G) of cocliques in GK(G), are described in
Proposition 1.1 (for alternating groups), in Table 1 (for sporadic groups), and in Tables 2-4 (for
groups of Lie type).

Note that [1] contains several misprints and errors. Some of these were spotted by the authors,
and others were pointed out by readers. We are grateful to W. Shi, H. He, A. R. Moghaddamfar,
M. A. Grechkoseeva, A. A. Buturlakin, and A. Zavarnitsine for their comments. Corrections to

all inaccuracies detected in [1] are contained in Sec. 4.

1. SPORADIC AND ALTERNATING GROUPS

The results presented in this section can be readily derived from well-known facts. We cite
them below to make our discussion self-contained. Let GG be a finite simple sporadic or alternating
group. Denote by 6(G) the intersection of all cocliques of maximal size in GK (G), and by O(G)
the set {6(G)}. The set ©'(G) is defined as follows. A subset §'(G) of 7(G)\ 6(G) is an element of
O'(G) iff p(G) = 0(G) U (G) is a coclique of maximal size in GK(G). Obviously, the sets ©(G)

and ©'(G) are uniquely determined, and ©'(G) either is empty or contains at least two elements.



We start with alternating groups. Let G = Alt,, be the alternating group of degree n, with
n > 5. Following [1], we denote by 7(n) the set of primes r with n/2 < r < n, and by s, the
minimal element of 7(n). Define the set 7/(n) as follows. An odd prime r lies in 7/(n) iff r < n/2
and r + s, > n, while 2 is in 7/(n) iff 4 + s, > n.

PROPOSITION 1.1. Let G = Alt, be the alternating group of degree n, with n > 5.
If |7'(n)] < 1, then 8(G) = 7(n) U 7'(n) is a unique coclique of maximal size in GK(G), and
O'(G) = @. If |[7'(n)] = 2, then 0(G) = 7(n), ©'(G) = {{r} | r € 7(n)}, and every coclique
of maximal size in GK(G) is of the form 7(n) U {r}, where r € 7/(n). In any case the set
O(G) = {0(G)} is a singleton and all elements ¢'(G) of ©'(G) are singleton subsets of 7(G).

Proof. The result follows from an adjacency criterion for vertices in GK(G) (see [,
Prop. 1.1]). O

PROPOSITION 1.2. Let G be a simple sporadic group. If ©'(G) = @, then 0(G) is a
unique coclique of maximal size in GK(G). If ©'(G) # @, then every coclique of maximal size
is of the form 0(G) U 0'(G), where 0'(G) € ©'(G). If G # Mas, then every set #'(G) in ©'(G)
contains precisely one element. The sets ©(G) and ©'(G), as well as values for ¢(G), are presented
in Table 1.

The proof follows readily using [2] or [3]. O

Remark. In columns 3 and 4 of Table 1, elements of ©(G) and ©'(G), i.e., sets (G) € O(G)
and 0'(G) € ©'(G), are listed and braces around singleton sets are omitted. In particular, ©(G) =
{0(G)} = {{5,11}} and ©'(G) = {{2},{3}} for G = My, while O(G) = {6(G)} = {{11,23}} and
O'(G) = {{2,5},{3,7}} for G = Mys.

In addition, we point out yet another essential property of the prime graphs of the groups

under consideration.

PROPOSITION 1.3. Suppose that G either is an alternating group of degree n, n > 5, or
is a sporadic group distinct from Mas. Then the set 7(G) \ 0(G) is a clique in GK(G).
The proof follows from [1, Prop. 1.1; 2].

2. PRELIMINARY RESULTS FOR GROUPS OF LIE TYPE

We write [z] for the integer part of a rational number z. Denote by m(m) the set of prime
divisors of a natural number m, and by (m1,ma, ..., ms) the greatest common divisor of numbers
mi, Mo, ..., Ms. For a natural number r, the r-part of a natural number m is the greatest divisor
t of m with 7(t) C w(r). We write m, for the r-part of m and write m, for the quotient m/m,..

If ¢ is a natural number, 7 is an odd prime, and (g,r) = 1, then e(r, ¢) denotes a multiplicative
order of ¢ modulo r, i.e., a minimal natural number m with ¢"* = 1 (mod r). For an odd ¢, we
put e(2,q) =1if ¢ =1 (mod 4) and put (2, q) = 2 otherwise.

LEMMA 2.1 (corollary to Zsigmondy’s theorem [4]). Let ¢ be a natural number greater than

1. For every natural number m, there exists a prime r with e(r,q) = m except for the following



TABLE 1. Cocliques of sporadic groups

G | t(G) | 6(G) 0'(GQ)
My | 3 | {511} 2,3
Mo 3 {3,5,11} ]
My | 4 | {5,7,11} 2,3
Moz | 4 | {11,23} {2,5}, {3,7}
Moy | 4 | {5,7,11,23} @

Ji| 4 | {7,11,19} 2,3,5

Jo| 2 |7 2,3,5

J3| 3 | {17,19} 2,3,5

Ju | 7 | {11,23,29,31,37,43} 5,7

Ru| 4 |{7,13,29} 3,5

He | 3 | {5717} %)
McL | 3 | {7,11} 3,5
HN | 3 | {11,19} 3,5,7
HiS | 3 | {7,11} 2,3,5
Suz | 4 |{5,7,11,13} %)
Cor | 4 |{11,13,23} 5,7
Cop | 4 |{7,11,23} 3,5
Cosz | 4 | {5,7,11,23} %)
Fip | 4 | {5,7,11,13} %)
Figg | 5 | {11,13,17,23} 5,7
Fij, | 6 | {11,13,17,23,29} 5,7
ON| 5 |{7,11,19,31} 3,5
LyS| 6 | {5,7,11,31,37,67} @

Fy| 11 | {11,13,19,23,29,31,41,47,59,71} | 7,17

F | 8 |{7,11,13,17,19,23,31,47} @

Fs| 5 |{57,13,19,31} %]

cases: g=2and m=1;¢g=3and m=1; ¢ =2 and m = 6.

Remark. In the formulation of the corollary to Zsigmondy’s theorem in [1, Lemma 1.4], two
exceptions were left out: m =1 and ¢ = 2; m = 1 and ¢ = 3. The two exceptions, however, are
not met with in the proofs and arguments of [1] using that corollary.

A prime r with e(r, q) = m is called a primitive prime divisor of ¢™ — 1. By Lemma 2.1, such a
number exists except for the cases mentioned in the lemma. Given ¢, we denote by R,,(q) the set
of all primitive prime divisors of a number ¢ — 1, and by r,,(q) any element of R,,(q). For m # 2,

a divisor k,(q) of ¢" —1 is the greatest primitive divisor of ¢™ — 1 if 7(kn,(q)) = Rm(q) and k. (q)



m

is the greatest divisor with this property, i.e., k,,(¢) = (¢™ —1)¢, wheret = ][] s. The greatest

s€ERm(q)
primitive divisor ko(q) of a number ¢ — 1 is the greatest divisor of a number ¢ + 1 for which

m(ka(q)) = Ra2(q). Defining a number e(2,¢) has a singularity, which gives rise to a singularity
in defining the greatest primitive divisor for m = 2. Using the definition of (2, q), we derive the
following: k1(q) = (¢ —1)/2 if ¢ = —1 (mod 4) and ki(q) = ¢ — 1 otherwise; ka(q) = (¢ +1)/2 if
g =1 (mod 4) and k2(q) = q + 1 otherwise. A formula for expressing greatest primitive divisors

km(q), m > 3, in terms of cyclotomic polynomials ¢,,(z) is given in

LEMMA 2.2 [5]. Let ¢ and m be natural numbers, ¢ > 1, m > 3, and k,,(q) be the greatest
primitive divisor of ¢ — 1. Then

Pm(q)

Fnl®) = G @)

where 7 is the greatest prime divisor of m.

The number ¢ is usually fixed (e.g., by the choice of a group of Lie type G), and we so write
Ry, Tm, and ky, instead of R, (q), 7m(q), and kn,(q), respectively. According to our definitions, if
i # j, then 7(R;) Nw(R;) = @, and hence (k;, k;) = 1.

LEMMA 2.3 [6, Lemma 6(iii)]. Let ¢, k, and [ be natural numbers. Then:

(a) (¢" = 1,¢" = 1) = g™ - 1;

gBh 41 if ﬁ and ﬁ are odd,

(2, +1) otherwise;

(b) (" +1,¢ +1) =

g®Bh 41 if ﬁ is even and ﬁ is odd,

(©) (¢" -1, +1) =
(2,¢+1) otherwise.
In particular, (¢¥ — 1,¢* + 1) < 2 for any ¢ > 2 and any k > 1.
We also recall the following statements (see [1, statements (1) and (4)]). Given ¢, where p is

a prime, and an odd prime ¢ # p, we have
c divides ¢* — 1 iff e(c, q) divides z; (1)

if ¢ divides ¢ — €, where € € {+1,—1}, then n(e(c,q)) divides x. (2)

The function n(n) in (2) is defined as in Prop. 2.4.

In proving Propositions 2.4, 2.5, and 2.7, by € and ¢; we denote elements of the set {+1,—1}.
For groups of Lie type, the notation is the same as in [1]. We write A7 (q), D5 (q), and E§(q),
where € € {+, —}, and define A7 (q) = A,(q), 4, (a) = *A5(q), D} (9) = Du(q), Dy, (a) = *Dn(q),
Ef (q9) = Es(q), and Eg (q) = ?Eg(q). In studying unitary groups in [1, Prop. 2.2], we defined the
function

m  if m =0 (mod4),
v(m)=4q % if m=2(mod4), (3)
2m it m =1 (mod 2).



Clearly, v(m) is a bijection from N onto N and v~!(m) = v(m). In most cases it is natural to

consider linear and unitary groups together. Therefore, we define

yg(m):{m ife =+, (4)

v(m) ife=—.

PROPOSITION 2.4. Let G be one of the finite simple groups B,(q) or C,(q) of Lie type

over a field of characteristic p. Define

m pr
n(m) otherwise.

{ m if m is odd,
7

Let r and s be odd primes and 7,s € n(G) \ {p}. Put &k = e(r,q) and | = e(s,q), letting
1 < n(k) < n(l). Then r and s are nonadjacent if and only if n(k) + n(l) > n and k and [ satisfy

the following condition:

l
Z is not an odd natural number. (5)

Proof. Necessity. Assume 7(k) + n(l) < n; then there exists a maximal torus 7" of order

= ql_l)(q”(k) + (=DF) ("D 4 (=) (g — 1)1 R0 in G (see, e.g., [1, Lemma 1.2(2)]). Both r

and s divide |T'|; hence r and s are adjacent in G. If % is an odd integer, then either k and [ are
both odd, and by Lemma 2.3(a), ¢"®) + (=1)* = ¢¥ — 1 divides ¢"® 4 (=1)! = ¢! — 1, or k and
[ are both even, and by Lemma 2.3(b), ¢"*) + (=1)¥ = ¢%/2 + 1 divides ¢"¥ 4+ (—1)} = ¢//? + 1.
Again r and s divide |T|, where T is a maximal torus of order (Q’ql_l) "V + (=) (g —1)" D in
G (whose existence follows from [1, Lemma 1.2(2)]); so 7 and s are adjacent.

Sufficiency. Assume to the contrary that n(k)+n(l) > n and [/k is not an odd natural number,
but r and s are adjacent. Then G contains an element g of order rs. The element ¢ is semisimple
since (rs,p) = 1. Hence g is contained in a maximal torus 7" of G. From [1, Lemma 1.2(2)], it
follows that |T'| = (QT]L_I)(q”l —€1)(q" —€2)...(¢" — €x), where ny +na + ... +ng =n. Up to
renumbering, we may assume that r divides (¢™ —€;) and s divides either (¢™ —¢€1) or (¢"2 — €2).
Assume first that s divides (¢"2 — e3). Then (2) implies that n(k) divides ny and n(l) divides ns.
Therefore, ny 4+ no = n(k) + n(l) > n, a contradiction.

Now suppose that both 7 and s divide (¢"* — €1). Again (2) implies that n(k) and n(l) divide
ni. Also n(k) +n(l) > n and n(k) < n(l), and so n(l) = n;. First assume that [ is odd. Then
I =n(l) = ny and s divides ¢! — 1. Since s is odd, Lemma 2.3 implies that s does not divide ¢! +1,
whence ¢"! — €1 = ¢™ — 1. Since r divides ¢"* — 1, by using (1), we see that k divides ny = [, and
hence k is odd. Therefore, % is an odd integer, a contradiction with (5). Next suppose that [ is
even. Then [/2 = n(l) = n; and s divides ¢ — 1. In view of (1), s does not divide ¢"/? — 1, and
hence s divides ¢//2 + 1 and ¢" — ¢; = ¢" 4+ 1. Now (2) implies that n(k) divides n;, and so k
divides 2n; = I. By Lemma 2.3(c), r does not divide ¢"/? — 1, and hence k does not divide 1/2 and

% is an odd integer, a contradiction with (5). O



PROPOSITION 2.5. Let G = D;(q) be a finite simple group of Lie type over a field
of characteristic p and n(m) be as in Proposition 2.4. Suppose r and s are odd primes and
r,s € m(D5(q) \ {p}. Put k = e(r,q), | = e(s,q), and 1 < n(k) < n(l). Then r and s are
nonadjacent if and only if 2 - (k) +2-n(l) > 2n — (1 — e(=1)¥*), k and [ satisfy (5), and for

€ = +, a chain of equalities like
n=10=2n()=2nk) =2k (6)

is not true.

Proof. We know of the following inclusions: B,_1(q) < D:(q) < Bn(q) (see [7, Table 2]),
where én_l(q), 52 (¢), and gn(q) are central extensions of corresponding simple groups and n > 4.
Since the Schur multiplier for each of the simple groups B,_1(q), D5 (q), and B,(q) has order 1,
2, or 4, it is clear that two odd prime divisors of the order of a simple group isomorphic to B(q)
or D (q) are adjacent iff the two odd prime divisors are adjacent in every central extension of the
group. Hence if two odd prime divisors of | D5 (q)| are adjacent in GK(B,_1(q)), then they are
adjacent in GK (D5 (q)), and if two odd prime divisors of | D5 (q)| are nonadjacent in GK (By,(q)),
then they are nonadjacent in GK (D5 (q)). We have the following options:

) (k) + (1) < n— 1;

(ii) n(k) + n(l) = n, l/k is an odd number, and n(l) < n — 1;

(iii) (k) + n(l) =n and £ is not an odd natural number;

(iv) n(l) =n and is an odd natural number;

(v) n(k) +n(l) >n and é is not an odd natural number.

By Lemma 2.4, if one of (i), (ii) holds, then primes r and s are adjacent in GK (B,,—1(q)); if (v)
is the case, then primes r and s are nonadjacent in GK (By,(q)). Therefore, we are left to consider
(iii) and (iv).

(iii) Suppose first that n(k) + n(l) = n and % is not an odd natural number. Since (rs,p) =1,

r and s are adjacent in GK (@) iff there exists a maximal torus 7' of G whose order is divisible by

rs. By virtue of [1, Lemma 1.2(3)], the order of T is equal to m(q"1 —€1) e (" =€),
where n1 +...+n,, =nand €1 - ... €, =¢cl. Up to renumbering, we may assume that r divides
q" — €1 and s divides either g™ — ¢ or ¢"2 — €s.

If s divides ¢™ — €7, then (2) implies that numbers n(k) and n(l) divide ny. As in the proof of
Proposition 2.4, we conclude that r and s are adjacent iff é is an odd integer.

Assume now that s divides ¢ — e3. Then (2) implies that n(k) divides ny and n(l) divides
ny. Thus the following inequalities hold: n > ny; + ng > n(k) + n(l) = n. Hence n(k) = n,
n(l) = ng and g™ —e; = ¢"%) + (=1)F, ¢" — ey = ¢"V + (=1)!. If ¢ = —, then a maximal
torus T of order m(q”(“ + (=1)")(¢"® + (1)) in G exists iff k and [ have different parity,

e., if 2n — (1 — e(—=1)*!) = 2n — (1 + (—=1)**) = 2n. In this case, therefore, r and s are
nonadjacent iff 2 - n(k) +2-9(l) > 2n — (1 — (=1, If ¢ = + and n; # ng, then a maximal

torus T of order ("®) + (=1)F)(¢"® + (=1)}) in G exists iff k and | have the same parity,

T



ie., if 2n — (1 — e(—=1)**!) = 2n — (1 — (=1)**!) = 2n. Hence r and s are now nonadjacent iff
2-n(k) +2-n() >2n — (1 —e(—1)*). If ny = np = n/2 and £ is an odd integer, then r and s
are adjacent. Assume that n; = ny = n/2 and % is not an odd integer. The last condition entails
l # k, and so the chain of equalities in (6) is true. In this event G contains a maximal torus 7' of
order m(q" —-1)= m(q”/2 — 1)(¢™/? + 1), hence condition (6) is not satisfied, and so r
and s are adjacent.

(iv) Suppose that n(l) = n and % is an odd natural number. Then there exists a maximal
torus T of order m(q" + (=Y in G. (If such a torus does not exist then s does not divide
|G|.) The fact that % is an odd prime implies that r divides |T|, and so r and s are adjacent. O

Now we pass to simple exceptional groups of Lie type. Note that the orders of maximal tori of
simple exceptional groups were listed in [1, Lemma 1.3]. There, however, a list of orders of tori is
incorrect for groups F7(q) and Eg(q) and for Ree groups 2F,(22"t1) (see, respectively, items (4),
(5), and (9) in Lemma 1.3). The list in [1] is remedied in

LEMMA 2.6 [8]. Let G be a connected simple exceptional algebraic group of adjoint type
and G = O” (G,) a finite simple exceptional group of Lie type.

(1) For every maximal torus T of G = E7(q), the number m = (2,q — 1)|T| is equal to one
of the following: (¢ + 1)"(q¢ — 1)™2, ny +no = 7; (¢*> + 1)™(q + 1)"2( —1)™, 1 < n < 2
2n1 +n2 +ng =7, and m # (¢° + 1)(¢ £ 1)% (¢* + )™ (¢® — 1)"(¢? )"3(q +1)"(g - 1)™
1<ni+n3<2, 301 +3ny+2n3+ng+n5 =7, and m # (¢ + €)(g— )}, m # (¢ £ 1)(¢* + 1),
m # (¢® +e)(¢® + (g +e)% (¢ + D(¢® £ 1) (g £ 1); (¢ £ 1)(¢* — 1) (q +e)lg+e)? ¢ £1;
(=6 (@ +eq+1)% (" =€) (@ +eq+1); (®£1)-(¢" = +1); (g —¢) - (¢° + e’ + 1);
(@ —€) - (¢*> — eq + 1), where € € {+1,—1}. Moreover, for every number m given above, there
exists a torus 71" for which (2,q — 1)|T| =

(2) Every maximal torus T of G = Eg(q) has one of the following orders: (¢ + 1)"' (¢ — 1)"2,
ni+ng =8; (2 +1)" (¢g+1)"2(¢—1)", 1 < ny < 4, 2n1—|—n2+n3—8 and |T| # (¢>+1)3(g+1)?,
T # (@ + (g £ D (¢ + 1" (e — 172(@ + 1)™(g + DM (g — 1", 1 < my +ny < 2,
3ny + 3ng + 2n3 + ng +n5 = 8 and |T| # (¢® + 1)? (q2 + 1), [T| # (¢*+€)(qg —€), |T| #
(@ + )@+ (g + ) [T # (¢ +e) (@ +1)*(g—€); ¢* = 1; (¢ +1)% (¢* + 1) (¢? £ 1) (g £ )%
@+ )= D% (@ + D)@+ ) (g—e); (@ +e) g+ (1) (g+)*(g—€); (P +e)(@®+1)(g—e);
(@®+)(*+6); (°+1)(*£1); (¢"£1)(q£1); (g—€)-(¢*+eq+1)*-(q%1); (¢° =€) (¢*+eq+1)-(g+e);
(@®+1)-(¢*—*+1)-(¢£1); (=€) (¢®+ed® +1) - (q£1); (¢° —€)- (¢* —eq+1)*- (¢ +1); ¢* —¢* + 1;
C+d - +a+ L+ -+ (¢ - @+ D)% (e’ + 1) (@ +eq +1);
¢~ +¢— "+ —q+ 1 (' e’ + P +eq+1)% (¢~ P+ 1) (P £ +1)% (P —q+1)-(¢® +q+1)%
(¢*> + ¢+ 1)*, where € € {+1,—1}. Moreover, for every number given above, there exists a torus
of corresponding order.

(3) Every maximal torus T of G = 2F4(2?"*!) with n > 1 has one of the following orders:
¢* +eqv2q+q+ey2q+1; ¢° —eqy2q+ ey/20—1; ¢ — g+ 15 (g £ V2 +1)% (¢ — 1) (g £ 29 + 1);

(q+1)%;¢*>+1, where ¢ = 22"*! and € € {+1, —1}. Moreover, for every number given above, there



exists a torus of corresponding order.

PROPOSITION 2.7. Let G be a finite simple exceptional group of Lie type over a field of
order ¢ and characteristic p, suppose that r and s are odd primes, and assume that r, s € 7(G)\{p},
k=-e(r,q),l =e(s,q), and 1 < k <I. Then r and s are nonadjacent if and only if & # [ and one
of the following holds:

(1) G = G2(q) and either r # 3 and [ € {3,6} or r =3 and | =9 — 3k.

(2) G = Fy(q) and either [ € {8,12}, or [ =6 and k € {3,4}, or [ =4 and k = 3.

(3) G = Eg(q) and either l =4 and k =3,orl=5and k > 3,orl=6and k =5, or | =8,
k=23 orl=8r=3and (¢—1)3=3,orl=9,0r =12 and k # 3.

(4) G =2FEg(q) and either | = 6 and k = 4,orl =8 and k > 3,or [ =8, r = 3, and (¢+1)3 = 3,
orl=10and k>3, or [ =12 and k # 6, or [ = 18.

(5) G = E7(q) and either l =5 and k =4, or Il =6 and k =5, or [ € {14,18} and k # 2, or
le{r,9}and k>2,orl=8and k>3, k#4,orl=10and k >3, k # 6, or | =12 and k > 4,
k # 6.

(6) G = Es(q) and either [ = 6 and k = 5, or [ € {7,14} and k > 3, or l =9 and k > 4, or
le{8,12} and k > 5,k #6,orl =10and k > 3, k # 4,6, or [ = 18 and k # 1,2,6, or [ = 20 and
r-k # 20, or | € {15,24,30}.

(7) G =3Dy4(q) and either [ =6 and k = 3 or [ = 12.

Proof. Recall that k,, is the greatest primitive divisor of ¢"* — 1 and R, is the set of all
prime primitive divisors of ¢"* — 1. The orders of maximal tori in exceptional groups are given,
for instance, in [1, Lemma 1.3] and in Lemma 2.6 above.

(1) Since |Ga(q)| = ¢®(¢> — 1)(¢® — 1), the numbers k and [ are in the set {1,2,3,6}. If
{k,1} C {1,2}, then the existence of a maximal torus of order ¢> — 1 = (2,q — 1) - k; - ko implies
the existence of an element of order rs; i.e., r and s are adjacent in GK(G). If | = 3 (resp. | = 6),
then an element of order s in G is contained in a unique (up to conjugation) maximal torus of
order ¢> +q+1 = (3,¢g—1)-k3 (resp. ¢> —q+1 = (3,q+ 1) - kg). In this case r and s are
nonadjacent iff  does not divide |T'|.

(2) Since |Fy(q)| = ¢**(¢®> — 1)(¢® — 1)(¢® — 1)(¢'? — 1), the numbers k and [ are in the set
{1,2,3,4,6,8,12}. If I < 3, then the existence of a maximal torus of order (¢> — 1)(¢ + 1) =
(2,g—1)-(3,g—1) - ky - ko - k3 implies that primes r and s are adjacent for any k£ < 3.

If | = 4, then an element of order s in G lies in a maximal torus T of order (¢ — €)%(¢> + 1)
or (¢> — €)(¢® +1). In particular, the inclusion 7(T) € Ry U Ry U Ry holds for T. Moreover, G
contains a maximal torus of order ¢* — 1 = (2,q — 1)? - ky - ko - k4. In this case, therefore, r and s
are nonadjacent iff r does not divide ki - ks - ky, i.e., if kK = 3.

For [ = 6, each element of order s in G lies in a maximal torus 7' of order (¢® + 1)(q — €) =
(3,g+1)-ke-(g+1)-(g—e) or (¢*—q+1)? = (3,¢g+ 1)? - k. In particular, the inclusion
7(T) € R1URyU Rg holds for T. Moreover, G contains a maximal torus of order (¢*+1)(¢—1) =
(2,¢g —1)(3,qg+ 1) - ky - ka - kg. Thus r and s are nonadjacent iff k € {3,4}.



Finally, for [ = 8 (resp. | = 12), every element of order s in G lies in a maximal torus of order
(2,¢ — 1) - kg (resp. ki2). Thus r and s are nonadjacent iff £ # 8 (resp. k # 12).

(3) Since |E5(q)| = g,14°°(¢* = 1D(@® — 1)(¢° = 1)(¢® — 1)(¢” — 1)(¢"* — 1), the numbers &
and [ are in the set {1,2,3,4,5,6,8,9,12}. If [ < 3, then the existence in G of a maximal torus T’
of order (3’(11_1) (@ —-1)(¢*=1)(g—1) = (2,g—1) - k3 - ko - k1 - (¢ — 1)® implies that r and s are

adjacent.

For [ = 4, each element of order s in G lies in a maximal torus of order equal to (3(1—171)((]4 —

Dig—e)g—e) = gy (2.a-1)" ki ks k‘4 (g—e1) (g —€), g = 1)(q +D(@+1)(g-1) =
ma (2:4= 1) (3,q+1) ko ka-ky -k, or gy (@ +1)*(¢— 1) = gy (2,4 -1)% k- (g—1)*.
Thus r and s are nonadjacent iff £k = 3.

For [ =5, each element of order s in G lies in a maximal torus of order ﬁ((f —1)(g—e¢) =
T 1)(5 g — 1)ks(¢ —1)(¢ — €). Thus r and s are nonadjacent iff & € {3,4}.

For [ = 6, every element of order s in G lies in a maximal torus of order equal to (3 ql ) (¢ +
D(¢*+q+1)(g—¢) = (3,¢+1)- krﬁ ks (¢+1)-(a—e€), gg (q +1(*+1)(g—1) = (3q Gan gt
) ke (2,4 —=1)% k1 k2 ks, g 1)(q +1)(¢* = 1)(g—1) = gogy (3,4 +1)- (2,4 = 1)* ke - ki - k3,
L G )(q +q+1)(¢* —q+1)*=(3,¢+1)? - kZ - k3. Thus r and s are nonadjacent iff k = 5.

For | = 8, each element of order s in G lies in a maximal torus of order ﬁ(q4 +1)(¢?—1) =
(:%Tl—l) (2,¢ —1)? - kg - ky - k1. Hence r and s are nonadjacent iff either £ > 3 and k # 8 or 7 = 3
and (¢ — 1)3 = 3.

For [ = 9, each element of order s in G lies in a maximal torus of order 6 qlfl) (@®+q+1) = ky.

Hence r and s are nonadjacent iff k& # 9.

v Ui

Finally, if [ = 12, then each element of order s in G lies in a maximal torus of order
¢ +1)(¢* + q+1) = k12 - k3. Hence 7 and s are nonadjacent iff k # 3,12.

(4) Since |*Eg(q)| = (3’(114_1)q36(q2 —1)(¢® + 1)(¢® = 1)(¢® — 1)(¢” + 1)(¢*? — 1), the numbers k
and [ are in the set {1,2,3,4,6,8,10,12,18}.

For I < 4, the existence in G of maximal tori of orders q1+1)( S D(@+ D@+ 1) =
(3q+1) (2 q—1)%-(3,q—1) ki -k -k3-ku, m(q2+1)2(q+1)2 = (3q+1) (2,9-1)*kf - (¢ +1)%,
and (37q+1) (@ -1)(#—-1D(g+1) = (3T1+1) “(3,q—1)(2,q — 1)%ks - k? - k3 implies that r and s

are adjacent.

For | = 6, every element of GG of order s is contained in a maximal torus of G of order equal to
e (@ +1)? = (3,¢+1)-(¢+1)* k3, oy (@ +D(a+1)(a—e)(g—e2) = ke(g+1)*(g—e1)(a—e2),
marn (@ —a+ 1)@ =€) (g—1) = ke (6> —€)- (1), oy (@ —a+1)(¢*+q+1)* = ko-(3,q—1)% k3,
or ﬁ(q4 — >+ 1)(¢> —q+1) = ki - kg. Thus r and s are nonadjacent iff k = 4.

For [ = 8, every element of G of order s is contained in a maximal torus of G of order
@Tlﬂ)(q‘l +1)(¢*?—1) = BarD +1) (2,q—1)?-kg-ko-ky. Therefore, r and s are nonadjacent iff either
k>3and k#8orr=3and (¢+1)3 =3.

For [ = 10, every element of G of order s is contained in a maximal torus of G of order

@Tlﬂ)((f +1)(g—¢) = m -(5,q+1)-kio-(¢+1): (¢ —e€). Hence r and s are nonadjacent iff
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k > 3 and k # 10.

For [ = 12, every element of G of order s is contained in a maximal torus of G of order
@Tlﬂ)(q‘l — @+ 1)(¢*> —q+1) = k1o - kg. Consequently, r and s are nonadjacent iff k # 6,12.

Lastly, for [ = 18, every element of G of order s is contained in a maximal torus of G of order
(:))Tlﬂ)(q6 —¢® +1) = kig. Hence r and s are nonadjacent iff k # 18.

(5) Since |E7(q)| = gy—74%(@® = D(@® — 1)(¢® = 1)(@"* = D(¢"* — 1)(¢"* — 1)(¢"® — 1), the
numbers k and larein {1,2,3,4,5,6, 7 8,9,10,12,14,18}. There exist maximal tori of G of orders
equal to o—35(¢° ~1)(¢* +¢+1) = g3y (3.4~ 1) (5.q=1)-(q—1) k5 k3, gy (@’ ~1)(@*~1) =
(2,q—1) ka-ki ko k3 (3,¢—1) (¢ —1), and go—g3(¢° = 1)(¢* = 1) = k5 k-1~ (5,9 —1)- (¢ - 1).
Hence r and s are adjacent for [ < 5 and (k,1) ;é (4,5).

If I =5, then every element of order s in G is contained in a maximal torus of order ﬁ((f —
1)(g=1)(g—€) or gyy(@® = 1)(@* +q+1) = g5y (3.4—1)-(5,¢—1)- (¢ —1) k5~ ks. Therefore,
r and s are nonadjacent if (k1) # (4,5).

If [ = 6, then the existence in G of maximal tori of orders (2T1—1)(q3 +1)(¢g*—1)=(2,q—1)-
(3,q+1)-ky-ko-ky-ke-(g+1) and (2q 0 (@®—1)(g—1) = (3,¢* 1) -kg-ks-ko-k1-(¢—1) implies that
r and s are adjacent if kK < 4 and k = 6. Every element of order s in G is contained in a maximal
torus of order equal to (QTI_I)(q3+1)(q2+1)(q—(—:1)(q—62) (3,q+1)- (q+1)-k6 ‘ka-(q—e1)-(g—e€2)
(with (e1, €2) # (=1, 1)), ga—gy(¢* + 1)(@1 —e)(q—e2)(q—e3)(q — 64) =@y (Ba+1) k-
(4 N (g —e1)(g —€2)(q = €3)(q — €), e o (@ + )¢ - 61)(q €), (@ —a+1)*g+1) =
oy 0 (3,4 +1)* k- (a+1), gy (@@ + (@ —a+1) = gy (3,q+1) - (5,¢+1) ke k1o~ (a+1),
or ’q_l)(q —1)(> —q+1)?2= m “(g—1)-(3,g—1) ks (3,¢+1)? - k3. For k =5, r does

not divide these numbers, and so r and s are nonadjacent iff k = 5.

If [ = 7, then each element of order s in (G is contained in a maximal torus of order ﬁ(ﬂ —

1) = Ta D ’q 0 (7,q—1)-k7-(q—1). Hence r and s are nonadjacent iff k& £ 1,7.

If I = 8, then each element of order s in GG is contained in a maximal torus of order (QTI_I)(q‘l +
1)(q? —€1)(q — €2) = ks - (¢* — €1)(q — €2). Consequently, r and s are nonadjacent iff k& > 3 and
k # 4.

If Il =9, then an element of order s in G is contained in a maximal torus of order m(q —
D+ +1) = ) ql - (g—1)-(3,¢g—1) - ky. Therefore, r and s are nonadjacent iff k 75 1,9.

If { = 10, then an element of order s in G is contalned in a maximal torus of order o )(q +
D(g=1)(a—e¢) = (5,q+1) ko k2 k1~ (g~ €) or go—5(@® +1)(¢* —q+1) = 55 (5 q+1)-
(g+1)-kio-(3,g+ 1) - kg. Consequently, r and s are nonadjacent iff £ > 3 and k # 6.

If I = 12, then each element of order s in G is contained in a maximal torus of order (2q—1_1) (¢®—
gt —?+1) = (Zq—ll) -(¢® — €) - k12. Thus 7 and s are nonadjacent iff k > 4 and k # 6, 12.

If [ = 14, then each element of order s in G is contained in a maximal torus of order (Zq—ll) (¢"+
1) = Ta D q 0 (7,q+1)-kis- (¢ +1). Hence r and s are nonadjacent iff k # 2,14.

Fmally, if [ = 18, then an element of order s in GG is contained in a maximal torus of order
©a-D q 0 (q+1) (- +1) = m (3,¢g+1)-(¢+1)-kis. Therefore, r and s are nonadjacent iff
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k +2,18.

(6) Since |Es(a)] = ¢2(¢® — 1)(a® — (a2 - 1)(g™* — 1)(q"* — 1)(g® — 1)(¢* — (@ — 1),
the numbers k and [ are in the set {1,2,3,4,5,6,7,8,9,10,12, 14,15, 18,20,24,30}. By virtue of
the fact that G’ contains maximal tori of orders (¢° —€1)(¢* — 1)(q — €2), (¢° = D) (> +1)(¢+1) =
(5, —=1) ks (2, =1)% kg -kg-ki,and (> = 1)(¢* = 1) = (3, — 1) - (5,¢ = 1) - k5 - k3 - (¢ — 1)?,
primes r and s are adjacent for [ < 6 if (k,1) # (5, 6).

If kK =5, then every element of order r in G is contained in a maximal torus of order equal to
(@ =D -1)=Bq-1)5,g—1) ks k3~ (¢ —1)* (" = 1)(¢® +1)(g+1) = (5,¢ = 1) - ks -
(2, = 1) kg -k k1, (@ =)@ =1)(g—€) = (5,¢—1) ks (¢* = 1) k2 - k1 - (¢g—1) - (g —e),
(@® —1)(g—1)3, or (¢* +¢>+ ¢* + ¢+ 1)?, and these orders are all not divisible by s for I = 6.
Consequently, if (k,1) = (5,6), then r and s are nonadjacent.

If I = 7, then every element of order s in G is contained in a maximal torus of order (¢” —
1)(qg—¢€) =(7,q—1)-kr-(qg—1)(q —€). Hence r and s are nonadjacent iff £ > 3 and k # 7.

If [ = 8, then an element of order s in G is contained in a maximal torus of order equal to
(" +1)(g* =) =(2,g=1) ks (¢ =€), (¢* +1)(¢* —e1)(g—e2) = (2, —1) ks - (¢* —e1) (g — €2)
(with (e1,€2) # (=1, 1)), (¢* +1)(¢* =1)* = (2,¢—1) ks - (¢* = 1)%, or (¢* +1)(¢° —e1) (¢ —€2)* =
(2, —1) ks - (¢*> —€1) - (¢ — €2)*. Therefore, r and s are nonadjacent iff k = 5, 7.

If I = 9, then an element of order s in G is contained in a maximal torus of order (¢® + ¢3 +
Dig-1(@—e)=B,qa—1) k- (g—1)-(¢—¢€) or (¢° +¢* +1)(¢* +q+1) = (3,¢ —1)* - ko - k3.
Hence r and s are nonadjacent iff £ > 4 and k # 9.

If [ = 10, then every element of order s in G is contained in a maximal torus of order equal

0 (¢ +1)(¢" —e)(g—e2) = (5,q+1) - ko - (¢ + 1)(¢* — e1)(qg — €2) (With (e1,e2) # (=1,-1)),
(P+1)(¢*+1) = (5,q+1)-kr0-(¢+1)* (3, g+1) ks, (¢°+1)(¢*—q+1)(¢—1) = (5,¢+1)-k10-(3,¢+1)-
ko-(2,q—1)-k1-k2, (¢°+1)(g+1)° = (5,¢+1)-k1o-(g+1)*, or (¢* —=¢*+¢*—q+1)* = ((5,9+1) -k10)*.
Consequently, » and s are nonadjacent iff £ > 3 and k # 4,6, 10.

If I = 12, then every element of order s in GG is contained in a maximal torus of order equal to
(" =+ 1)@+ 1)(¢*—€) = (2,¢=1) k2 -ka- (> =€), (¢* = +1) (> +1)(g—€¢)* = (2,¢—1) k12 ka-
(g=€)% (¢' =+ 1) (¢* —e1)(g—€2) = kra-(¢®—€1)-(g—€2), (¢ =¢*+1)(¢*+q+1)* = (3,¢—1)-k12-k3,
or (¢* — >+ 1)(¢* —q+ 1) =(3,¢g+1)? ki - k3. Therefore, r and s are nonadjacent iff k > 5
and k # 6,12.

If | = 14, then an element of order s in G is contained in a maximal torus of order (¢"+1)(g—¢) =
(7,q+1) ks -(g+1)-(q¢—¢€). Hence r and s are nonadjacent iff k£ > 3 and k # 14.

If I = 15,24, 30, then an element of order s in GG is contained in a maximal torus of order k;.
Consequently, » and s are nonadjacent iff k # [.

If [ = 18, then an element of order s in G is contained in a maximal torus of order (¢% — ¢® +
Dig+1)(g—€)=@,q+1) kis-(g+1) - (g—e€) or (¢° —¢* +1)(¢* —q+1) = (3,¢ +1)* - kus - kg
Hence r and s are nonadjacent iff k¥ > 3 and k # 6, 18.

If [ = 20, then every element of order s in G is contained in a maximal torus of order ¢ — ¢% +
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¢*—¢®>+1=(5¢>+1)ky. Therefore, r and s are nonadjacent iff r-k # 20 (i.c., r # 5 or k # 4)
and k # 20.

(7) Since [*D4(q)| = ¢'*(¢*> — 1)(¢° — 1)(¢® + ¢* + 1), the numbers k and [ are in the set
{1,2,3,6,12}. By virtue of the fact that G contains maximal tori of orders (¢* — €1)(q — €2),
primes r and s are adjacent for [ < 3.

If [ = 6, then every element of order s in G is contained in a maximal torus of order (¢* +
1)(g—€)=(3,9g+1) ks-(¢+1) - (qg—e¢€). Hence r and s are nonadjacent iff k = 3.

If [ = 12, then every element of order s in G is contained in a unique (up to conjugation)
maximal torus of order ¢* — ¢ + 1 = kio, and r and s are nonadjacent iff k& # 12. O

Now we turn to Suzuki and Ree groups.

LEMMA 2.8. Suppose n is a natural number.

(1) Let mq(B,n) = 22"t — 1, my(B,n) = 2271 — 27 4 1 and m3(B,n) = 227t 4 2nfl 41,
Then (m;(B,n), m;(B,n)) =1 for i # j.

(2) Let m1(G,n) = 3> — 1, my(G,n) = 3> + 1, m3(G,n) = 3> — 371 4 1 and
my(G,n) = 3?1 4+ 3L 4 1. Then (mi(G,n),ma(G,n)) = 2 and (m;(G,n),m;(G,n)) = 1
otherwise.

(3) Let my(F,n) = 22"+ — 1, mo(F,n) = 22" 41, mg(F,n) = 242 4 1, my(F,n) =
24n+2 _ 92ntl L | s (F,n) = 24n+2 — 23042 4 92l _ontl 4 1 and mg(F,n) = 242 4 23042 4
220l 4 9ntl 4 1. Then (ma(F,n),ms(F,n)) = 3 and (m;(F,n), m;(F,n)) = 1 otherwise.

Proof. Items (1) and (2) are the same as in [1, Lemma 1.5]. Item (3) is amended in response
to Lemma 2.6. O

If G is a Suzuki group or a Ree group over a field of order ¢, then we denote by S;(G) the
set w(m;(B,n)) for G = 2By(22"11)] the set m(m;(G,n)) \ {2} for G = 2G5(3?"*1), and the set
m(m;(F,n)) \ {3} for G = 2F,(22"+1). If G is fixed, then we put S; = S;(G) and denote by s; any
prime in S;.

PROPOSITION 2.9. Let G be a finite simple Suzuki or Ree group over a field of charac-
teristic p and r and s be odd primes with r, s € 7(G) \ {p}. Then r and s are nonadjacent if and
only if one of the following holds:

(1) G =2By(2*"), r € Si(G), s € S|(G), and k # L.

(2) G =2Go(3"h), r € Si(G), s € S(G), and k # L.

(3) G = 2Fy(2?"*1) and either r € Si(GQ) and s € S;(G), where k # [ and {k, 1} # {1,2},{1,3},
or 7 =3 and s € S)(G), where [ € {3,5,6}.

The proof follows from [1, Lemma 1.3] and Lemmas 2.6 and 2.8. O

3. COCLIQUES FOR GROUPS OF LIE TYPE

Let G be a finite simple group of Lie type with the base field of order ¢ and characteristic p.
Every r € 7(G) \ {p} is known to be a primitive prime divisor of ¢* — 1, where i is bounded by
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some function depending on the Lie rank of G. For G, we define a set I(G) as follows. If G is
neither a Suzuki group nor a Ree group, then i € I(G) iff 7(G) N Ri(q) # @. If G is a Suzuki
group or a Ree group, then i € I(G) iff 7(G) N S;(G) # @. Notice that if 7(G) N R;(q) # @ (resp.
m(G) N S;(G) # @), then R;(q) C ©(G) (resp. S;(G) C w(G)). Thus 7(G) can be partitioned as
follows:
m(G) = {p} U |_| R;,
i€l(Q)
or
m(G) ={2} U |_| S; for Suzuki groups,
1€l(G)
or
m(G) ={2} U {3} U |_| S; for Ree groups.
i€l (G)

The adjacency criterion implies that two distinct primes in the same class of the partition are
always adjacent. Moreover, in most cases an answer to the question whether two primes in distinct
classes R; and R; (or S; and Sj) of the partition are adjacent depends only on the choice of indices

1 and j. We formalize this inference by means of the following definitions.

Definition 3.1. Suppose G is a finite simple group of Lie type with the base field of order ¢
and characteristic p, and G is not isomorphic to 2By (22™mF1), 2Go(32mF1), 2Fy (22 +1) and A5(q).
Define the set M (G) to be a subset of I(G) such that i € M(G) iff the intersection of R; and every

coclique of maximal size in GK (G) is nonempty.

Definition 3.2. Put

M(G) = I(G) if G is equal to 2Bo(2*™1) or G is equal to 2G(32™ 1), m > 1;

M(G) ={2,3,4,5,6} if G = 2F,(2*™*1), m > 2;

M(G) = {5,6} if G = 2F,(8).

Definition 3.3. Suppose G is a finite simple group of Lie type with the base field of order ¢
and characteristic p, and G is not isomorphic to 2B (22™T1), 2Gy(32mT1), 2 Fy (22 +1) and A5(q).
A set O(G) consists of all subsets 0(G) of 7(G) satisfying the following conditions:

(a) p lies in (@) iff p lies in every coclique of maximal size in GK(G);

(b) for every i € M(G), exactly one prime in R; lies in 6(G).

Definition 3.4. Let G = 2By(2?™*!). A set ©(G) consists of all subsets 6(G) of 7(G)
satisfying the following conditions:

(a) p =2 lies in 0(G);

(b) for every i € M(G), exactly one prime in S; lies in §(G).

Definition 3.5. Let G = 2G3(3*™T1). A set ©(G) consists of all subsets §(G) of 7(G)
satisfying the following conditions:

(a) p =3 lies in 0(G);

(b) for every i € M(G), exactly one prime in S; lies in 0(G).
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Definition 3.6. Let G = 2F;(2?™"1), with m > 1. A set ©(G) consists of all subsets 6(G) of
(@), and for every i € M(G), exactly one prime in S; lies in 0(G).

Definition 3.7. Let G = A5(q) and (q,¢) # (2, —). Put M(G) = {v.(2),v.(3)}, if g+l # 2F,
and M(G) = {r.(3)} if g +e1 = 2¥. A set ©(G) consists of all subsets 0(G) of m(G) satisfying the
following conditions:

(a) p lies in O(Q) iff g + 1 # 2%;

(b) if (¢ — €1)3 = 3, then 3 € §(G);

(c) for every i € M(G), exactly one prime in R,_(; lies in 6(G) except for the following case:
if 2 € R,_(2), then 2 does not lie in 6(G).

Note that a function v, is defined via formula (4).

Definition 3.8. Let G be a finite simple group of Lie type. A subset §'(G) of 7(G) is an
element of ©'(G) if the union p(G) = 6(G) UG (G) is a coclique of maximal size in GK (G) for any
0(G) € O(G).

Now we describe cocliques of maximal size for groups of Lie type. First we consider classical

groups, reserving groups A;(q) and A5(q) for analysis at the end of the section.

PROPOSITION 3.9. If G is one of the finite simple groups A,,_1(q) or 2A,,_1(q) with the
base field of characteristic p and order ¢, n > 4, then ¢(G) and the sets O(G) and ©'(G) are listed
in Table 2.

Proof. It is obvious that the function v, defined in (4) is a bijection on N; hence v

defined. Moreover, since /2 is the identity map, we have v- ! = v,.

L s well

Using Lemma 2.1 and information on orders of groups A _;(¢), we see that a number i is in
I(G) if the following conditions hold:

(a) ve(i) < m

(b) i # 1, for ¢ = 2,3, and i # 6 for ¢ = 2.

By virtue of [1, Props. 2.1, 2.2, 4.1, 4.2], two distinct primes in R; are adjacent for any i € I(Q).

Denote by N(G) the set {i € I(G) | n/2 < v.(i) < n}, and by x any set of the form
{ri | i € N(G)} such that |[x N R;| = 1 for all i € N(G). Note that 1 and 2 cannot be in N(G),
since n > 4. In particular, 2 does not lie in any set x. Let i # j, n/2 < v.(i),v-(j) < n. Then
ve(i) + ve(j) > n and v(i) does not divide v.(j). In view of [1, Props. 2.1, 2.2], primes r; and 7;
are not adjacent. Thus every set x forms a coclique in GK(G).

Denote by £ the set

{p} U U R;.
eI (G)\N(G)

By virtue of [1, Props. 2.1, 2.2, 3.1, 4.1, 4.2], every two distinct primes in £ are adjacent in GK (G).
Thus every coclique in GK (G) contains at most one prime in §.

Case 1. Let n > 7.

If g =2 and G = A,_1(q), then first we assume that n > 13 to avoid exceptions arising by
reason of the fact that Rg = @ for ¢ = 2.
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The condition on n implies |[N(G)| = 4. By [1, Prop. 3.1], we have t(p, G) < 3, and so p cannot
lie in any coclique of maximal size. In virtue of [1, Props. 4.1, 4.2], the same conclusion is true
for any primitive prime divisor r;, where v.(i) = 1. Therefore, in solving the problem whether a
prime 7 lies in a coclique of maximal size in GK (G), we may assume that r is not a characteristic,
nor a divisor of ¢ —€1. Hence the main technical tools are Propositions 2.1 and 2.2 in [1].

Suppose n = 2t + 1 is odd. If v.(i) < n/2, then N(G) contains at least two distinct numbers
j and k such that r; is adjacent to r; and r. Indeed, if v.(i) < ¢, then we choose j and k so that
ve(j) =t+1 and v.(k) =t + 2, and if v.(i) = t, then we take j and k such that v.(j) = ¢+ 1 and
ve(k) = 2t. Thus M(G) = N(G), every set 0(G) € O(G) is of the form {r; | n/2 < v.(i) < n},
O(G)=g,and t(G)=t+1=[(n+1)/2].

Assume n = 2t is even. If v.(i) < n/2, then N(G) contains at least two distinct numbers j
and k such that r; is adjacent to r; and ry. It suffices to take j and k such that v.(j) =t +1
and vo(k) =t + 2, if v.(i) < t — 1, and v.(k) = 2t — 2 if v.(i) = t — 1. On the other hand, if
ve(i) = t = n/2, then r; is adjacent to r;, where v.(j) = 2t = n, and is nonadjacent to every
Tk, where k € N(G) and k # j. Thus M(G) = N(G) \ {ve(n)}, each set (G) € ©(G) has the
form {r; | n/2 < v.(i) < n}, and ©'(G) consists of singletons of type {r,_¢,,/2)} or {r,_(n)}. Hence
tG)=t=[(n+1)/2].

It remains to consider the following cases: ¢ = 2, G = A,,—1(q), and 7 < n < 12. All results
(see Table 2) are derived by following essentially the same line of argument as was used in the
general case (with due regard for the fact that Rg = @) and can be easily verified by appealing
to [1, Props. 2.1, 2.2, 3.1, 4.1, 4.2]. The most interesting case obtains for n = 8. In this event
©(G) consists of singleton sets 0(G) of type {r7}, while ©(G) consists of two-elements sets 6'(G)
of type {p,rs}, {ra,rs}, {rs,rs}, or {rs,rs}.

Case 2. Let n = 6.

First we assume that ¢ # 2. Then N(G) = {v:(4),v:(5),v:(6)} and |[N(G)| = 3. Therefore,
a set of the form {r,_4),7,.(5),71.(6)} forms a coclique in GK(G), and ¢(G) > 3. Arguing as in
the previous case, we conclude that any prime r,_(3) is adjacent to r,_) and a set of the form
{70.3), Tvo(a)s To.(5)} 18 @ coclique. By virtue of [1, Prop. 3.1}, a set of the form {p,7,_(5),7..(6)}
is a coclique and p is adjacent to any prime 7,_(4). If v.(i) = 2, then r; is adjacent to p, and it
is not adjacent to r; iff v.(j) = 5. Hence t(r;,G) = 2. Let r be a divisor of ¢ —el. If r # 3
or (q —el)s # 3, then it follows from [1, Props. 4.1, 4.2] that t(r,G) = 2, and if » = 3 and
(¢ —€l)3 = 3, then (3,G) = 3 and a set of the form {3,7,_(5),7,.(6)} is a coclique in GK(G).
Therefore, if ¢ # 2, then M(G) = {v.(5)} and every set 6(G) € ©(G) has the form {r,_r)}. Each
set 0'(G) € ©'(G) is a two-element set of the form {p,,_)}, {70 (3), Tve(a) }> OF {704, Tv(6)}, and
also of the form {3,7, @)} if (¢ —€l)3 = 3.

Let G = A5(2). Since Rg = Ry = @, each set 0(G) € ©(G) is represented as {rs,r4,r5} and
0'(G) =w.

Let G = 2A5(2). Since Rg = R,(3) = @ and (¢ + 1)3 = 3, every 0(G) € O(G) has the form
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{rs,r10} and every 0'(G) € ©'(G) is a singleton set of type {p}, {rs}, or {3}.

Thus t(G) = 3 holds for any gq.

Case 3. Let n = 5.

We have N(G) = {v.(4),v-(5)} and |[N(G)| = 2, whence ¢(G) < 3. Assume now that G #
2A4(2). Then R,_(3) is always nonempty, and a set of the form {7“1,5(3),7“1,5(4),7“1,5(5)} is a coclique
in GK(G). By virtue of [1, Prop. 3.1], a set of the form {p,7,_w,7,.(5)}, too, is a coclique. A
prime 7, (9) is adjacent to p, and it is not adjacent to r; iff v.(j) = 5. Let r be a divisor of
qg—el. If r #5 or (¢ —el)s # 5, then it follows from [1, Props. 4.1, 4.2] that ¢(r,G) = 2, and if
r =5 and (¢ —€l)s = 5, then #(5,G) = 3 and a set of the form {5,7,_(,7,.(5)} is a coclique in
GK(G). Therefore, if G # 2A4(2), then M(G) = N(G) and any set §(G) € O(G) is of the form
{rv.ay; T (5)}- Every 0'(G) € ©'(G) is a singleton set of type {p} or {r,_(3)}, and also of type {5}
if (g —¢el); = 5.

Let G =2?A4(2). Since Rg = R,3y = @ and (¢ + 1)5 = 1, each set §(G) € O(G) is represented
as {p,rs,710} and ©'(G) = 2.

Thus t(G) = 3 holds for any gq.

Case 4. Let n = 4.

First we assume that G # 243(2). Then N(G) = {v-(3),v:(4)} and |N(G)| = 2, whence
t(G) < 3. In view of [1, Prop. 3.1], a set of the form {p,7,_(3),7,.(4)} is a coclique in GK(G).
A prime r,_(3) is adjacent to p and to any prime r,_4). If r is an odd prime divisor of ¢ — €1,
then it follows from [1, Props. 4.1, 4.2] that t(r, G) = 2. The same conclusion is true for r = 2 iff
(q—el)2 # 4, butif (¢—el)2 = 4, then {2, 7,_(3),7,.(4) } is a coclique. Therefore, if (¢—¢1)2 # 4, then
every set 0(G) € O(G) is represented as {p, r,_(3),7.(1)} and ©'(G) = @. But if (¢—¢cl)2 = 4, then
M(G) = N(G), every set 0(G) € O(G) is represented as {r,_(3),7,.(4)}, and 0'(G) = {{2},{p}}-
Thus ¢(G) = 3 in any case.

Let G = 2A43(2). Since Rg = R,3) = @ and (¢ +1)4 = 1, we conclude that O(G) = {{r4}}
and ©'(G) = {{p}, {r2}}. In this event t(G) = 2. O

PROPOSITION 3.10. If G is one of the finite simple groups B,,(q), Cr(q), D»(q), or 2D, (q)
with the base field of characteristic p and order ¢, then ¢(G) and the sets O(G) and ©'(G) are
listed in Table 3.

Proof. Using Lemma 2.1 and information on the orders of the groups under consideration,
we see that a number ¢ is in I(G) if the following conditions hold:

(a) (i) < n:

(b) i # 1, for ¢ = 2,3, and i # 6 for ¢ = 2;

(c) i # 2n for G = Dy(q);

(d) i # n for G =2D,(¢q) and n odd.

From [1, Props. 4.3, 4.4] and Propositions 2.4 and 2.5, it follows that two distinct primes in
R; are adjacent for any i € I(G).

Denote by N(G) the set {i € I(G) | n/2 < n(i) < n}, and by x any set of the form {r; | i €
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N(G)} such that [N R;| =1 for all i € N(G). Let i # j and n/2 < n(i),n(j) < n. We have
n(i) +n(j) > n. Suppose i/j is an odd natural number. Then ¢ and j have the same parity, and
so n(i)/n(j), too, is an odd natural number. Since ¢ # j, we have n(j) > 2n(i) > n, contrary to
the choice of j. Thus i/j is not an odd number. By virtue of Propositions 2.4 and 2.5, primes r;
and 7; are nonadjacent. Thus every set x forms a coclique in GK(G).

Denote by £ the set

{p} U U R;.
eI (G)\N(G)
In view of Propositions 2.4 and 2.5, every two distinct primes in £ are adjacent in GK(G) (see
also [1, Props. 3.1, 4.3, 4.4]). Thus every coclique in GK(G) contains at most one prime in .

Our next goal is to determine cocliques of maximal size, treating groups of various types
separately. In view of [1, Thm. 7.5], GK(B,(q)) = GK(C,(q)), and so groups of types B,, and C,,
can be analyzed in tandem.

Case 1. Let G be one of the simple groups By, (q) or Cy(q).

Suppose n = 2. If ¢ = 2, then the group G is not simple, and so we may assume that ¢ > 3.
If ¢ = 3, then I(G) = {2,4}, and if ¢ > 3, then I(G) = {1,2,4}. In either case N(G) = {4}.
Since ry is not adjacent to any r € &, we have M(G) = N(G) = {4} and every 0(G) € O(G) is a
singleton containing exactly one element 74 of Ry. Every 6/(G) € ©'(G) is a singleton containing
exactly one element of . Thus ¢(G) = 2.

Assume n = 3. If ¢ # 2 then N(G) = {3,6} and N(G) = {3} otherwise. The set {1,2,3,4,6}
includes I(G), and hence £ = {p} U Ry U Ra U Ry, where {p}, Ro, and R, are always nonempty.
A prime p and any prime r4 are adjacent one to another and are nonadjacent to every r; with
i € N(G). On the other hand, primes r; and r; are adjacent for ¢ € {1,2} and j € {3,6}.
Therefore, M(G) = N(G), the set 6(G) is of the form {rs} for ¢ = 2, and of the form {rs,r¢}
otherwise. The set ©'(G) consists of singleton sets of types {p}, {r2}, and {r4} if ¢ = 2, and of
types {p} and {r4} otherwise. Thus ¢(G) = 2 for ¢ = 2 and ¢(G) = 3 otherwise.

Let n > 4. Consider four different cases depending on the residue of n modulo 4. We write
n =4t + k, where k = 0,1,2,3 and t > 1. If ¢ = 2, then we assume that ¢ > 1 in order to avoid
exceptional instances necessitated by the condition that Rg = @ for ¢ = 2.

Suppose n = 4t. Then
N(G)={2t+ 1,2t +3,...,4t — 1,4t + 2,4t + 4, ..., 8t},

and hence |[N(G)| = 3t. In view of the adjacency criterion, r4 is nonadjacent to every r;, where
i € N(G). Therefore, t(G) > 3t + 1 > 4. By [1, Props. 3.1, 4.3], we have t(2,G) < t(p,G) < 4,
and so p and 2 cannot lie in any coclique of maximal size. Furthermore, if 1(i) < n/2 = 2t, then
any odd r; is adjacent to ra¢, roi+1, and r442. Hence M (G) = N(G)U{n}, every set 0(G) € O(G)
is of the form {r; | n/2 < n(i) < n}, O'(G) = @, and t(G) =3t + 1 = [(3n + 5)/4].
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Assume n = 4t + 1. Then
N(G)={2t+ 1,2t +3,...,4t + 1,4t + 2,4t + 4,...,8t + 2};

hence |N(G)| = 3t + 2 and ¢(G) > 5. By virtue of [1, Props. 3.1, 4.3], t(2,G) < t(p,G) < 4.
Therefore, p and 2 cannot lie in any coclique of maximal size. If 1(i) < n/2, then any odd
r; is adjacent to ropy1 and 7449, and so it cannot lie in any coclique of maximal size. Thus
M(G) = N(G), every set 0(G) € ©(G) is of the form {r; | n/2 < n(i) < n} ={r; | n/2 < n(i) < n},
O'(G) =g, and t(G) =3t +2 = [(3n + 5)/4].

Suppose n = 4t + 2. Then

N(G)={2t+3,2t+5,... 4t + 1,4t + 4,4t +6,... 8t +4};

hence |N(G)| = 3t + 1 and ¢(G) > 4. Since t(2,G) < t(p,G) < 4, primes p and 2 cannot lie

in any coclique of maximal size. All primes ro; 41 and 74,49 are adjacent one to another and are

nonadjacent to every r; with ¢ € N(G). If n(i) < n/2, then r; is adjacent to rasi4, 74142, and

rot+1. Therefore, N(G) = M(G), every 6(G) € ©(G) is of the form {r; | n/2 < n(i) < n}, and

©'(G) consists of singleton sets of type {rat41} or {raepo}. Thus ¢(G) =3t +2 = [(3n +5)/4].
Assume n = 4t + 3. Then

N(G)={2t+3,2t+5,... 4t + 3,4t + 4,4t +6,... 8t + 6}

hence |[N(G)| = 3t + 3 and t(G) > 6. Since t(2,G) < t(p,G) < 4, primes p and 2 cannot lie in
any coclique of maximal size. If n(i) < 2t + 1, then r; is adjacent to 74444, 4146, and 79443. Let
n(i) = 2t + 1. If r; is adjacent to r; with j € N(G), then j = 4t + 4. Since there are two distinct
numbers 2t + 1 and 4t + 2 the value of the function 5 on which is equal to 2t 4+ 1, we conclude that
©'(G) consists of singleton sets of one of the following three types: {raya}, {roe+1}, or {rasa}.
Thus M(G) = N(G) \ {4t + 4}, every 0(G) € O(G) is of the form {r; | (n+1)/2 < n(i) < n}, and
t(G)=3t+3=[(3n+5)/4].

It remains to handle the cases where ¢ = 2 and n = 4 + k, with £ = 0,1,2,3. All results
(see Table 3) are derived by following essentially the same arguments as were used in the general
case (with the fact that Ry42 = R¢ = @ in mind) and can be easily verified by appealing to
Proposition 2.4 and [1, Props. 3.1, 4.3].

Case 2. Let G = D,(q).

Suppose n = 4. If ¢ # 2 then N(G) = {3,6}; otherwise, N(G) = {3}. The set {1,2,3,4,6}
includes I(G), and so £ = {p} UR1URyU Ry, where {p}, Ro, and R4 are always nonempty. A prime
p and any prime 74 are adjacent one to another and are nonadjacent to every r; with i € N(G).
On the other hand, primes r; and r; are adjacent for ¢ € {1,2} and j € {3,6}. Therefore,
M(G) = N(G) and 6(G) is of the form {r3} for ¢ = 2, and of the form {rs, ¢} otherwise. The set
©'(G) consists of singleton sets of types {p}, {ro}, and {r4} if ¢ = 2, and of types {p} and {r4}
otherwise. Thus t(G) = 2 for ¢ = 2 and t(G) = 3 otherwise.
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Let n > 4. Consider four different cases depending on the residue of n modulo 4. Put n = 4t+k,
where £k = 0,1,2,3 and t > 1. If ¢ = 2 then we assume that ¢ > 1 to avoid exceptional instances
arising by virtue of the fact that Rg = @ for ¢ = 2.

Suppose n = 4t > 4. Then

N(G)={2t+1,2t+3,... 4t — 1,4t + 2,4t +4,...,8t — 2},

and hence |N(G)| = 3t — 1 > 4. It follows from [1, Props. 3.1, 4.4] that ¢(2,G) < t(p,G) < 4,

and so p and 2 cannot lie in any coclique of maximal size. In view of the adjacency criterion, 74

is nonadjacent to every r;, where i € N(G). On the other hand, any prime rg_9 is adjacent to

rqt and 7449, and any prime ro;_1 is adjacent to r4 and ropy1. Moreover, if n(i) < 2t — 1, then

r; is adjacent to at least three primes in any set x. Therefore, M(G) = N(G) U {n}, every set

0(G) € ©(G) has the form {r; | n/2 < n(i) < n, i #2n}, O'(G) = @, and t(G) = 3t = [(3n+1)/4].
Assume n =4t 4+ 1. Then

N(G)={2t+1,2t+3,... At + 1,4t + 2,4t +4,... 8t}

whence |[N(G)| =3t +1 > 4. In view of [1, Props. 3.1, 4.4], we have ¢(2,G) < t(p,G) < 4. Hence

p and 2 cannot lie in any coclique of maximal size. If n(i) < 2t, then any prime r; is adjacent

to 7442 and ropq. If @ = 4¢t, then r; is adjacent to rj, where j € N(G), iff j = 4t + 2. Thus

M(G) = N(G) \{n+ 1}, every set 0(G) € O(G) has the form {r; | n/2 < n(i) < n,i#n+1,2n},

and ©'(G) consists of singleton sets of type {74} or {ras2}. Therefore, t(G) = 3t+1 = [(3n+1)/4].
Suppose n = 4t + 2. Then

N(G)={2t+3,2t+5,... 4t + 1,4t + 4,4t +6,... 8t + 2},

whence |N(G)| = 3t > 3. All primes 79,41 and 7442 are adjacent one to another and are
nonadjacent to every r; for which i € N(G). Hence t(G) > 4. Since t(2,G) < t(p,G) < 4,
primes p and 2 cannot lie in any coclique of maximal size. If n(i) < n/2, then r; is adjacent
t0 ropy1, rapro, and r4ep4. Therefore, N(G) = M(G), every set (G) € O(G) is of the form
{ri | n/2 < n(i) < n,i # 2n}, and ©'(G) consists of singleton sets of type {ros+1} or {rayso}.
Thus t(G) =3t +1=[(3n + 1)/4].

Assume n = 4t 4+ 3. Then

N(G)={2t+3,2t+5,... 4t + 3,4t + 4,4t +6,... 8t + 4},

and hence |N(G)| = 3t +2 > 5. Since t(2,G) < t(p,G) < 4, primes p and 2 cannot lie in a
coclique of maximal size. By the adjacency criterion, ro 1 is nonadjacent to every r;, where
i € N(G). On the other hand, if n(i) < 2t +1 or ¢ = 4t + 2, then r; is adjacent to 74444
and roiy1. Therefore, M(G) = N(G) U {(n — 1)/2}, every set 0(G) € O(G) is of the form
{ri|(n—=1)/2 <n(E) <n,i#2n,n—1} 0'(G) = @, and t(G) = 3t + 3 = (3n + 3)/4. For the
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case where n = 4t + 3, every coclique of maximal size does not contain any primes r4;+2, and we
are so done away with the group D7(2) too.

It remains to consider the cases where ¢ = 2 and n = 4 + k, with k£ = 1,2. Both results (see
Table 3) are derived by following essentially the same arguments as were used in the general case
(with due regard for the fact that Rg = &) and can be easily verified by appealing to Proposition 2.5
and [1, Props. 3.1, 4.4].

Case 3. Let G =2D,(q).

Suppose n = 4. If ¢ # 2 then N(G) = {3,6,8}; otherwise, N(G) = {3,8}. The set
{1,2,3,4,6,8} includes I(G), and so £ = {p} U Ry U Ry U Ry, where {p}, R2, and R, are al-
ways nonempty. A prime p and any prime r4 are adjacent one to another and are nonadjacent
to every r; with ¢ € N(G). On the other hand, primes r; and r; are adjacent for ¢ € {1,2} and
j € {3,6}. Therefore, M(G) = N(G) and 6(G) is of the form {r3,rg} for ¢ = 2, and of the
form {rs,re,7s} otherwise. The set ©'(G) consists of singleton sets of types {p} and {r4}. Thus
t(G) = 3 for ¢ = 2 and t(G) = 4 otherwise.

Let n > 4. Consider four different cases depending on the residue of n modulo 4. Put n = 4t+k,
where £k =0,1,2,3 and t > 1. If ¢ = 2, then we assume that ¢ > 1 to avoid exceptional instances
necessitated by the condition that Rg = @ for g = 2.

Assume n =4t > 4. Then

N(G)={2t+ 1,2t +3,...,4t — 1,4t + 2,4t + 4, ..., 8t},

and hence |N(G)| = 3t > 4. By [1, Props. 3.1, 4.4], t(2,G) < t(p,G) < 4, and so p and 2 cannot
lie in any coclique of maximal size. By virtue of the adjacency criterion, r4 is nonadjacent to
every r;, where i € N(G). On the other hand, any prime ry;_; is adjacent to rg and rgio, and
any prime 749 is adjacent to r4 and ropy1. Moreover, if n(i) < 2t — 1, then r; is adjacent to at
least three primes in x. Therefore, M(G) = N(G) U {n}, every set 6(G) € O(G) has the form
{ri|n/2 <n(i) <n}, ©(G) =2, and t(G) =3t +1=[(3n+4)/4].

Suppose n = 4t + 1. Then

N(G)={2t+1,2t+3,... 4t — 1,4t + 2,4t +4,... 8t + 2},

and so |[N(G)| = 3t +1 > 4. In view of [1, Props. 3.1, 4.4], t(2,G) < t(p,G) < 4. Therefore, p

and 2 cannot lie in any coclique of maximal size. If n(i) < 2¢, then any prime r; is adjacent to

Tary2 and roqq. If ¢ = 4t, then r; is adjacent to r;, where j € N(G), iff j = 2t + 1. Thus M(G) =

N(G)\{(n+1)/2}, every set 0(G) € O(G) has the form {r; | n/2 <n(i) < n,i# (n+1)/2,n},

and ©'(G) consists of singleton sets of type {rsy} or {ro.+1}. Hence t(G) =3t + 1 = [(3n + 4)/4].
Assume n = 4t + 2. Then

N(G)={2t+3,2t+5,... 4t + 1,4t + 4,4t +6,... 8t + 4},

and so |[N(G)| = 3t + 1 > 4. All primes ro;y1, T4, and rg442 are adjacent one to another and are
nonadjacent to every r; with ¢ € N(G). Hence t(G) > 4. Since t(2,G) < t(p, G) < 4, primes p and
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2 cannot lie in any coclique of maximal size. If n(i) < 2t, then r; is adjacent to roi41, 7442, r4t, and

T4t+4. Therefore, N(G) = M(G), every set (G) € ©(G) has the form {r; | n/2 < n(i) < n}, and

©'(G) consists of singleton sets of type {ros+1}, {rac}, or {ragro}. Thust(G) = 3t+2 = [(3n+4)/4].
Suppose n = 4t + 3. Then

N(G)={2t+3,2t+5,... 4t + 1,4t + 4,4t +6,..., 8t + 6},

and so [N(G)| = 3t +2 > 5. Since t(2,G) < t(p,G) < 4, primes p and 2 cannot lie in a
coclique of maximal size. In view of the adjacency criterion, 7442 is nonadjacent to every r;,
where i € N(G). On the other hand, if (i) < 2t + 1 or ¢ = 2t 4+ 1, then r; is adjacent to
T4t+4 and rgyo. Therefore, M(G) = N(G) U {n — 1}, every set 0(G) € O(G) is of the form
{ri|(n—=1)/2<n(i) <n,i#n,(n—1)/2}, O'(G) =@, and t(G) = 3t + 3 = [(3n + 4)/4].

It remains to handle the cases where ¢ = 2 and n = 4 + k, with k£ = 1,2,3. All results (see
Table 3) are obtained by following essentially the same arguments as were used in the general
case (with the fact that Ryy9 = Rg = @ in mind) and can be readily verified by appealing to
Proposition 2.5 and [1, Props. 3.1, 4.4]. O

PROPOSITION 3.11. If GG is a finite simple exceptional group of Lie type over a field of
characteristic p, then ¢(G) and the sets O(G) and ©'(G) are listed in Table 4.

Proof. All kinds of exceptional groups of Lie type will be treated separately. Following [9],
we represent the prime graph GK(G) in a compact form. By a compact form we mean a graph
whose vertices are marked with labels R;. A vertex labeled R; is a clique in GK(G) each vertex
of which is a prime in R;. An edge joining R; and R; is a set of edges of GK(G) connecting each
vertex in R; to each vertex in R;. If an edge occurs under some condition, we draw such an edge
as a dotted line and write an appropriate occurrence condition. Technical tools for determining
the compact form of GK (G) for an exceptional group of Lie type G are Propositions 2.7 and 2.9,
and also [1, Props. 3.2, 3.3, 4.5]. Notice that the compact form for GK(G) can be conceived of as

a graphical representation for the adjacency criterion in GK(G).

Ry Ry

Fig. 1. Diagram of a compact form for GK (G2(q)).
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Ry 18 Rs 8
6
R Visl
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Fig. 5. Diagram of a compact form for GK (Eg(q)).

RQ Rl

Rg o719 R3

Fig. 6. Diagram of a compact form for GK (3D4(q)).

2 .RVE(?))

Fig. 7. Diagram of a compact form for GK(A5(q)).



Let G = G2(q). In the compact form for GK (G2(q)), the vector from 3 to Ry (resp. Rs) and the
dotted edge (3, R3) (resp. (3, Rg)) signify that R; (resp. R2) and R3 (resp. Rg) are not connected,
but if 3 € Ry, i.e,, ¢ =1 (mod 3) (resp. 3 € Ry, i.e., ¢ = —1 (mod 3)), then there exists an edge
between 3 and Rj3 (resp. Rg). If Ry = &, then we need to remove vertex R; together with all
incident edges. From the compact form of GK(G), it is evident that ©(G) = {{rs,rs} | 7 € R;}
while ©'(G) = {{p}, {r1}, {r2} | rs € R\ {3}}.

Let G = Fy(q). The compact form for GK(Fy(q)) indicates that {2,p, R1, R, R3} is a clique,
and the remaining vertices are pairwise nonadjacent. Since R3 in nonadjacent to Ry, Rg, Rs,
and Rja, while the remaining vertices in {2,p, Ri, Ro} are adjacent to at least two vertices in
{R4, R¢, Rs, R12}, we see that O(G) = {{rs,rs,r6,78,712} | 77 € R;}, if Rg # &, and O(G) =
{{rs,ra,rs,m12} | 1 € R;} if Rg = @ (i.e., if ¢ = 2). In either case ©'(G) = @.

Let G = E§(q). In the compact form for GK(E§(q)), the set {3,p, Ri, R2, R,_3), Ry}
forms a clique, and the remaining vertices are pairwise nonadjacent. Moreover, R, (3) and
R, ) are the only vertices in {3,p, R1, Ra, R, (3), R, ()} that are adjacent to precisely one of
the remaining vertices (viz., R, (3) is adjacent to Riz and R, (5 is adjacent to Ry). Thus
O(G) = {{ru.), 8, 7(9)} | i € Ri} and ©'(G) = {{ra, 7.3} {ruc(e), 12} {ra, m2} [ 1 € Ri}.
Since Rg = @ for ¢ = 2, we are faced up to the exceptions mentioned in Table 4.

Let G = Er(q). In the compact form for GK(Er(q)), the set {p, Ri, Ra, R3, R4, R¢} forms
a clique, and the remaining vertices are pairwise nonadjacent. Moreover, R, is the only vertex
in {p, R1, Ra, R3, R4, R¢} that is adjacent to precisely one of the remaining vertices (viz., Ry is
adjacent to Rg). Thus O(G) = {{rs,r7,79,710,712,714,718} | 70 € R;} and ©(G) = {{r4},{rs} |

r; € RZ}
Let G = Eg(q). In the compact form for GK(Eg(q)), the vector from 5 to R4 and the dot-
ted edge (5, Rg) indicate that R4 and Rog are not connected, but if 5 € Ry (ie., ¢> = —1

(mod 5)), then there exists an edge joining 5 and Ryy. Now {p, Ri, Ro, R3, R4, Rg} forms a
clique, and the remaining vertices are pairwise nonadjacent. Notice that each vertex in the clique

{p, R1, Ra, R3, Ry, R¢} is adjacent to at least two of the remaining vertices. Hence

@(G) = {{’I“5,’1“7,7‘8,7‘9,’1“10,’1“12,7‘1477‘1577‘18,7‘20,7‘24,7‘30} ‘ T € Rz}

and ©'(G) = .

Let G = 3Dy(q). The compact form for GK (3D4(q)) shows that ©(G) = {{rs,r6,m12} | 7 €
R;} and ©'(G) = @ if ¢ # 2. For ¢ = 2, the result follows from the compact form for the prime
graph GK (*D4(q)) and the fact that Rg = @.

Let G = 2Bs(gq). In this case primes s; € S; and s; € S; are adjacent iff i = j, while p = 2 is
nonadjacent to all vertices, yielding the result required.

Let G = 2G2(q). In this event odd primes s; € S; and s; € S; are adjacent iff i = j, while
p = 3 is nonadjacent to all odd primes. The required result now follows once we note that 2 is

adjacent to s1, so, and p.
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Let G = 2Fy(q). If ¢ > 8, then any set {ss,s3, 54, 85,86} forms a coclique in GK(G), as
follows by Prop. 2.9. The same proposition, together with [1, Prop. 3.3], implies that the set
{2} U S1 U Sy forms a clique in GK(G), any prime s3 is adjacent to s; and 2, and 3 is adjacent to
sy and sy, yielding the result required. If G = 2F(8), then Sy = 7(9) \ {3} = @, in which case
every 0(G) € ©(G) is of the form {s5, s¢} and every ¢'(G) € ©'(G) is a two-element set of type
{s1,84}, {3,853}, {2,584}, or {s3,54}. A group G = 2F,(2) is not simple, and its derived subgroup
T = 2Fy(2) is a simple Tits group. Using [2], we see that the prime graph of the Tits group T

contains a unique coclique p(T') = {3, 5,13} of maximal size. O

PROPOSITION 3.12. If G = A5_,(q) is a finite simple group of Lie type over a field of
characteristic p, and n € {2,3}, then ¢(G) and the sets O(G) and ©'(G) are listed in Table 2.

Proof. Let G = A;(g). Then the compact form for GK(A;(q)) is a coclique with vertex set
{R1, Ra,p}. Thus O(G) = {{r1,72,p} | ri € R;} and ©'(G) = @.

Let G = A5(q). Put RLE(l) = R, (1) \ {2,3} and R;E(2) = R, (9) \ {2,3}. First assume that
(¢ — el)s > 3. Then the set {2,3,p, R:ja(l)} is a clique in a compact form for GK(A5(q)), while
RLS(Q) and R, _(3) are nonadjacent. If R, o) # {2} (i.e., ¢+l # 2% and RLS(Q) # &), then p is
the only vertex in the clique {2,3,p, R 5(1)} that is nonadjacent to both R]_ (2) and R, _3). Hence
O(G) = {p, 1.2y # 2,0 3)} | 7 € Ri} and ©'(G) = @. If R, (5 = {2} (ie,, ¢+ ¢l = 2¥ and
R, 5 = @), then ©(G) = {{r,.3)} | 7v.(3) € Ri(3)} and ©'(G) = {2} {p} {rv.)} | ) €
Ry}

Next suppose that (¢ —el); = 3. Then the set {2,p, R;E(l)} is a clique in a compact form
for GK(A5(q)), while 3, R/, _(2)> and R,_3) are pairwise nonadjacent. Since p is the only vertex
in the clique {2, p, R/Vs(l)} that is nonadjacent to 3, RLS(Q), and R, (3), we conclude that ©(G) =
3.0, 70,20 # 2.ry} [ 10 € R}, i Ry o) # {2}, and O(G) = {{3,p. 1.3} [ 70.(3) € Ruz)} if
Ry (2) = {2}. In both cases ©'(G) = @.

Lastly, let (g —¢l)3 =1, i.e, either (¢+¢l)3 > 1 and 3 € R,_(9) # {2}, or p=3. As above, we

/
ve (2

)} that is nonadjacent

see that the set {2, p, R:ja(l)} is a clique in a compact form for GK(A5(q)), while R ) and R,_(3)

are pairwise nonadjacent. Since p is the only vertex in the clique {2,p, R}, (1
to R;E(Q) and R,_(3), and either 3 € R,_5) or p = 3, we see that O(G) = {{p,7,.2) # 2,70.(3)} |
ri € Ri\ {2}} and ©'(G) = 9, if R, (5 # {2}, and O(G) = {{r,.3)} | 10.(3) € Ru(3)} and
0'(G) ={{rh{r.0h2=rn.e} Irno € R} R = {2} O

Tables 2-4 are organized in the following way. Column 1 represents a group of Lie type G with
the base field of order ¢ and characteristic p, column 2 presents conditions on G, and column 3
contains values for ¢(G). In columns 4 and 5, we list elements of ©(G) and ©'(G), which are sets
0(G) € O(G) and 0'(G) € ©'(G), and in so doing omit braces around singletons. In particular, the
expression {p, 3,72 # 2,73} in column 4 signifies that ©(G) = {{p,3,r2,73} | r2 € Ra \ {2}, r3 €
Rs}, and by writing p,r4 in column 5 we mean that ©'(G) = {{p}, {rs} | r4 € Ry}.
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TABLE 2. Cocliques for finite simple linear and unitary groups

G Conditions t(G) 0(G) 0'(G)

A1(q) qg>3 3 {p,r1,72} %]

As(q) (q—1)3=3,q+1#2" 4 {p,3,72 #2,r3} ]
(q—1)3=3,qg+1=2F 3 {3,p,r3} 1%}
(q—1)s#3,g+1#2" | 3 {p,ra # 2,713} )
(q—1)3#3,q+1=2F 2 r3 D,T1,2 =T

A3(Q) (C] - 1)2 #4 3 {p7 T3, 7“4} %)
(g—1)2 =4 3 {rs,r4} p,2

As(g) | (@—=1)s#5 3 {ra,ms} P73
(q — 1)5 =5 3 {7“4,7“5} 5,])7 T3

As(q) q=2 3 {rs,ra,r5} %]
g>2and (g—1)3#3 3 s {psre}Ars, rat,

{ra, e}
(q—1)3=3 3 s {p,re}.{rs,ra},
{7“4,7“5}, {3,7“5}
Ap—1(q), | nisodd and q # 2 (2 {ri| 3 <i<n} %)

n>7 for7<n<11
n is even and ¢ # 2 (2] {ri| § <i<n} Tn/2>Tn
for 8 < n <12
n="7q=2 3 {rs,r7} 73,74
n=38,q=2 3 7 {p,rs},{rs,7r8},

{rs,rs}{ra,rs}
n=9,q¢g=2 4 {rs,r7,7r8,79} (7]
n = 10, q = 2 4 {7“7, 7“9} {7“4, 7“10},{7“8, 7“10}
{rs,rs}
n=11,¢= 5 {rz,rs,r9,m11} 75,710
n=12,¢=2 6 {r7,r8,79,710,711, 712} %)
2As2(q), | (g+1)3=3,g-1#2"| 4 {p,3,m1 # 2,76} @

q>2 (g+1)3=3,qg—1=2F 3 {3,p,76} @
(q+1)3#3,q—1#2F 3 {p,r1 # 2,716} %]
(g+1)3 # 3, 2 re P, 7r2,2 =11
g—1=2F>2
q=3 2 6 p, o =2

*As(q) | (g+1)2#4and g #2 3 {p,76,74} @
(g+1)2=14 3 {re,ra} D,2
q= 2 Ty D12

2Au(g) | a= 3 {p,ra,m10} )
g>2and (g+1)5 #5 3 {rs,r10} P, T
(q—|—1)5 =5 3 {7“4,7“10} 9,p,T6

2A45(q) q=2 3 {ri0,73} 3,p,74
(q+1)3#3 3 10 {psrs}ire, rat,

{ra,rs}
g>2and (¢+1)3=3 3 T10 {p,r3},{re,ra},
{7“4,7“3}, {3,7“3}
2A,-1(q), | nis odd (2] {ri| 5 <v(i) <n} %)
n>=7 n is even ["42'1] {ri| 5 <v(i) <n} Ty(n/2)> Tv(n)
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TABLE 3. Cocliques for finite simple symplectic and orthogonal groups

G Conditions t(G) 0(G) 0'(G)

B,(g)or | n=2and ¢=3 2 T4 D, T2

Cnlg) |n=2andg>3 2 T4 DyT1,72
n=3and g =2 2 T3 P12,
n=3and g > 2 3 {rs,re} P74
n=4and qg=2 3 {rs,ra,r8} @
n="5and qg=2 4 {rs,rs,m10} 73,74
n==6and qg=2 5 {r3, 75,78, 10,712} 1)
n="7and q=2 6 {rs,r7,m10, 712,714} 3,18
n>3,n=0,1(mod4), and | [3%5] {ri| 5 <n@) <n} 1%}
(n,0) # (4,2), (5.2)

n >3, n =2(mod4), and [3”4—+5] {ri| 5 <n(i)<n} Tn/2:Tn
(n,0) # (6,2)

n >3, n=3(mod4), and [Bt5 ]|y | 22 < (i) < n} | Peam1)/2: -1,
(n.q) # (7,2) Tn+1

D, (q) n=4and qg=2 2 r3 D12, T4
n=4andq>2 3 {rs,r6} DsTa
n=>5and qg=2 4 {rs,ra,7r5,18} g
n=6andq=2 4 {rs, 75,718,710} )

n >4 and n = 0 (mod 4) [Sntl] {ri] & <n(i) <n, )

i#2n}

n >4, n=1(mod4), and [%] {ri| 5 <n@) <n, Tn—1,Tn+1

(n,q) # (5,2) i#2n,n+1}

n >4, n=2(mod4), and [%] {ri| 5 <n@) <n, Tnj2,Tn

(n,q) # (6,2) i # 2n}

n >4 and n = 3 (mod4) Sntd Ly | 25 < i) <, %)
i#2n,n—1}

’Dn(q) | n=4and ¢=2 3 {rs,rs} D, T4
n=4and ¢ > 2 4 {rs,re, 8} P, T4
n=>5and qg=2 3 {rs,r10} D, 73,74
n==6and ¢g=2 ) {rs,78, 710,712} 73,74
n=7and q=2 5 {rs,r10,712,714} 3,18
n >4, n=0(mod4) and [3”4+4] {ri| 5 <n@) <n} 1%}

n >4, n=1(mod4) and [Bntd] {ri| 5 <n@) <n, T(nt1)/2) Tn—1
(n.q) # (5,2) i#n, B}

n >4, n=2(mod4), and [%] {ri| § <n(i) <n} Tn/2,Tn—2,Tn
(n,q) # (6,2)

n >4, n=3(mod4), and [3”4+4] {ri | 252 <n(i) < n, %}
(n,q) # (7,2) i#n )




TABLE 4. Cocliques for finite simple exceptional groups

G Conditions t(G) 0(G) 0'(G)
Ga(q) q=3,4 3 {rs,re} P, T2
q=2_8 3 {rs,re} D, 71
qg=3">3 3 {rs,r¢} P, 71,72
g=1(mod3) and q # 4 3 {rs,r¢} P, T2, 1 £ 3
¢ =2(mod3) and g # 8 3 {rs,re} P, T1,T2 # 3
Fy(q) q=2 4 {rs,ra,7r8,712} 1%}
q>2 5 {rs,r4,76,78,712} %}
FEs(q) q=2 5 {ra,rs,78,79} 3,712
q>2 5 {rs,rs, 79} {rs,ra}, {ra,r12},
{7“677“12}
QEG((I) q=2 5 {rs, 10,712,718} r3,T4
q>2 5 {rs,r10, 718} {rs,r2}, {ra,76},
{7“477“12}
Er(q) 8 {rs,r7,79,710, T4,T8
7”12,7“1477“18}
Eg(q) 12 {7’5,7‘7,7’8,7’9,7’10,7’12, %)
714,715,718, 720,724, 730 }
*Da(q) q= 2 12 DsT2,7T3
q>2 3 {7‘3,7‘6,7‘12} %)
2B(22" Y | n>1 4 {2, 81, 52,83} (7]
2G2(32n+1) n>1 5 {3,81,82,83,84} %)
2Fy(227Y) | n> 2, 5 {2, 83, 84, S5, 56 } %)
2F4(8) 4 {s5, 56} {3,s3}, {51,854},
{2, 84}, {83,584}
2F4(2)/ 3 {3,5,13} %)

4. APPENDIX

We give a list of corrections for [1] obtained in the present paper.

Items (4), (5), and (9) of Lemma 1.3 in [1] should be replaced by, respectively, items (1), (2),
and (3) of Lemma 2.6 in this paper. Lemma 1.4 [1] should be replaced by Lemma 2.1; Lemma 1.5
[1], by Lemma 2.8; Proposition 2.3 [1], by Proposition 2.4; Proposition 2.4 [1], by Proposition 2.5;
Proposition 2.5 [1], by Proposition 2.7.

In [1, Tables 4, 8], the following corrections are necessary:

the lines

4
3

=3,(¢q—1)3=3,and ¢+ 1 #2*
n=3,(qg—1)3#3,and ¢+ 1 # 2"

An—1(q) {p, 3,712,713}

{p7 T27T3}
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should be replaced by

An—l(q)

and the lines

2An71 (Q)

2An71 (Q) ‘

—1)3 =3, and ¢+ 1 #2*
—1)3#3,and ¢ +1#2F

=3,(¢g+1)3=3,and g — 1 #2F

n=3,(¢+

n=3,(qg+1)3=3,and g — 1 #2*

1)3 #3, and g — 1 # 2F

3

{p>37’r2 7£ 27T3}
{p,TQ ;é 27T3}

)

{pu 37T17T6}

3 {p,Tl,T(}}

{p73url 7é 27T6}

n=3,(qg+1)3#3,and g—1#2" | 3| {p,r1 # 2,76}
In the last but one line corresponding to D, (q) in [1, Table 4], “n =
be substituted for “n =1 (mod 1), n > 4.”
In [1, Table 8], the following corrections are necessary:
the line
Du(q) | n 24, (n,q) # (4,2),(5,2),(6,2) | [P52] | {rai | [%5] <i < n}u
U{r | [3] <
i=1 (mod 2)}
should be replaced by
D,(q) | n>=4,n#3 (mod4), [t ) Lo | [2H] < i< n}U
(n,9) # (4,2), 5,2), (6,2) Ufri | [8] <i<n,
i=1 (mod 2)}
n =3 (mod 4) Sk | Lo | [2H] <di < n}U ’
U{r; | [%] <i<n,
i=1 (mod 2)}
and the line
’Dn(q) n>=4,n#1 (mod 4), [#] {ro; | [%] <1< njU
(n,q) # (4,2),(6,2),(7,2) u{ri | [3] <i<n,
i=1 (mod 2)}
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2D,(a) | n>dn#E1 (mod4), | (28] | {r] [3] <i <
(n7Q) 7 (47 2)7 (672)7 (772) U{?”i ‘ [%] <i<n,
i=1 (mod 2)}

Lastly, [1, Table 9] must be remedied as follows:
the line

5
6

EG(Q) {57 12,17, 19, 31}

{?”4, T5,76,78,T9, 712}

q=2
q>2

should be replaced by

‘ Es(q) ‘ none ‘ 5 ‘ {ra,r5,78,79, 712}

)

the line

‘ Er(q) ‘ none ‘ 7 ‘ {r7,78,79,110, 712,714, 718} ‘

‘ Er(q) ‘ none ‘ 8 ‘ {rs,r7,78,79,710, 712, 714, 718}

)
and the line
‘ Es(q) ‘ none ‘ 11 ‘ {r7,78,79,710, 712,714,715, 718, 720, 724, 730 } ‘
‘ Es(q) ‘ none ‘ 12 ‘ {rs.r7,78,79, 710, 712, 714, 15, 718, 720, 724730 } ‘

A revised version of [1] can be found at http://arxiv.org/abs/math/0506294.
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