NORMALIZERS OF SUBSYSTEM SUBGROUPS IN FINITE GROUPS OF
LIE TYPE!
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ABSTRACT. In the present paper normalizers of subsystem subgroups of finite groups of Lie type
are found in terms of groups of their induced automorphisms.

1 Introduction

Finite groups of Lie type form the main part of known finite simple groups. There are many
papers dedicated to their subgroup structure. One of the most important subgroups are, so-
called, reductive subgroups of Lie type. They appear as Levi factors of parabolic subgroups and
centralizers of semisimple elements, and also as subgroups containing a maximal torus. More
over reductive subgroups of maximal rank play an important role in the inductive investigation
of subgroup structure in finite groups of Lie type. However some important problems about
internal structure of reductive subgroups of maximal rank are remaining unsolved. In partic-
ular, possible quasisimple groups, that can occur as central multipliers of semisimple part of
a reductive groups of maximal rank, are known, but the structure of their normalizers is not
known. The present paper is dedicated to this problem.

Our notation is standard. If G is a finite group, denote by PG the factor group G/Z(G) ~
Inn(G). A central product of G and H is denoted by G o H. If G is a group, A, B, H are
subgroups of G and B is normal in A (B < A), then we denote Ny(A/B) = Ng(A) N Ny (B).
If z € Ng(A/B), then x induces an automorphism Ba +— Bz 'ax of A/B. Thus there exists a
homomorphism of Ny(A/B) into Aut(A/B). The image of the homomorphism is denoted by
Auty(A/B), while it image is denoted by Cy(A/B). In particular, if S = A/B is a composition
factor of G, then for every subgroup H < G a group Auty(S) is defined. If A, H are subgroups
of G then Auty(A) = Auty(A/{e}) is a group of induced automorphisms by definition.

2 Preliminary results for groups of Lie type

Our notation for groups of Lie type coincides with that of [1], while for linear algebraic groups
coincides with that of [2]. If G is a canonical adjoint finite group of Lie type (the definition can
be found below), then G denotes the group of inner-diagonal automorphisms of G. In view of [3,
3.2], Aut(G) is generated by inner-diagonal, field, and graph automorphisms. Since we assume
that Z(G) is trivial, we obtain that G ~ Inn(G) and so we may assume that G < G < Aut(G).

Let G be a simple connected linear algebraic group over an algebraic closure F, of a finite
field F, of positive characteristic p. Here Z(G) can be nontrivial. An endomorphism o of
G is called a Frobenius map, if the subgroup of its stable points G, is finite, and o is an
automorphism of G as an abstract group. Groups O (G,,) are called finite canonical groups of
Lie type, and each group G satisfying O7 (G,) < G < G, is called a finite group of Lie type. If
G is a simple algebraic group of adjoint (respectively simply connected) type, then we shall say
that G has adjoint (respectively universal) type as well. Note that if G is a canonical adjoint
(respectively universal) group of Lie type, then there exists an adjoint (respectively simply
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connected) simple linear algebraic group G and a Frobenius map ¢ such that O (G,) = G
(see [4, 1.19] and [5, Corollary 12.6], for example). Note that in [1] only groups O (G,) are
called groups of Lie type. But in [4] of the same author the term “finite group of Lie type” is
used also for every group G, where G is a connected reductive group. More over in [6] and [7]
without any explanation every group G satisfying OF (G,) < G < G, is called a finite group of
Lie type. Thus above given definition of finite groups of Lie type and canonical finite groups of
Lie type unifies the terminology. By ® or ®(G) is denoted a root system of G, and by ®(G) is
denoted a root system of OP' (G). By A(G) a fundamental group of G is denoted, and by A(®)
a factor group of the lattice generated by fundamental weights of ® by a lattice generated by ®.
Note that A(G) is always a factor group of A(®(G)) and for each root system ®, different from
Dy, A(®) is cyclic, while A(Ds,) is elementary Abelian of order 4. The Weyl group of G is

denoted by W(G), the Weyl group of ® is denoted by W(®). If W(®) is a Weyl group of ¢
then by wy a unique element of W (G) mapping all positive roots onto negative is denoted.
We say that a group of Lie type G with O (G) isomorphic with one of the groups 24, (¢?),
2D, (q?), 2Es(q?) are defined over GF(¢?), a group of Lie type *Dy(¢?) is defined over GF(¢3)
and the remaining groups of Lie type are defined over GF'(q). A field GF(q) in all cases is called
a base field. In view of [8, Lemma 2.5.8] if G is of adjoint type, then G, is a group of inner-
diagonal automorphisms of O (G,). If G is simply connected G, = O (G,) (see [5, 12.4]). In
any case in view of [8, Theorem 2.2.6(g)], G, = T,O" (G,) for any o-stable maximal torus T
of G. In general, for given finite group of Lie type G (if we consider it as an abstract group)
corresponding algebraic group is not uniquely defined. For example, if G = PSLy(5) ~ SLy(4),
then G can be obtained either as (SLy(IFy)),, or as O% ((PSLy(F5)),) (for suitable maps o).
Hence, for every finite group of Lie type G we fix (in a some way) corresponding algebraic
group G and a Frobenius map o such that O” (G,) < G < G,. Let U = (X, | r € ®(G)™")

be a maximal unipotent subgroup of G. If we fix an order on ®(G), then each v € U can be
uniquely written as
u= H z(t,), (1)

where roots are taken in given order and ¢, are in the field of definition of G. If O” (G) is equal
t0 one of the groups 24, (¢2), 2Ba(22"*), 2D,(q?), *Da(a), Esla?), 2Ga(31), or 2Fy(22+1),
then we shall say that G is twisted, in the remaining cases G is called split. If or (@U) <G<G,
is a twisted group of Lie type and r € ®(G), then by 7 we always denote the image of r under
a root system symmetry, corresponding to a graph automorphism used for construction of G.
Sometimes we shall use notation ®(g), where ¢ € {4, —}, and ®*(q) = ®(q) is a split canonical
group of Lie type with the base field GF(q), ® (¢) = ®(¢?) is a twisted canonical group of
Lie type defined over GF(q?) (with the base field GF(q)).

Now let R be a closed o-stable subgroup of G. Let R = G N R. The group R is called
a mazimal torus (respectively a reductive subgroup of mazximal rank) if R is a maximal torus
(respectively a reductive subgroup of maximal rank) of G. A maximal o-stable torus T such
that T, is a Cartan subgroup of G, is called a mazimal split torus.

Below we denote by R a reductive subgroup of maximal rank of G and by R a corresponding
connected o-stable reductive subgroup of maximal rank of G. For each connected reductive
subgroup of maximal rank R of G the equality R = Gy o ... 0 Gj o Z holds, where G; are
simple connected linear algebraic groups and Z = Z(R)? (see [2, Theorem 27.5]). More over,
if ®,,...,®;, are root systems of G, ..., G} respectively, then ®; U ... U ®;, is a subsystem of

®(G). There exists a nice algorithm due to Borel and de Siebental [9] and, independently, to
Dynkin [10] of determining all subsystems of an irreducible root system ®. One need to extend
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the Dynkin diagram of & to the extended Dynkin diagram, remove some vertices from the
extended Dynkin diagram of ® and repeat the procedure for remaining connected components.
Connected components obtained in this way are Dynkin diagrams of irreducible subsystems
and Dynkin diagram of any subsystem can be obtained in this way.

In view of [5, 10.10] there exists a o-stable maximal torus 7' of R. Let G, ... ,@i“ be a

o-orbit of G;,. Consider the induced action of o on

(@il o... Oazh)/Z<G“ o... Oéiji) ~ PEZI X ... X PE’JZ
Since PG, ~ ... ~ P@% are simple (as abstract groups), then o induces a cyclic permutation
on PG, , ... ,P@ji, and we may assume that the numbers are chosen so that P@Z = PG,,,

, P@Z = PG,;,. Thus the equality

{zle=g-g°....¢”" g€PG,}, ~(PGy),

holds. In view of [5, 10.15] the group PG, is finite, hence O (PG}, )Ugl) is a canonical finite
group of Lie type, probably with the base field larger, than that of O (G ).

Let B;, be a preimage of a oJi-stable Borel subgroup of PG, in G, under the natural
epimorphism, and T, be a ¢’i-stable maximal torus of G, , contamed in BZl (the existence of
these subgroups follows from [5, 10.10]). Then from the note in the beginning of section 11 of
[5] it follows that subgroups U;, and U; , generated by T, -invariant root subgroups taken over
all positive and negative root respectively, are also o7i-stable. Since G, is a simple algebraic
group, then G;, is generated by subgroups U;, and U, . Now Z(G;, o...o0 @ji) consists of
semisimple elements, hence the restrictions of the natural epimorphism G;, — PG;, on U,
and Ui_l are isomorphisms. Therefore, for every k, subgroups (U; )"k are maximal o7i-stable
connected unipotent subgroups of G;, and generate G;, .

Thus Uy, x (U)7 x ... x (Uy,)7" " and U, x (U;,)7 % ... % (
connected unipotent subgroups of G, o ... o Gi and generate
Corollary 12.3(a)], we have

Gi—1 .
) """ are maximal o-stable

x (U,
@ .0 @h. In view of [5,

By [5, 11.6 and Corollary 12.3], the group ((U;,)gs, (U;,)gs) is a canonical finite group of Lie
type. More over from the above arguments it follows that ((U;, )i, (U;, )i ) /Z({(Us, ) i (U;)UJ)I
and O” ((PG},),4;) are isomorphic. Denoting O (G, o. .. oéiji) ) by G, we obtain that G; is
a finite group of Lie type for all i. Subgroups G; of O (G,), appearing in this way, are called
subsystem subgroups of o (Gy). B B B
Since G, 0 ... 0 Gi.n is o-stable, then G; o ... 0 Gin N T is a o-stable maximal torus of
G, 0... Oain' Therefore we may assume that for every o-orbit {G;,, . . %} the intersection
N (@il o... o@-ji) is a maximal o-torus of Gj, o ... o @,-jz_. Then RU T,(Gro...0Gy,),
where m is the number of g-orbits and T, normalizes each G;.



Consider Autg (G;). Since Gyo...0Gi_10Gip10...0G; 0 Z, < Cx. (G;), we have
that Autg (G;) ~ (TUGi) /Z (TUGi) . By [8, Proposition 2.6.2] it follows that automorphisms,
induced by T, on G;, are diagonal. Therefore the inclusions PG; < AutEU(Gi) < PTC\JZ hold, in
particular Auty (G;) is a finite group of Lie type.

Let R be a o-stable connected reductive subgroup of maximal rank (in particular, R can
be a maximal torus) of G. Since Nz(R)/R and Ny (W5)/W5 are isomorphic, where W is the
Weyl group of G, W is the Weyl group of R (and it is a subgroup of W), we obtain an induced
action of o on Ny (Wg)/W5 and w1 = wy for wy, we € Ny (Wg)/Wr, if there exists an element
w € Ny (Wg)/Wg with w; = wlwyw?. Let Cl(G,, R) be the set of G,-conjugate classes
of o-stable subgroups R’, Where g € G Then CI(G,, R) is in 1-1 correspondence with the
set of o-conjugate classes CZ(NW( =)/ W, 0). If w is an element of Ny (W) /W5 and (R’),
corresponds to the o-conjugate class of w, then we say that (}_%g)g is obtained by “twisting” of
R by wo. Here (R’), =~ Ryy. Detailed information on twisting can be found in [11].

It is enough to find the structure of Autz(G;) in order to investigate the structure of Ng(G;).
Recall that PG; < Autg(G;) < 137@ If G; % Do, (q), then the factor group P/’C\Ji/PGZ- is cyclic
and the structure of Autgr(G;) is completely determined by the index |Autgr(G;) : PG;|. The
index |Autgr(G;) : PG,| is found in the paper. If G; ~ Ds,(q), then PT@/PGZ- is either trivial
or elementary Abelian of order 4, so contains 3 distinct subgroups of order 2. In this case,
if |[Autr(G;) : PG| is equal to 2, we shall not specify, which subgroup really appear. Since
elements of distinct G;, G; commute, it is enough to consider the case m = 1, i. e., we may
assume that G o ... o Gy are in the same o-orbit. Denote G4 by L.

Now we assume that a finite group of Lie type G is universal, i. e., G is simply connected
and G = G,. Then R = R, = T,L for any maximal o-stable torus T of R. Let B be a
Borel subgroup of G and T be a maximal torus contained in B. Denote by B a unique Borel
subgroup with BN B = T, and by {X, | r € ®(G)} 1-dimensional T-invariant unipotent
subgroups of B and B . Let n,(t) = z,(t)x_,(—t ")z, (t) and N = (n.(t) | r € ®,t € F;). Let
he(t) = n(t)n,(-1), H, = {h,(t) | t € F,}, and H = (h,(t) | r € ®,¢ € F,). In view of [1,
Chapters 6 and 7] H is a maximal torus of G, H < BNB ,i.e., T = H and N = N&(T). Let

= {r1,...,m,} be a set of fundamental roots of ®(G), then T is generated by Hm . H,,.
More over, since G is simply connected, then T is a direct product of H, ,..., H, (see the
note after the proof of [1, Theorem 12.1.1]). More over in the proof of [1, Theorem 12.1.1] the
following equalities h,.(t)x(u)h,(t) ™" = 2,(t<"*>u) = z,(t"*u) were obtained, where r,s € ®

and 7 = (3’;) is a coroot of 7.

If L is isomorphic to ® Dy(¢®) or 2By(2*"*1), then L coincides with the group of inner-diagonal
automorphisms, so Autg(L) = L. Thus we may assume that L is either split, or twisted by a
graph automorphism of order 2, i. e., in the above notation, L ~ W¥¢(¢*), where ¥ = ¥(G,) is a
root system of G and [F, is a base field of G. Let Q(¥) be a lattice generated by coroots of W,
and Q(®, V) be the factor group of the lattice Q(P) generated by coroots of ®, by the lattice
Q(U) generated by coroots, that are orthogonal to all roots from ¥. In just defined notation
the following theorem holds.

Theorem 1. Assume that G is not a Ree group. If L % 2Da,,(¢?%), then the equality
[Autgr(L) : PL| = (|Q(®,¥) : Q(¥)],¢" — &)

holds. If L ~ 2Dy,,(¢**), then the equality
[Autg(L) : PL| = (|Q(2, ) : Q(¥)|,¢*™ +1)
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holds.

Proof. Let © be a root system of Gy o...0 Gy, then © = U, U...U W, where U, ~ U for all
1. Denote by II; a set of fundamental roots of W;, then Il =1II; U ... U Il is a fundamental set
of ©. Since R is o-stable, then ¢ induces a permutation on ©. Denote this permutation also by
o. Since 1T is a fundamental set, then I17 is also a set of fundamental roots of ©. In view of [1,
Theorem 2.2.4] there exists an element w € W (0) = W(R) ~ N5(T)/T such that 117 = [T
By [11, Propositions 3 and 6] groups R, and R, coincides, so we may assume that 117 = II,
i. e., that o acts as a symmetry of the Dynkin diagram of ©.

Let I, = {ri,...,7m}. Then for all i-s the inclusions r7 € Iy, ..., r " € Iy, r?" €
I1; holds. Thus ¢* induces a symmetry 7 of ¥;. Further since L ~ ®°(¢*), then |7| < 2.
Multiplying 7 by o'~!, for all i-s we obtain a symmetry of ¥;. To shorten notation we shall
denote this symmetry by 7 as well. More over set r; ; = r; and r; ; = 7“;’2_1. By construction
for each j we have (rij)“ifl = (7"1’;-71)7 = r],;. Denote r7; by 7;; and, extending 7 on ©,
denote r” by 7 for each r € ©. Since T is o-stable, then o permutes T-root subgroups, and
we obtain an induced action of o on @, Q(®), Q(O), and Q(P,0), and also on the factor
group Q(®,0)/Q(6).

Since we are not considering Suzuki and Ree groups, then o preserves the scalar product,
in particular, for every two roots r, s € ® the equalities

<rys >=<17,57 >=(1,5) = (7, 57) (2)

hold.
By definition

Q(2,0,)/Q(¥:) = ((Q(®)/Q(¥H)) /Q(T:)) = Q()/(Q(¥}) x Q).
Q(2,0)/Q(0) = ((Q(®)/Q(61) /Q(6)) ~ Q(2)/(Q(64) x Q(O)).
Further Q(0) = Q(¥:) & (2, Q (1)), Q(O4) < Q(¥}), 50 (Q(O*) x Q(O)) < (Q(¥}) x

Q(¥;)). Thus there exists a homomorphism 7; being a composition an isomorphism

Q(2,0)/Q(0) — Q(®)/(Q(e7) x Q(V)),

a homomorphism
Q(®)/(Q(8) x Q(O)) — Q(P)/(Q(T;) x Q(T:)),
and an isomorphism

Q(‘I))/(Q(‘IJZL) x Q(¥;)) — Q(@,W;)/Q(V;).

By Homomorphism Theorem, for each ¢ the following diagram is commutative

Q(P) —Q(®,0)/Q(O)

\Q(q; lw

Consider an epimorphism

m:Q(®,0)/Q(0) = Q(P,¥1)/Q(¥1) x ... x Q(P, W) /Q(Vy),
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acting by m : s+ (s™,...,s™). If for each 7 the equality s™ = 0 holds (we shall use additive
notation for lattices), then s € Q(¥;) x Q(¥:"). Since subsystems ¥, are pairwise orthogonal,
it follows that s € Q(¥1) x ... x Q(V;) x Q(O1). Therefore, s = 0 and 7 is injective. i. e.,
it is an isomorphism. Since ¥ = Wy, ..., W7 = Wy, then ¢ induces a cyclic permutation on
{Q(P,W1)/Q(¥y),...,Q(P, V) /Q(Vk)}. More over, equalities (2) show that o acts on the
direct product Q(®,¥1)/Q(¥1) X ... X Q(P,V}.)/Q(¥}) and 7 is permutable with the action
of 0.

Assume that |7] = 1, i. e., for each r € ©, 7 = 7 and L is split. Since Z = (hy(t) | s € O+t €
FD, then [11, Proposition 8] implies that the factor group T,/Z, is isomorphic to a group of
IF,-characters of Q(®,0), ~ Q(®,¥) (by construction Q(®,O), is isomorphic to a diagonal
of the direct product, while the diagonal is isomorphic to Q(®, ¥)). By using an isomorphism
Z(S) ~ @/PS, where S is a universal group of Lie type (see. [5, Corollary 12.6]), as in [1, 8.6]
we obtain that Autz(PL) : PL is isomorphic to the group of F r-characters of Q(®, ¥)/Q(¥),
so the equality [Autz(PL) : P| = (|Q(®, ¥)/Q(¥)],¢" — 1) holds.

Assume that |7| = 2. Since Z = (hy(t) | s € ©+,t € F;), then [11, Proposition §]
implies that T,/Z, is isomorphic to Q(®,0)/(c — 1)Q(®,0) ~ Q(®,V)/(¢* — 1)Q(®, V)
(the last isomorphism follows from the action of 7 on the direct product Q(®, ¥;)/Q(¥;) X

X Q(P, V) /Q(¥y)). By using an isomorphism Z(S) ~ f/’tSY/PS, where S is a univer-
sal group of Lie type (see. [5, Corollary 12.6]), as in [1, 14.1, note on page 253] we obtain
that Autr(PL)/PL is isomorphic to the group of homomorphisms of Q(®,V)/Q(¥) into a
subgroup of the multiplicative group of F 2, defined by t7°+1 = 1. Therefore the equality
|Autr(PL) : PL| = (|Q(®,¥)/Q(¥)|,¢" + 1) holds (we have the equality [Autr(PL) : PL| =
(|Q(®, W) /Q(W)|, ¢**™ + 1), if L ~ 2Dy,,(¢*)), and the theorem follows. O

3 Main theorem

In the next theorem 71,...,7, always denotes a set of fundamental roots of ® = ®(G) (the
numbering of fundamental roots for each rot system will be specified below in the proof), while
ro denotes the positive root of maximum height.

Theorem 2. Let G = G, be a finite universal group of Lie type, where G is a simple simply
connected linear algebraic group and o is a Frobenius map. Let R be a reductive subgroup of
mazimal rank of G and L < R be a subsystem subgroup of G. Denote by ® and ¥ root systems

of G and L respectively. Set ¢ = +, if L is split, and € = —, if L is one of 2A,(¢?), 2D, (q?),
2Fs(q%). Denote by q the order of the base field of L (it can be larger than the order of the base
field of G).

Then one of the following statements hold:

(1) ® = By, ¥ = Ay, 1, |Autg(L) : L/Z(L)| = (n,q — €l). Here a subsystem Ay of B, is
generated by a long root, while By 1s generated by a short root.

(2) & = B,, U = D,, |Autp(L) : L/Z(L)| = 1.

(3) ® =B,, V=D, 3<k<mn, |Autg(L) : L/Z(L)| = (2,9 — €l). Here subsystems Ds
and Az of By, up to the action of the Weyl group, are generated by ry,r9, —1¢ 71,792,753
respectively.



(4) ©=C,, V=Ck, 1 <k<mn, |[Autg(L) : L/Z(L)| = 1. Here a subsystem Ay of C,, is
generated by a short root, while Cy is generated by a long root.

(5) @ = Doy, U = Ay, |Autp(L): L/Z(L)] = (n,q — £1).

(6) =D,V =Dy, k<n,|Autg(L): L/Z(L)| = (2,q—¢l). Here subsystems D3 and As of
D,,, up to the action of the Weyl group, are generated by ri,r2, —19 71,172,713 TESPEctively.

(7) @ =F,;, V= By, |Autg(L) : )

(8) & =F,, V= Dy, |Autg(L) : L/Z(L)| =

(9) & =F,, V= As, |[Autg(L) : )

10) ® = Eg, U = Ag, |Autg(L) :

® = FEg, U = Dg, |Autg(L) :

14) ® = Fg, U = As, |[Autp(L) : L/Z(L)| = (2,q — £1).
15 (p:GQ,\I}:AQ, ‘AHtR L)

)
)
)
)
)
12) & = E7, U = A7, |Autg(L) :
)
)
)
) G =2Gy(3"*), R = L~ Ay(3"*?), |Autp(L) : L/Z(L)| = 1.
)

( ( )

( ( )

( (L) )

(13) ® = Er, U = Dg, |Autp(L) : L/Z(L)| = (2,q — €1).
( ( )

( ( )

(

(

17) In the remaining cases Autg(L) coincides with the group of all inner-diagonal automor-
phisms of L.

Note that we need not to separate the case L ~ 2Dy, (¢*) (cf. Theorem 1), since (4,¢°™ + 1) =

Proof. Note that Q(®) (the lattice generated by coroots of®) contains elements sy, ..., s such
that for the set rq, ..., rj of fundamental roots of ¥ the equality (s;,7;) = d; ; holds, where ¢, ; is
a Kronecker symbol, if and only if Q(®, V) is, by definition, a full weight lattice and Autg(L) =

L//ZE) Thus to find |Q(P, V) : Q(V¥)| we shall try to construct the set sq, ..., s, first, and
only if such a set does not exist, we shall calculate |Q(®, V) : Q(¥)| by definition of Q(®, V).

For systems © < ¥ < & we have Q(V1) < Q(6%), hence there exists a homomorphism
Q(P, V) — Q(P,0), making the diagram

Q(®) —Q(P, V)

Ny

Q(®,©)

commutative. The next lemma follows from the commutativity of this diagram.

Lemma 3. Let ®,V, O be root systems and ® > ¥ > ©. Then
(1) if Q(V,0) is a full weight lattice, then Q(P,0O) is also a full weight lattice.
(2) i Q®, 1) = Q(V), then Q(®,0) = Q(V,0).

(2,g+ 1)



Consider all irreducible root systems. Note that groups ?By(2*"*1) *D,(¢®) coincide with
their inner-diagonal automorphisms groups, so we may assume that L is not isomorphic to
282(2211—&—1)7 3D4(q3)'

Type A,. Consider a Euclidean vector space of dimension n + 1, let ey,...,e, 1 be its
orthonormal basis. Let V' be a subspace, consisting of vectors with the sum of coordinates equals
0. Then a root system of type A, can be chosen so that it generates V' and its fundamental
roots form a set {e; — es,...,e, — €,41}. Consider the extended Dynkin diagram of A,

r3
®
1

1

where 7 is the positive root of maximal height and coefficients near r;-s are defined by ry =
> ayr;. Clearly all maximal connected subsystems has type A, 1. Up to the action of the Weyl
group we may assume that A, 1 = (ry,...,7,_1), where r; = ¢; — e;41, 1 = 1,...,n. Since all
roots of A, has the same length, then in chosen basis coroots of A, coincide with its root.

Set s, =11 +2ro+...+kry+krg+...+kry, k=1,...,n—1. Then (s, r;) = 6 . Thus
Q(A,, A,_1) is a full weight lattice.

For a subsystem A of A,, the factor group Q(Ay, Axr1) is a full weight lattice, and by
Lemma 3(1) Q(An, Ax) is a full weight lattice for each k < n.

Type B,,. Consider this case in detail, since we shall be able to demonstrate all methods
of finding the index |Q(P, V) : Q(¥)].

Let V' be a Euclidean vector space of dimension n, and e, ..., e, be its orthonormal basis.
Then a fundamental set of roots {ry,...,r,} in V can be chosen in the form {e; —es,... €, 1 —
€n, €n}. Consider the extended Dynkin diagram for B,

1
1 T2 T3 T'n—1 T'n
P S 4.:>:.
—To 2 2 2 2
-1

It follows from the diagram, that all maximal connected subsystems have types either B, 1, or
D,,. Up to the action of the Weyl group, B, 1 = (ro, ..., 1), Dy = (=10, 71, ..., Tn_1)-

(1) B,—1 < B,. Show that Q(B,, B,_1) is a full weight lattice, i. e., there exists elements
S2,...,8, of Q(B,) such that (s;,7;) = 0,4, 4,j =2,...,n.

Indeed, let s, = 171 + ...+ a, 7, be an element of Q(B,,) (k =2,...,n; 7;-s are coroots of
B,,). For a root system B,, we have that 7; = r; for all ¢ # n and 7,, = 2r,,. Then

(Sg,m2) = —ag+ 20 —az = Ok,2,

(sk,73) = —0o+ 203 — g = g3,
(Ska rn—2> = —Qu_3+ 2an—2 —Qp_1 = 5k,n—27
(Ska rn71> = —Qp_o+ 2057171 - 20511 = (sk,nfh

(Sk, Tn) = —p1t 20, = 6k,n-



This system of equations is solvable in Z for each k (starting from the last equation one can
express all a,,_1,...,a; by using ), so Q(B,, B,_1) is a full weight lattice. By Lemma 3(1)
Q (B, By) is a full weight lattice for each k < n.

(2) D,, < B,. In this case, as we shall see later, the set sq,...,s,_1 does not exists, and we
shall calculate |Q(B,, D,,) : Q(D,)| by definition.

Since all roots of D,, have the same length, then Q(D,,) is generated by {—rg,r1,..., 7},
Q(B,) is generated by {74,...,7,}. Since the dimensions of subsets, spanned by lattices Q(B,)
and (Q(D,)) are equal, then Q(DX) = {0}. Hence the factor group Q(B,, D,), obtained as
a factor group of Q(B,) by Q(D;}), coincides with Q(B,). An index |Q(B,,D,) : Q(D,)| is
equal to the determinant of A, being a transfer matrix from Q(B,, D,) to Q(D,,). From the
equations

—To = —fl — 2f2 — 2f3 — ... — an—l — 77’7“
rn = 7x17
Tne1 = Tn-t
we have

-1 -2 -2 -1

1 0 0

A= 0 1 0 0

0 0 1 0

Therefore, |Q(B,, D,) : Q(D,)| = |det A| = 1.
Consider the extended Dynkin diagram for D,

(]
1 T2 T3
®
—Tp 2 2
-1

Clearly A, and D,,_; are the maximal connected subsystems.

(a) A,_1 < B,. Up to the action of the Weyl group and the symmetry of the Dynkin
diagram we may assume that the set {rq,...,r,_1} is a set of fundamental roots of 4,1 .

(al) n = 2m + 1. Define s, € Q(B,,) by:

P14 2P + .o+ kT 4 kgt 4 oo+ kg 4 1, k=2l
S = 2 + 47 + ...+ 2k -7 + (2K 4+ 1)Fp1 + (25 + 2) 0+
o+ Ck+(n—k—=1))F 1+ (m+ 1+ )7y, k=20+1.

It can be directly checked that (si,7;) = d;; for k,j =1,...,n — 1. Thus Q(B,, A,—1) is a
full weight lattice for n odd.

(a2) n = 2m. Since in a subsystem A,,_; all roots ry, ..., 7,1 have the same length, then its
coroots in chosen basis coincide with roots, while Q(B,,) is generated by {ry,...,r,—1,2r,} =



{e1 —ea,...,6n_1 — €n,2¢e,}. It follows that Q(AL ) is generated by coroots of B,, that are
orthogonal to all roots of A,,_1, and is generated by e; +e5 + ...+ €,. Set

= etet...te,=r1+2r+...+(n—1)r, 1 +mr,,

/
ry = To,

In view of equalities

/ / / / !
rno= 1 —=2ry=3r;—...—(n—1)r,_, +mr,
/
TQ = 7“2,
!
Tw = T.

{r},...,r} form a basis of Q(B,), the factor group Q(B,, A,_1), obtained as a factor group
of Q(B,) by Q(AL ), is obtained by eliminating of r}. A transfer matrix (for basis of corre-
sponding vector space) from Q(B,, A,_1) to Q(A,_1) has the following form

—2 =3 ... —(n—1) —m
1 0 0 0
A=| o0 1 0 0
0 0 10

Hence |Q(By, An—1) : Q(A,—1)| = |det A| = m.

For a subsystem Ay, in B,,, by Lemma 3(1) we obtain that Q(B,, Ax) is a full weight lattice
for each k <n — 1.

(b) D,,—1 < B,. We show that for a subsystem Dj with the set of fundamental root equal
to {—ro,71,...,7k—1} the index |Q(B,, Dx) : Q(Dy)| is equal to 2, for each 3 < k < n.

Since Dy, is generated by roots {—e; —eg, €1 —ea, ..., ex_1 —ex }, then we can take the lattice
generated by {Fry1,...,7n} = {€rr1 —€rio,. .., en_1—€n,2e,} as a lattice generated by coroots
of B, orthogonal to all roots in Dy. Then, taking the factor by Q(Dj"), we obtain

—To = —’f’1—27’v’2—27’v’3——2’fv’k,
rn = TVl?
Th—1 = Th_1.
Therefore,
-1 =2 -2 =2
1 0 0 0
A= 0 1 0 0
0 0 . 1 0



and |Q(B,, Dy) : Q(Dy)| = | det A| = 2.
Type C,. A set of fundamental roots of C,, can be chosen to be equal to {ry,...,r,} =
{e1 —eq,...,n_1 — €n,2e,}. Consider the extended Dynkin diagram of C,

—To 1 T2 Tn—1 Tn
.:):. P SV 4’:<:.
-1 2 2 2 1
A,_1 and C,_; are all maximal connected subsystems of C,,. Up to the action of the Weyl
group, we may assume that A, 1 = (ry,...,r,_1), Cho1 = (ra, ..., 7).
(1) C,—1 < C,. We shall show that in this case there do not exist sy, ..., s, from Q(C,) =
(e1 —ea,...,€n_1 — €, €,) such that (s;,7;) =9, for k,j =2,...,n.

Let s, = ag7 + ... + a,7, be an element of Q(C,,). Then
(SnyTn) = =201 + 200, = 1.

This equation is not solvable in Z, so such a set sy, ..., s, does not exist. Since A(C,_;) = 2 and
Q(Ch, Cr—1)/Q(Cp—1) is isomorphic to a subgroup of A(C),_1), then |Q(C,,, Cr—1) : Q(Cr—1)| =
1. By Lemma 3(2) we obtain that |Q(C,, Ck) : Q(Cy)| =1 for each 2 < k < n.

(2) Ay < Cp. Let sy = a1+ ... +apry, (k=1,...,n—1) be an element of Q(C,,). Then

(5k,71) = 200 — ag = 1,

(sk,72) = —oq+ 200 —ag = k2,
(Ska rn—?) = —ayu_3+ 2an—2 —Qp_1 = 5k,n—27
<3k7 rn71> = —Quao+20, 1 —a, = 5k,n71'

Clearly this system of equations is solvable in Z for all k (starting from the first equation,
all coefficients auw, ..., a, can be expressed by using a4), and so Q(C,, A,_1) is a full weight
lattice. For a subsystem Ay of C,,, by Lemma 3(1), Q(C,, Ax) is also a full weight lattice for
each k < n.

D,,. The results for D,, follow immediately fro Lemma 3(2) and the fact that Q(B,, D,) =
Q(D,,). Namely

|Q(Dy, Dy) : Q(Dy)| = 2, for each 3 < k < n,

|Q(Dp, Ap—1) : Q(An—1)| =m = %, if n = 2m.

|Q(Dy, Ag) : Q(Ax)| = k + 1 in the remaining cases.

Type FEs. A set of fundamental roots of Fg can be chosen in the form r; = —% Zle €i Ty =
€g — €7,T'3 = €¢ +€7,T4 = €5 — €,T5 = €4 — €5, = €3 — €4,T7 = €9 — €3,T8 = €1 — €9, where
€1, €9, €3, €4, €5, €, €7, €3 is an orthonormal basis. The extended Dynkin diagram of Eg has the
form

(&1 3 T4 s Ts 7 s -To

{ L L @ L L L

2 4 I6 5 4 3 2 -1
3 T2
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All maximal connected subsystems has either type Ag, or type Dg, or type F;. Up to the action
of the Weyl group, we may assume that Ag = (—rq, 71,73, 74, 75,76, 77, 78), Dg = (=70, 72,73, 74, T'5,T6, 77,78,
E; = (r,r9,73,74, 75,76, 77). Note, that since roots of Eg have the same length, then they are
equal to coroots. This fact remains true for E7, Eg, obtained as subsystems of FEg.
(1) Ag < Fg. The lattice Q(Ag) generated by coroots of Fyg, that are orthogonal to all roots
of Ag, is equal to 0. Since

—To = —27’1 — 37’2 — 47"3 — 67"4 — 57"5 — 47“6 — 37”7 — 27”8,
then

-2 -3 -4 -6 -5 —4 -3 -2

1 0 0o 0 0 0O 0 O

o 0o 1 o 0 0 o0 O

A o o o 1 o0 0 0 0

o o o o0 1 0 0 0

o o o o0 o 1 0 0

o o o o0 o o0 1 0

o 0o 0 o o0 0 o0 1

Therefore |Q(Fs, As) : Q(As)| = |det A| = 3. By Lemma 3(1), for k£ < 8 the factor group

Q(FEs, Ag) is a full weight lattice.
(2) Dg < Fg. As in point (1) we have Q(Dg ) = 0 and

-2 -3 -4 -6 -5 -4 -3 -2

o 1 0 o0 o0 0 0 O

o o0 1 0o o0 0 0 O

A o o0 o 1 o0 0 0 O
o o0 o o 1 0 0 O

o o o o0 0 1 0 O

o o o o0 0 0 1 O

o o0 o0 o o0 0 0 1

So |Q(FEs, Dg) : Q(Dsg)| = | det A| = 2.

A7 and D; are maximal connected subsystems of Dg. By Lemma 3 Q(Esg, A7) is a full weight
lattice.

Dy < Eg. D7 = (rg,13,74,75,76,77,78). Define so, ..., sg from Q(FEg) in the following way:

Sog = 11+ 3ry+ 3rs 4+ dry + 4rs + 3r¢ + 2r7 + 1%,

s3 = 3ry+ 5ry+ Trs + 10ry + 8rs + 6r¢ + 417 + 273,
Sy = 2r1+5ry + 6rg 4+ 1014 + 8ry + 6rg + 4r; + 2rg,
S5 = 2ro+2r3+4dry + 4rs + 3rg + 217 + 13,

s¢ = 2r1+4ry+ dry 4 8ry + Trs + 6rg + 4ry + 21,
St = To+1T3+2ry+ 2r5 4 2r¢ + 2r7 + 13,

s = 2r1 4 3rg +4rs + 614 + 5r5 + 4rg + 3r7 + 27%.

It is immediate that (sg,7;) = 0k for k, 7 =2,...,8; 1. e., Q(Es, D7) is a full weight lattice.
Since Dy, can be obtained from D; by eliminating some fundamental roots, then Q(FEs, Dy) is
a full weight lattice for each k£ < 7.

12



(3) E; < Eg. Set

S1 = 2T1+2T2+3T3+47"4+37’5+27”6+T’77

Sg = T14+2r9+2r3 4 3ry + 215 + 16 — 18,
S3 = T1+71o+2rs+2ry+1r5 — 17 — 2rg,
Sy = —rg—2rg — 3ry — 4ryg,

S5 = —Tg— 2r7 — 3rs,

S¢ = —r7—2rg,

S = —rg.

Under this choice of sq,...,s7 we have (si,7;) = 0, for k,j7 =1,...,7. Therefore Q(Es, Er)
is a full weight lattice. Below we shall prove that Q(FE7, Eg) is a full weight lattice, hence
Q(Es, Eg) is a full weight lattice.

Type FE;. A set of fundamental roots of F; can be obtained by removing from FEg the
root rg, 1. e., a fundamental set of E7 coincides with {ry,79, 73, 74,75, 76,77} = {—% Zle €, €6 —
er, €6 + €7,€5 — €g,€4 — €5,€3 — €4, 65 — e3}+. The extended Dynkin diagram of E; has the form

-To T 3 T4 s Te 7

e @ @ @ @ L J
-1 2 3 I4 3 2 1
2 T2

It is clear from the diagram, that all maximal connected subsystems are either of type Az, or of
type Dg, or of type Fg. Up to the action of the Weyl group we may assume that for subsystems
Az, Dg, and Eg fundamental sets coincide with {—rg, r1, 73,74, 75,76, 77}, {12, 73,74, 75, 76,77},
and Fg = {ry,79,73,74,75,76}-

(1) A; < E;. The lattice Q(A7), generated by coroots of Ey, that are orthogonal to all
roots of Az, is equal to 0, and —rqg = —2r; — 2ry — 3r3 — 4ry — 3r5 — 2rg — r7. Therefore the
transfer matrix from the basic of E; to the basis of A7 has the form

-2 -2 -3 -4 -3 -2 1

10 o0 0 0 0 O

o o 1 0 0 0 0

A= o o o 1 0 0 O
o o o o0 1 0 O

o o o o0 o0 1 0

o o o o0 o0 o0 1

Hence |Q(E7, A7) @ Q(A7)| = |det A| = By Lemma 3(1) for £ < 7 the factor group

Q(E7, Ay) is a full weight lattice.
(2) Dg < Er. The lattice Q(Dg), generated by coroots of E; = (—3 S e e6 — e, e+
er7, €5 — €g, €4 — €5, €3 — €4, €5 — €3), that are orthogonal to all roots of Dg = (eg — e7, €6+ €7, €5 —
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€g, €4 — €5,€3 — €4, €2 — €3), is generated by e; + es. Define a new basis 1, ..., of Er:

o=y,
re = T,
7“/7 = —61—68:2’/“1—|—2T2—|—3T3—|—4T4—|—37‘5—|—2T6—|—7’7.

Then the transfer matrix A from Q(FE7, Dg) to Q(Dg) has the form

0

N OO OO -
N OO O

wWw oo+ OO
_ o = O O O
w o o o o
N O OO OO

and |Q(E7, Dg) : Q(Dg)| = | det A| = 2.
A subsystem Dy = (ry, 73,714,735, 76) is contained in Fg, and, as we shall show later, Q(FEs, Ds)
is a full weight lattice. Therefore, by Lemma 3(1) Q(E7, Ds) is a full weight lattice as well.
(2) Es < E;. Set

S1 = —TQ—T3—2T4—2T5—2T6—2T7,
So = 114 2r9 + 2r3+ 3ry + 2r5 + 156,

S3 = T1+T2+2T3+27"4+T5—7’7,
S4 = —T5—2r¢— 31y,

S5 = —T¢— 217,

S¢ — —T7.

Then (sy,r;) = 0, and Q(E7, Eg) is a full weight lattice.

Type Eg. A set of fundamental roots of Eg can be obtained by removing roots r7, rg from the
system FEg, i. e., Eg = (r1,79,73,74,75,76) = (—% Zle €i, €6 — €7, €6+ €7, 65— €g, €4 — €5, €3 — €4).
The extended Dynkin diagram of Fg has the form

(8] rs (¥ s Ts
e ® ® ®
1 2 3 2 1
2 T
-1 -To

Clearly all maximal connected subsystems are either of type As, or of type Ds. Up to the sym-
metry of the diagram and action of the Weyl group we may assume that Ay = (ry, r3, r4,75,76),
D5 = (r2,73,74,75,76)-

14



(1) A5 < FEg. In this case Q(A7) is generated by r] = —e; — 3 + €3+ €4 + €5 + €5 — €7 — €g.
Define

ry = 714 2r9 4 2r3 4 3ry + 2r5 + 716,

7”2 = T,
Té = T3,
o= Ty,
7{5 = Ts,
re = Tg.

Taking the factor by Q(Az) we obtain

-2 -2 -3 -2 -1

o 1 0 0 O

A= o 0 1 0 0
o 0 0 1 0

o 0 0 0 1

Therefore |Q(FEg, As) : Q(A5)| = 2. By Lemma 3
full weight lattice.
(2) Dy < Fg. Set

—~

1) for k < 5 the factor group Q(FEg, Ag) is a

So = T1+2T2+2T3+37’4+27’5+7’6,
§3 = 3ry+ 3ry + org + 6ry + 4rs + 2r¢,
2T1+3T2+4T3+6T4+47“5+27”6,
T2+7’3+2T4+2T5+7’6,

S¢ = 211+ 2r9+ 3rz 4+ 4ry 4 3r5 + 2r.

5S4

S5

Then (s, 7;) = 0k,; and Q(Eg, Ds) is a full weight lattice. Therefore by Lemma 3(1) Q(Es, D)
is a full weight lattice for k£ < 5.

Type Fj. A set of fundamental roots of Fy can be chosen in the form {ry,ro, 73,74} =
{e1 — eq, 69 — €3, €3, %(—61 — ey — e3 + €4)}. The extended Dynkin diagram of Fj has the form

-To T1 T2 U] T4
° . e« 7 o e
-1 2 3 4 2

All maximal connected subsystems are either of type By, or of type C3. Up to the action of
the Weyl group By = (—r¢,71,72,73), C3 = (12,73, 74).

(1) By < F,. Lattices generated by coroots has the form Q(Fy) = (71,79, 73,74) = (€1 —
€9, €9 — €3,2€3, —€1 — ey — ez +ey) and Q(By) = (—ej —eyq, €1 — €9, 65 — €3, 2e3). Since Q(B) =0
and —rg = —2ry — 319 — 4r3 — 21y, then

O O =N
O = O W
_ O O N
o O O
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Therefore |Q(Fy, By) : Q(B4)| = 1.
By Lemma 3(2) from the equality Q(Fy, By) = Q(B;) we obtain that Q(Fy, ©) = Q(By, 9)
for each subsystem © of B,. Thus, from already considered case B, it is immediate that
|Q(F47D4) : Q(D4)| =1, |Q(F4,D3) : Q(D3)| =2, |Q(F4;A3) : Q(A3>| = 2.
For the remaining subsystems W-s of Fy the factor group Q(F}y, ¥) is a full weight lattice.

(2) 03 < Fy.
Set
Sg = —T1,
S3 = —21 — Ty,
S4 = —27;1—27;2—f3.

Then (sg,7;) = 0 and Q(Fy, Cs) is a full weight lattice.
Type G5. The extended Dynkin diagram of Gy has the form

-To T1 T2
° —F»
-1 2 3

Ay (generated by long roots) and A; (generated by a shot root) are the maximal connected
subsystems. Up to the action of the Weyl group Ay = (—rg,71) and A; = (rq).
(1) Ay < G5. Since the root system is uniquely defined up to equivalence, set (r1,71) = 6

then (r1,79) = —3 and (ry,75) = 2. Coroots of Gy has the form 7 = (T?’;}l) =, Ty = (é%) =
re, and —7g = (;02:8) = %(—27“1 — 3ry) = %(—6?1 — 37y) = —27"; — 9. Therefore the transfer

matrix from Q(Gy, A2) to Q(Az) has the form

-1 =2
a=( 1)
ThllS, |Q(G2,A2) . Q(AQ)’ =1.
(2) A1 < GQ. Set s = 7:1 +’f’v2, then (8,7’2) = (fl +7‘v2,7’2) = %(7’1,7"2) + (7’2,7”2) = 1. So
Q(Ge, Ay) is a full weight lattice.
The case G >~ 2G4(3*"1) and L ~ A;(3'"*2) follows from [7, Table 5, p. 139]. O

Note that analogous results for reductive subgroups, containing a Cartan subgroup, of split
groups were obtained by different methods by Nikolay A. Vavilov in an unpublished paper.
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