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A CONJUGACY CRITERION FOR
HALL SUBGROUPS IN FINITE GROUPS
E. P. Vdovin and D. O. Revin UDC 512.542

Abstract: A finite group G is said to satisfy C, for a set of primes m, if G possesses exactly one class
of conjugate m-Hall subgroups. We obtain a criterion for a finite group G to satisfy C, in terms of
a normal series of the group.
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Introduction

Let 7 be a set of primes. We denote by 7’ the set of all primes not in m and by 7(n) the set of
prime divisors of a positive integer n, while for a finite group G we let 7(G) stand for 7(|G|). A positive
integer n with m(n) C 7 is called a m-number, while a group G with 7(G) C = is called a w-group.
A subgroup H of G is called a 7-Hall subgroup, if 7(H) C m and 7(|G : H|) C 7’. According to [1] we say
that G satisfies Ex (or, briefly, G € Er), if G possesses a m-Hall subgroup. Moreover, if every two 7-Hall
subgroups are conjugate then we say that G satisfies Cr (G € Cy). Further, if each m-subgroup of G lies
in a w-Hall subgroup then we say that G satisfies D, (G € D;). A group satisfying E, (respectively,
Cr, Dy) we also call an E;- (respectively, Cy-, Dr-)group.

Let A, B, and H be subgroups of G such that B < A. We denote Ny (A) N Ny (B) by Ny (A/B).
Then every element € Ny (A/B) induces an automorphism of A/B acting by Ba + Bz 'ax. Thus,
the homomorphism Ny (A/B) — Aut(A/B) is defined. The image of the homomorphism is denoted by
Auty(A/B) and is called the group of H-induced automorphisms on A/B, while the kernel is denoted
by Cr(A/B). If B =1 then Autgy(A/B) is denoted by Autg(A).

Assume that 7 is fixed. It is proved that the class of D;-groups is closed under homomorphic
images, normal subgroups (mod CFSG," [2, Theorem 7.7] or [3, Corollary 1.3]) and extensions (mod
CFSG, [2, Theorem 7.7]). Thus, a finite group G satisfies D, if and only if each composition factor S
of G satisfies D,. The class of E,-groups is also known to be closed under normal subgroups and
homomorphic images (see Lemma 4(1)) but not closed under extensions in general (see [4, Chapter V,
Example 2]). In [5, Theorem 3.5] and [6, Corollary 6] it is proven that, if 1 =Gy < G1 <--- < G, =G
is a composition series of G that is a refinement of a chief series, then G satisfies F, if and only if
Autg(G;/Gi—1) satisfies E for each i =1,...,n.

The class of Cr-groups is closed under extensions (see Lemma 5) but not closed under normal
subgroups in general (see the example below). Using the classification of finite simple groups, we in the
present paper show that the class of Cr-groups is closed under homomorphic images (mod CFSG, see
Lemma 9) and give a criterion for a finite group to satisfy Cj in terms of a normal series of the group.
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The main result is the following:

Theorem 1 (mod CFSG). Let m be a set of primes, let H be a m-Hall subgroup, and let A be
a normal subgroup of a C-group G. Then HA € C.

Corollary 2 (a conjugacy criterion for Hall subgroups, mod CFSG). Let m be a set of primes and
let A be a normal subgroup of G. Then G € Cy if and only if G/A € Cy and, for a w-Hall®) subgroup
K/A of G/A its complete preimage K satisfies Cy. In particular, if |G : A| is a 7’-number then G € Cj
if and only if A € C.

Using the corollary at the end of the paper, we give an algorithm that reduces the problem whether
a finite group satisfies C; to the same problem in some almost simple groups. In view of Theorem 1
notice that we do not know any counterexample to the following conjecture:

Conjecture 3. Let 7 be a set of primes, and let A be a (not necessary normal) subgroup of a finite
Cr-group G containing a w-Hall subgroup of G. Then A € C.

The condition of the conjecture that A includes a m-Hall subgroup of G cannot be weaken by the
condition that the index of A is a 7’-number. Indeed, consider Bs(q) ~ PQ7(q), where ¢ — 1 is divisible
by 12 and is not divisible by 8 and 9. In view of [2, Lemma 6.2], PQ7(q) is a Cy3j-group and its
{2, 3}-Hall subgroup lies in a monomial subgroup. On the other hand, 7(2) is known to be isomorphic
to a subgroup of PQ7(¢) and, under the above conditions on ¢, its index is not divisible by 2 and 3.
However Q7(2) does not possess a {2, 3}-Hall subgroup; i.e., it is not even an Ey 33-group.

1. Notation and Preliminary Results

By 7 we always denote a set of primes, and the term “group” always means a finite group.
The lemmas below are known and their proof do not refer to the classification of finite simple groups.

Lemma 4 [4, Chapter IV, (5.11), Chapter V, Theorem 3.7]. Let A be a normal subgroup of G.
Then the following hold:

(1) If H is a m-Hall subgroup of G then H N A is a w-Hall subgroup of A, while HA/A is a n-Hall
subgroup of G/A.

(2) If all factors of a subnormal series of G are either - or 7’-groups then G € D,.

Notice that (2) of Lemma 4 follows from the celebrated Chunikhin’s Theorem on 7-solvable groups
and the Feit-Thompson Odd Order Theorem.

Lemma 5 (Chunikhin; also see [1, Theorems Cl and C2] or [4, Chapter V, (3.12)]). Let A be
a normal subgroup of G. If both A and G /A satisfy Cy then G € C;.

Lemma 6 [3, Lemma 2.1(e)]. Let A be a normal subgroup of G such that G/A is a w-group, and
let M be a w-Hall subgroup of A. Then a m-Hall subgroup H of G with H N A = M exists if and only if
G acting by conjugation leaves {M® | a € A} invariant.

EXAMPLE. Suppose that 7 = {2,3}. Let G = GL5(2) = SL5(2) be a group of order 99999360 =
210.32.5.7.31. Assume then that . : 2 € G — (2z')"! and G = G X (1) is a natural semidirect product.
By [7, Theorem 1.2], G possesses m-Hall subgroups and each w-Hall subgroup is the stabilizer of a series

of subspaces V = V) < V; < Vo < V3 = V, where V is a natural module of G and dim Vy/Vj_1 €
{1,2} for every k = 1,2,3. Hence G possesses exactly three classes of conjugate m-Hall subgroups with

2)Since G/A € C, the phrase “for a m-Hall subgroup K /A of G/A” in the statement can be interpreted as “for
every” and “for some,” and both of them are correct.
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the representatives

GL2(2) *
H =
0 GL2(2)
*
GL2(2) *
GL2(2)
H2 = ) H3 =
GL2(2)
0 GL2(2)
0

Notice that Ng(Hy) = Hy, k = 1,2,3, since Hy, is parabolic. By Lemma 4(1), for each 7m-Hall subgroup H
of G the subgroup H NG is conjugate to one of the subgroups Hy, Ho, and Hs. The class containing Hq
is invariant under .. Hence by Lemma 6 there exists a w-Hall subgroup H of G with HNG = Hi.
Moreover, H = N §(H1> The classes containing He and Hs are permuted by ¢. So from Lemmas 4(1)

and 6 it follows that these subgroups do not lie in w-Hall subgroups of G. Thus, G has exactly one class
of conjugate m-Hall subgroups, and so satisfies C in contrast to its normal subgroup G.

Lemma 7. Let A be a normal subgroup and let H be a w-Hall subgroup of a Cr-group G. Then
Ng(HA) and Ng(H N A) satisty C.

ProOOF. Note that both Ng(HA) and Ng(H N A) include H, and so they satisfy E;. Let K be
a m-Hall subgroup of Ng(HA). Since HA < Ng(HA) and |Ng(HA) : HA| is a 7/-number, we have
K < HA and KA = HA. If x € G is chosen so that K = H® then (HA)* = H*A= KA = HA and so
x € Ng(HA). Therefore, No(HA) € C.

Suppose that K is a w-Hall subgroup of No(H N'A). Then K(HNA)=Kand KNA=HnNA. If
x € G is chosen so that K = H* then (HNA)* = H* NA=KNA=HNAandsox € Ng(HNA).
Therefore Nog(HNA) e Cr. O

Lemma 8 ([6, Corollary 9], mod CFSG). Each w-Hall group of a homomorphic image of an E,-group
G is the image of a w-Hall subgroup of G.

By Lemma 8 it is immediate that C; is preserved under homomorphisms.

Lemma 9 (mod CFSG). Let A be a normal subgroup of a Cr-group G. Then G/A € C;.

PrOOF. Put G/A = G. Since all 7-Hall subgroups of G are conjugate, it is enough to show that
for every m-Hall subgroup K of G there exists a m-Hall subgroup U of G such that UA/A = K. The
existence of U follows from Lemma 8. [J

If G is a group then a G-class of m-Hall subgroups is a class of conjugate m-Hall subgroups of G. Let A
be a subnormal subgroup of an E,-group G. A subgroup H N A of A, where H is a w-Hall subgroup of GG,
is called a G-induced m-Hall subgroup of A. Thus, {(HNA)* | a € A}, where H is a w-Hall subgroup of G,
is called an A-class of G-induced w-Hall subgroups. We denote the number of all A-classes of G-induced
m-Hall subgroups by k&(A). Let k. (G) = k%(G) be the number of classes of 7-Hall subgroups of G.
Clearly, k$(A) < kr(A).

Recall that a finite group G is called almost simple, if G possesses a unique minimal normal sub-
group S and S is a nonabelian finite group (equivalently, up to isomorphism, S ~ Inn(S) < G < Aut(S)
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for a nonabelian finite simple group S). The proof of Theorem 1 uses the following statement on the
number of classes of m-Hall subgroups in finite simple groups.

Theorem 10 ([3, Theorem 1.1], mod CFSG). Let 7 be a set of primes and let G be an almost simple
finite E-group with the (nonabelian simple) socle S. Then the following hold:

(1) If 2 & 7 then kS(S) = 1.

(2) If 3 & 7 then K& (S) € {1,2}.

(3) If 2,3 € m then kS(S) € {1,2,3,4,9}.

In particular, k¢ (S) is a m-number.

Lemma 11. Let H be a m-Hall subgroup, let A be a normal subgroup of G, and HACg(A) 4 G
(this condition is satisfied, if HA < G). Then an A-class of m-Hall subgroups is a class of G-induced
m-Hall subgroups if and only if it is H-invariant.

Proor. If K is a m-Hall subgroup of G then K < HAC(A), and so KACg(A) = HACg(A). Since
the A-class {(KNA)* | a € A} is K-invariant, it follows that it is invariant under HACg(A) = KACg(A)
and so under H.

Conversely, without loss of generality we may assume that G = HA and the claim follows from
Lemma 6. O

Lemma 12. Let H be a w-Hall subgroup, let A be a normal subgroup of G, and HA < G. Then
kS (A) = kFA(A).

PROOF. Since HA is a normal subgroup of G, each w-Hall subgroup of G lies in HA. Hence,
EG(A) = EHAA). O

™

Lemma 13. Let H be a w-Hall subgroup, let A be a normal subgroup of G, and HA < G. Then
the following are equivalent:

(1) KS(4) = 1.

(2) HA € C;.

(3) Every two w-Hall subgroups of G are conjugate by an element of A.

Proor. (1) = (2) If K is a m-Hall subgroup of HA then by (1) HN A and KN A are conjugate in A.
We may assume that H N A = KN A. Then H and K lie in Nga(H N A). By the Frattini argument,
HA = Npga(HNA)A. So,

Nua(HNA)/Na(HNA)=Nga(HNA)/Nga(HNA)NA~ Nya(HNA)A/A=HAJA
is a m-group. Thus, Nga(H N A) possesses the normal series
Npa(HNA)> Nsy(HNA)>HNA>1

such that every factor of the series is either a m- or n’-group, and, by Lemma 4(2), satisfies D,. In
particular, H and K are conjugate in Ny (H N A).
(2) = (3) and (3) = (1) are evident. [

Lemma 14. Let H be a w-Hall subgroup, let A = A X --- x As be a normal subgroup of G, and
G = HACG(A). Then for every i =1, ..., s the following hold:

(1) Na(Ai) = Ng(A;))ACq(A).

(2) Ng(A;) is a m-Hall subgroup of Ng(A;).

(3) k2"te(d)(mn(4;)) = kY61 (4,).

Proor. (1) follows since G = HACG(A) and ACg(A) < Ng(4;). Using (1) and the identity
NH(AZ) N ACG(A) = HnN ACG(A>, we see that |N0(Az) : NH(AZ)‘ = ’ACG(A) : (H N ACG(A))‘ is
a 7’-number, whence (2).

Assume that p : A; — Inn(A4;) is the natural epimorphism. Since Ker(p) = Z(A;) is an abelian
group, the kernel of p possesses a unique m-Hall subgroup which lies in each m-Hall subgroup of A;.
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Hence the map H — Hp defines a bijection between the sets of m-Hall subgroups of A; and Inn(4;),
and also induces a bijection (we denote it by the same symbol o) between the sets A and I' of A;-
and Inn(A;)-classes of m-Hall subgroups, respectively. We show that the restriction of o on the set Ag
of all A;-classes of N¢(A;)-induced m-Hall subgroups is a bijective map from Ay onto the set I'y of all
Inn(A;)-classes of Autg(A;)-induced w-Hall subgroups. Since A = A; X --- x Ag; therefore, (1) implies
Ng(4;) = Nu(Ai)A;Cq(A;). The normalizer N¢(A;) permutes elements from A acting by conjugation
on the m-Hall subgroups of A;. Thus, it acts on A. By Lemma 11, Ag is the union of all one-element
orbits under this action. By using o, define an equivalent action of Ng(A4;) on I'. Since Cg(A;) lies in the
kernel of both actions, the induced actions of Autg(A4;) = Ng(A4;)/Ca(A4;) on A and I are well-defined.
It is easy to see that the action of Autg(A;) on I' defined in this way coincides with the natural action
of the group on the set of Inn(A4;)-classes of conjugate w-Hall subgroups. Since

Autg(A;)/ Inn(4;) = Na(4i)/AiCa(Ai) =~ Nu(A:i) /(Nu(Ai) N AiCa(4i))

is a m-group, by Lemma 11, 'y coincides with the union of one-element orbits of Autg(A4;) on I'. By the
definition of the action, I'g is the image of Ay under o. Since o is a bijection,

kNe(Ai)(4;) = |Ag| = |To| = k264 (Inn(4;)).
(3) follows. O

Suppose that A = Ay x --- X A; and for every ¢ = 1,...,s by J we denote an A;-class of w-Hall
subgroups of A;. The set

%X"'X%:{<H17"'7HS>|H’i€’%§7 i:l,...,S}

is called the product of J4,. .., #;. Clearly J£ x --- X J#; is an A-class of m-Hall subgroups of A. It is
also obvious that for a normal subgroup A of G every A-class of G-induced w-Hall subgroups is a product
of some Ai-, ..., As-classes of G-induced m-Hall subgroups. In particular, kS(4;) < kG(A) for every
i =1,...,s. The reverse inequality fails in general.

Lemma 15. Let H be a w-Hall subgroup and let A = Ay x --- X A be a normal subgroup of G.
Assume also that the subgroups Ay, ..., A are normal in G and G = HACg(A). Then kS(A) =
KS(AL) ... KS(A,).

Proor. Two w-Hall subgroups P and @ of A are conjugate in A if and only if the m-Hall subgroups
PN A; and Q@ N A; of A; are conjugate in A; for every ¢ = 1,...,s. In order to prove the claim it is
enough to show that the product of Aq-, ..., As-classes of G-induced 7-Hall subgroups is an A-class of G-
induced m-Hall subgroups as well. Assume that Uy, ..., U, are G-induced m-Hall subgroups of Ay, ..., As,
respectively. We show that

U= <U1,...,US> :U1 X oo X US

is a G-induced w-Hall subgroup of A. By Lemma 11 it is enough to show that for every h € H there
exists a € A with U"* = U®. Since U; = K; N A; for an appropriate 7-Hall subgroup K; of G, the set
{Uf o€ AZ-} is K;-invariant, and so this set is invariant under K;A = HA. In particular, U = U
for some a; € A;. Thus,

Uh=Ulx . xUM=U" x - - x U =U x --- x UL =U",
wherea=ay1...a,, € A. O

Lemma 16. Let H be a w-Hall subgroup, let A = Ay X --- X Ag be a normal subgroup of G that
acts transitively on the set {Ay,..., As} by conjugation, and G = HACg(A). Then k&(A) = kS (A;) =
kfrVG(A")(Ai) for every i =1,...,s.

PROOF. We show that each G-induced w-Hall subgroup of A; is also an Ng(A4;)-induced subgroup.
Indeed, if K is a w-Hall subgroup of G then G = KACg(A) and, by Lemma 14, the identity Ng(A4;) =
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Nk (A;)ACg(A) holds. Moreover, K N A; = Ng(A;) N A; and Nk (A4;) is a w-Hall subgroup of Ng(A4;).
So every G-induced m-Hall subgroup of A; is also an Ng(A;)-induced w-Hall subgroup, in particular,
kG (Ai) < k€U (4y).

We show now that if x,y € G are in the same coset of G by Ng(A;1), then for every G-induced 7-Hall
subgroup U of A; the subgroups Uy and U} are conjugate in 4; = A7 = AY. It is enough to show
that the subgroups U; and UY, where t = zy~! € Ng(41), are conjugate in A;. Put t = hac, a € A,
c € Cg(A), h € H. Since Ul and UJ%¢ are conjugate in Aj, it is enough to show that U; and U} are
conjugate in A;. Since (ac)}f1 € ACg(A) < Ng(Ay), the element h normalizes A; as well. Assume that
Up = UN A, for a G-induced w-Hall subgroup U of A. Suppose that # is an A-class of m-Hall subgroups
containing U, and let # = J x --- x J#;, where J#; is an A;-class of G-induced m-Hall subgroups.
Clearly, Uy € J#. Since, by Lemma 11, J# is H-invariant, H acts on the set {#1,..., . #5}. The element
h normalizes Aj, hence it fixes the A;-class #]7. In particular, the subgroups Uy and U are in .#7, and
so they are conjugate in Aj.

Assume that f € H and A{ = A;. For an Aj-class of m-Hall subgroups J#; we define the A;-class
,}iflf by Jiflf = {Ulf | Uy € 21 }. As we noted above, Ji/lf is an A;-class of G-induced m-Hall subgroups.

Let hy = 1,hg,..., hs be the right transversal of Ny(A;) in H. Since G acts transitively, up to
renumbering we may assume that A; = A" and (Ng(A41))" = Na(4;). So k:,JyG(Al)(Al) = k,]TVG(Ai)(Ai)
fori=1,...,s. Consider

o o

mapping an Aj-class of Ng(A;j)-induced m-Hall subgroups J#; to an A-class of m-Hall subgroups. Note

that %ﬁhl X oee X L%/lhs is always H-invariant and, by Lemma 11, it is an A-class of G-induced mw-Hall

subgroups. Notice also that o is injective, and so kfr\TG(Al)(Al) < k%(A). Consider the restriction 7 of o

on the set of Aj-classes of G-induced m-Hall subgroups. We need to show that the image of 7 coincides
with the set of A-classes of G-induced m-Hall subgroups in order to complete the proof, since in this case
we derive the inequality kG(A4;) > kS (A).

Let 2 = J1 x -+ x J; be an A-class of G-induced m-Hall subgroups. It is enough to show that
G = :%/1}” for every i = 1,...,s. Since G acts transitively on the set {A1, ..., As}, there exists an element
g € G such that A = A;. Let gct, wherea € A, c € Cg(A), andt € H. Then AY = A; and t € Ny (A;)h;.
As we already proved, ' = e%/lh". By Lemma 11, ¥ is H-invariant. Hence, % = ' = ,)i/lhi and
H =" % ox o = o O

2. A Conjugacy Criterion for Hall Subgroups

In this section we prove Theorem 1, Corollary 2, and provide an algorithm for determining whether GG
satisfies C; by using a normal series of G.

PrROOF OF THEOREM 1. Assume that the claim is not true, and let G be a counterexample of
minimal order. Then G possesses a m-Hall subgroup H and a normal subgroup A such that HA does not
satisfy C;. We choose A to be minimal. Let K be a m-Hall subgroup of H A that is not conjugate with
H in HA. We divide into several steps the process of canceling the group G.

Clearly,

(1) HA= KA.

(2) A is a minimal normal subgroup of G.

Otherwise assume that M is a nontrivial normal subgroup of G that is contained properly in A. Put
G = G/M and, given a subgroup B of G, denote BM/M by B. By Lemma 9, G satisfies C,; H, and
K are m-Hall subgroups of G, A is a normal subgroup of G, HA = KA, and |G| < |G|. In view of the
minimality of G, the group H A satisfies C;. So H and K are conjugate by an element of A. Hence, the
subgroups HM and KM are conjugate by an element of A. Without loss of generality, we may assume
that HM = K M. In view of the choice of A, the group H M satisfies C;. Hence H and K are conjugate
by an element of M < A; a contradiction.

407



(3) A & Cy. In particular, A is not solvable.

Otherwise, by Lemma 5, the group H A satisfies C); as an extension of a Cr-group by a m-group.

(4) HA is a normal subgroup of G.

Otherwise Ng(HA) is a proper subgroup of G and, by Lemma 7, we have Ng(HA) € Cr. In view
of the minimality of G, it follows that HA € C; a contradiction.

In view of (2) and (3)

(5) A is a direct product of nonabelian simple groups Si,...,Sy,. The group G acts transitively on
Q={S1,...,Sn} by conjugation.

Let Aq,..., Ay be the orbits of HA on Q, and put T; = (A;) for every j =1,...,s. In view of (4)
and (5)

(6) G acts transitively on {T1,...,Ts} by conjugation. The subgroup A is a direct product of
Ti,...,Ts and each of these subgroups is normal in HA.

Assume that S € Q, and let T be a subgroup, generated by the orbit from the set {Aq,..., Ag} that
contains S. By Lemma 16,

(7) KEA(T) = KHA(S).

By (7) and Lemmas 12 and 15

(8) KE(A) = KEA(A) (REA(T))" = (KHA(S))".

By (8), Theorem 10, and Lemmas 14 and 16
(A) is a m-number.

(10) HA fixes every A-class of G-induced m-Hall subgroups.

Since G € Cf,

(11) G acts transitively on the set of A-classes of G-induced w-Hall subgroups.
In view of (10), the subgroup H A lies in the kernel of this action. Now, by (11)
(12) kS (A) is a n’-number.

By (9) and (12)

(13) kG (A) = 1.

Now by Lemma 13

(14) HA € Cy; a contradiction. [

PROOF OF COROLLARY 2. Necessity. If G € Cy then, by Lemma 9, G/A € C; as well. Let K/A be
a m-Hall subgroup of G/A. By Lemma 8, there exists a m-Hall subgroup H of G such that K = HA. By
Theorem 1, the group K = H A satisfies C';.

Sufficiency. Let H be a m-Hall subgroup of K. Since K/A is a m-Hall subgroup of G/A, we have
|G : H| =|G: K|-|K : H|is a 7’-number, and so H is a m-Hall subgroup of G. In particular, G € E,. Let
H, and Hj be m-Hall subgroups of G. Since G/A € Cr, the subgroups HiA/A and HyA/A are conjugate
in G/A, and we may assume that H1A = HsA. However, H1 A € Cr, and so H; and Hy are conjugate.
Thus, G € Cr. O

Lemma 17. Assume that G = HA, where H is a w-Hall subgroup, A is a normal subgroup of G,
and A = S1 x -+ x Sy is a direct product of simple groups. Then G € Cy if and only if Autg(S;) € Cx
for everyi=1,... k.

Proor. By the Hall theorem and Lemma 5 we may assume that Si,...,S; are nonabelian simple
groups, and so the set {S1,..., Sk} is invariant under the action of G by conjugation. Moreover, this set
is partitioned into the orbits Q1,...,€,. Denote an element of Q; by S;;. By Lemmas 15 and 16, we
obtain
kG (A) = K9(S;,) - ... - K9(S,,). (1)

™ ™

Lemmas 12 and 13 imply that HA € Cy if and only if k¢(A) = 1, and in view of (1) if and only if
kC(S;) = 1 for every i. By Lemmas 14 and 16, kG (S;) = k265 (5;) = k2"¢5) () for every i. Moreover,

™
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since | Autg(S;) : S;| is a m-number, in view of Lemma 13, k?utG(Si)(Si) = 1 if and only if Autg(S;) € C.

Therefore, k¢ (S;) = 1 for every i if and only if Autg(S;) € Cr. O
Now we are able to give an algorithm reducing the problem, whether a finite group satisfies C, to
the check of Cr-property in some almost simple groups. Assume that

G=Gy>G1>-->G,=1 (2)

is a chief series of G. Put Hy = G = Gy. Suppose that for some i = 1,...,n the group H; is constructed
so that G;—1 < H; and H;/G;_1 is a w-Hall subgroup of G/G;_1. Since (2) is a chief series,

Gi—1/Gi= S| x - x5,
where S7,..., S;iz, are simple groups. We check whether
AUtHi(Si) €Cr,..., AUtHZ(S]ZCZ) € Cr.

If so then by Lemma 17, H;/G; € Cr and we can take the full preimage of a m-Hall subgroup of H;/G;
to be equal to H;1+1. Otherwise, by Corollary 2, we deduce that G ¢ C, and stop the process. From
Corollary 2 it follows that G satisfies C if and only if the group H,11 can be constructed. Notice that
in this case H, 1 is a m-Hall subgroup of G.

Corollary 18. If either 2 € m or 3 & w then G € C; if and only if every nonabelian composition
factor of G satisfies C'.

Proor. The sufficiency follows from Lemma 5. We prove the necessity. By the above algorithm,
we may assume that S < G < Aut(S) for a nonabelian finite simple group S, and G/S is a m-number.
We need to show that S € C,. Assume the contrary. Then Lemmas 11 and 13 imply that G stabilizes
precisely one class of wm-Hall subgroups of S. Therefore, S possesses at least three classes of m-Hall
subgroups. On the other hand, since either 2 ¢ 7w or 3 ¢ m, by Theorem 10 the number of classes of
m-Hall subgroups in S is not greater than 2; a contradiction. [

Notice that in the case 2 ¢ 7 the corollary is immediate from [8, Theorem A] and Lemma 5.
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