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CARTER SUBGROUPS OF FINITE
ALMOST SIMPLE GROUPS
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In the paper we work to complete the classification of Carter subgroups in finite almost simple
groups. In particular, it is proved that Carter subgroups of every finite almost simple group
are conjugate. Based on our previous results, together with those obtained by F. Dalla Volta,
A. Lucchini, and M. C. Tamburini, as a consequence we derive that Carter subgroups of every
finite group are conjugate.

1. PRELIMINARIES

We recall that a subgroup of a finite group is called a Carter subgroup if it is nilpotent and self-
normalizing. By a well-known result, any finite solvable group contains exactly one conjugacy class of
Carter subgroups (cf. [1]). Therefore it seems reasonable to conjecture that a finite group contains at most
one conjugacy class of Carter subgroups. In favor of this conjecture is evidence coming from extensive
studies of classes of finite groups that are close to simple. In particular, it was shown that the conjecture
holds true for symmetric and alternating groups [2]; for any group A such that SL,(p!) < A < GL,(p")
[3, 4]; for symplectic groups Spa,(p'), full unitary groups GU, (p*), and full orthogonal groups GOZ (p!)
where p is odd [5] (p' is a power of a prime p). In [6] the results of [5] were extended to any group G
with OPI(S) < G < S, where S is a full classical matrix group. Also some of the sporadic simple groups
were investigated (see, e.g., [7]). In the non-solvable case Carter subgroups (if any) always turned out to
be normalizers of Sylow 2-subgroups.

In the paper we study into the so-called conjugacy problem worded as follows.

Problem. Are any two Carter subgroups of a finite group conjugate?
In [8] it was proved that the minimal counterexample A to this problem should be almost simple. In [9]

a stronger result was obtained.

Definition. A finite group G is said to satisfy condition (C) if, for every non-Abelian composition
factor S of every composition series of G and for every nilpotent subgroup N of G, Carter subgroups of
(Auty(9), S) are conjugate (for definition of Auty(5), see below).

Since S is simple, it is isomorphic to its inner automorphism group Inn(S), and we identify S with the
subgroup Inn(S) of Aut(S).
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THEOREM 1.1 [9]. If a finite group G satisfies condition (C), then Carter subgroups of G are
conjugate.

Thus our goal is to prove that for every known finite simple group S and every nilpotent subgroup N
of Aut(S), Carter subgroups of (S, N) are conjugate. Some classes of almost simple groups which fail to
be minimal counterexamples to the conjugacy problem can be found in [6, 10]. The table of almost simple
groups for which the conjugacy problem has an affirmative answer is given in [9].

Our notation is standard. If G is a finite group, then PG denotes the factor group G/Z(G) ~ Inn(G). If
7 is a set of primes then 7’ denotes its complement in the set of all primes. For a positive integer n, the set
of prime divisors of n is denoted by 7(n), and the maximal divisor ¢ of n with 7(t) C 7 — by n,. As usual,
we write O, (G) for a maximal normal 7-subgroup of G and write o™ (G) for the subgroup generated by all
m-elements of G. If # = {2}’ is a set of all odd primes, then O, (G) = Oy (G) is denoted by O(G). If g € G,
then we define g, to be the m-part of g, that is, g = ¢l9/=". We denote by F(G) a Fitting subgroup of G,
and by F*(G) the generalized Fitting subgroup of G. A central product of groups G and H is denoted by
G+ H. For a finite group G, Aut(G) stands for the automorphism group of G. If A € Aut(G), then G} is
defined to be a set of A\-stable points, that is, Gy = {g € G | ¢* = g}. If Z(G) = {e}, then G ~ Inn(G),
and we may suppose that G < Aut(G). A finite group G is said to be almost simple if there is a simple
group S with § < G < Aut(S), that is, F*(QG) is a simple group.

If G is a group, A, B, and H are subgroups of G, and B is normal in A (B < A), then Ny(A/B) =
Ny (A)NNy(B). If 2 € Ny(A/B), then z induces an automorphism Ba — Bz~ 'az of A/B. Thus there is
a homomorphism of Ny (A/B) into Aut(A/B). An image of this homomorphism is denoted by Auty(A/B),
and its kernel — by Cy(A/B). In particular, if S = A/B is a composition factor of G, then the group
Aut g (S) is defined for any subgroup H < G. If A and H are subgroups of G, then Auty(A) = Auty (A/{e})
by definition.

LEMMA 1.2. Let G be a finite group, H a normal subgroup of G, S = (A/H)/(B/H) a composition
factor of G/H, and L a subgroup of G. Then Auty(A/B) ~ Autyy/u((A/H)/(B/H)).

Proof. Since H < B, H < C¢(A/B), and so we may assume that L = LH. Also we can suppose that
L < Ng(A)N Ng(B) and G = LA. Then the action on A/B given by the rule z : Ba — Bz~ laz coincides
with that on (A/H)/(B/H) given by the rule xH : BaH + Bx~'axzH, whence the result. O

Well known is the following:

LEMMA 1.3. Let G be a finite group, H be a normal subgroup of G, and N be a nilpotent subgroup
of G = G/H. Then there exists a nilpotent subgroup N of G such that NH/H = N.

Proof. We may assume that G/H = N. There exists a subgroup U of G such that UH = G. Choose a
subgroup of minimal order with this property. Then U N H < ®(U), where ®(U) is a Frattini subgroup of
U. Indeed, if there exists a maximal subgroup M of U not containing U N H, then clearly M H = G, which
contradicts the minimality of U. Thus the group U/®(U) is nilpotent; hence U is nilpotent and N =U. O

Lemmas 1.2 and 1.3 imply that if a finite group G satisfies (C) then the subgroup HN satisfies (C),
for any normal subgroup N and any solvable subgroup H of G.

LEMMA 1.4. Let G be a finite group, K be a Carter subgroup of G, and N be a normal subgroup
of G. Assume that KN satisfies (C) (this is always true if G satisfies (C) or N is solvable), or KN = G.
Then KN/N is a Carter subgroup of G/N.

Proof. If KN = G then the statement is clear. Suppose KN # G, that is, KN satisfies (C). Consider
x € G, letting N < Ng/n(KN/N). It follows that © € Ng(KN). The group K” is a Carter subgroup
of KN. Since KN satisfies (C), its Carter subgroups are conjugate. Thus there exists y € KN such that
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KY = K*. Since K is a Carter subgroup of G, we have xy~! € Ng(K) = K and z € KN. O

LEMMA 1.5 [9, Lemma 5]. Let K be a Carter subgroup of a finite group G, assume that a non-identity
element z is in Z(K), and suppose that Cg/(z) satisfies (C). Then:

(a) every subgroup Y which contains K and satisfies (C) is self-normalizing in G;

(b) no conjugate of z in G except z lies in Z(K);

(c) if H is a Carter subgroup of G which is not conjugate to K, then z is not conjugate to any element
in the center of H.

Specifically, the centralizer Cg(z) is self-normalizing in G, and z is not conjugate to any power z* # z.

LEMMA 1.6. Let G be a finite group and @ be a Sylow 2-subgroup of G. Then a Carter subgroup K
of G containing @ exists if and only if Ng(Q) = QCq(Q).

Proof. Assume that there exists a Carter subgroup K of G containing (). Since K is nilpotent, ) is nor-
mal in K and K < QCq(Q) <N¢(Q). By the Feit—-Thompson theorem [11], we see that Ng(Q) is solvable.
By Lemma 1.5(a), we conclude that QCq(Q) is self-normalizing in Ng(Q), and so Ng(Q) = QCq(Q).

Suppose now that Ng(Q) = QCq(Q), that is, Ng(Q) = Q x O(Cg(Q)). Since O(Cq(Q)) is of odd
order, it is solvable and, hence, contains a Carter subgroup K;. Consider a nilpotent subgroup K = @ x K;
of G. Clearly, Ng(K) < Ng(Q). But K is a Carter subgroup of Ng(Q), and so K is one of G. O

Definition. With Lemma 1.6 in mind, we say that a finite group G satisfies condition (ESyl2) if
Ne(Q) = QCq(Q) for a Sylow 2-subgroup @ of G. In other words, G satisfies (ESyl2) if each element of
odd order normalizing @) centralizes Q.

LEMMA 1.7. Let G be a finite group, @ be a Sylow 2-subgroup of G, and = be an element of odd
order in Ng(Q). Assume that there exist normal subgroups Gi,..., Gy of G such that Gi1N...NG,NQ <
Z(N¢(Q)) and z centralizes @@ modulo G; for all i. Then x centralizes ). In particular, if G/G; satisfies
(ESyl2) for all i, then G satisfies (ESyl2).

Proof. Consider a normal series Q > Q1 > ... > Qr > Qi1 = {e}, where @; = QN (G1N...NG;).
The conditions of the lemma imply that x centralizes each factor (Q;—1/@Q;. Since z is of odd order,

centralizes Q). O

LEMMA 1.8 [9, Lemma 3]. Let K be a Carter subgroup of a finite group G. Assume that there exists
a normal subgroup B =717 x ... x T, of G such that G = KB, Z(T;) = {e}, and T; does not factor into a
direct product of its proper subgroups, for all i. Then Autg(7;) is a Carter subgroup of (Autg (T3),T;).

LEMMA 1.9. Let H be a subgroup of a finite group G such that |G : H| = 2¢, H satisfies (ESyl2),
and each element of odd order in G is in H (this property is obviously equivalent to H being subnormal).
Then G satisfies (ESyl2).

Proof. Let @ be a Sylow 2-subgroup of G such that Q@ N H is a Sylow 2-subgroup of H. Consider an
element x € Ng(Q) of odd order. Since x € H, z € Ng(Q) < Ng(QNH)=(QNH)x ONg(QnNH)),
that is, x € O(Ng(Q N H)). Thus the set of elements of odd order in Ng(Q) form a subgroup R =
O(Ng(Q N H))N Ng(Q) of Na(Q). Clearly, R is normal in Ng(Q); hence R = O(Ng(Q)). On the other
hand, @ is normal in N¢g(Q) by definition, and @ N R = {e}; so Ng(Q) = Q x O(Ng(Q)). O

2. GROUPS OF LIE TYPE

The notation for groups of Lie type are borrowed from [12], and for linear algebraic groups — from [13].

If G is a canonical finite group of Lie type (for definition, see below) with trivial center, then G denotes
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the inner-diagonal automorphism group of G. (Here, we do not exclude non-simple groups of Lie type such
as A1(2), with all the exceptions given in [12, Thms. 11.1.2 and 14.4.1]). In view of [14, 3.2], Aut(G) is
generated by inner-diagonal, field, and graph automorphisms. Since we are assuming that Z(G) is trivial,
G ~ Inn(G), and hence we may suppose that G < G < Aut(G).

Let G be a simple connected linear algebraic group over an algebraically closed field Fp of positive
characteristic p. In this instance Z(G) may be non-trivial. An endomorphism o of G is called a Frobenius
map if G, is finite and ¢ is an automorphism of G treated as an abstract group. Groups O (G,) are called
canonical finite groups of Lie type, and every group G satisfying OF' (G,) < G < G, is called a finite group
of Lie type. If G is a simple algebraic group of adjoint type then we say that G is also of adjoint type. In
[12], note, groups of Lie type referred to O (G) only. In [15], however, every group G, was used to refer to
a finite group of Lie type, for an arbitrary connected reductive group G. Moreover, in [16, 17] every group
G with O” (G,) < G < G, was called, without any explanation or grounding, a finite group of Lie type.
We intend to clarify the situation here, in giving definitions of finite groups of Lie type and of canonical
finite groups of Lie type. For example, P.SLy(3) is a canonical finite group of Lie type and PGLy(3) is a
finite group of Lie type. Note that an element of order 3 is not conjugate to its inverse in P.SLy(3) but
is conjugate to its inverse in PG L2 (3). Since such information on conjugation is important in many cases
(including those in the present paper), we will adhere to the following notation.

Denote by ®(G) the root system of a group G, and by ®, or ®(G), the root system of a group Op/(G).
Write A(G) for a fundamental group of G' and write A(®) for a factor group of the lattice generated by

fundamental weights in the root system ® w.r.t. the lattice generated by all roots in ®. Note that A(G) is
always a factor of A(®(G)), and for each root system @ distinct from Ds,, the group A(®) is cyclic and
A(Ds,,) is elementary Abelian of order 4. The Weyl group of G is denoted by W (G), and the Weyl group
of ® — by W(®). If W(®) is a Weyl group of the root system ®, then by wgy we denote the unique element
mapping all positive roots to negative ones.

We say that groups G of Lie type, for which OP (@) is equal to one of the groups 24, (¢2), 2Dy, (q?),
or 2Eg(q?), are defined over GF(¢?), groups >Dy4(q?) of Lie type are defined over GF(¢®), and that other
groups of Lie type are defined over GF'(g). The field GF(q) is called the base field in all cases. In view of
[18, Lemma 2.5.8], if G is of adjoint type then G, is an inner-diagonal automorphism group of O (G,).
If G is simply connected, then G, = OP (G,) (cf. [19, 12.4]). By [18, Thm. 2.2.6(g)], G, = T-O" (G,)
for each o-stable maximal torus 7' of G in any case. For a given finite group G of Lie type (treated as an
abstract group), the corresponding algebraic group is not uniquely determined in general. For example, if
G =PSLy(5) ~ SLy(4), then G derives either as (SLy(F2)), or as O (PSLy(Fs)),) (for appropriate o).
For every finite group G of Lie type, therefore, we will (somehow) fix a corresponding algebraic group G
and a Frobenius map o such that O?' (G,) < G < G,.

Let U = (X, | r € ®(G)") be a maximal unipotent subgroup of G. If we fix an order on ®(G), then

every u € U can be uniquely written in the form
w=[] 2 (), (1)

where the roots are taken in the given order and ¢, are from the definition field of G. We say that G is twisted
if OP'(G) coincides with one of the groups 24, (¢2), 2B2(22"1), 2D, (¢%), ®Da(¢?), 2Es(¢?), 2Go(33"+1),
or 2Fy(2"t1), and is split otherwise. If O (G,) < G < G, is a twisted group of Lie type and r € ®(G),
then by 7 we always denote an image of r under the symmetry of a root system corresponding to a graph
automorphism used in constructing G. Sometimes we write ®°(g), where ¢ € {+,—}; ®T(q) = ®(q) is a
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split group of Lie type with base field GF(q) and ®~(q) = 2®(¢?) is a twisted group of Lie type defined
over a field GF(q?) (with base field GF(q)).

Further, let R be a closed o-stable subgroup of G. Put R = G N R and N(G,R) = G N Nz(R).
Note that N(G, R) # N¢g(R) in general, and we call N(G, R) an algebraic normalizer of R. For example, if
G = SL,(2), then the diagonal matrix subgroup H of G is trivial; hence Ng(H) = G. But G = (SL,(F2)),,
where o is the Frobenius map o : (a; ;) — (a7 ;). Therefore H = H,, where H is a subgroup of diagonal
matrices in SL,(F3). Thus N(G, H) is the monomial matrix group of G. We use the term an “algebraic
normalizer” in order to avoid such difficulties and make our proofs universal. A group R is called a torus
(resp., a reductive subgroup, a parabolic subgroup, a mazimal torus, and a reductive subgroup of maximal
rank) if R is a torus (resp., a reductive subgroup, a parabolic subgroup, a maximal torus, and a reductive
subgroup of maximal rank) of G. A maximal o-stable torus T such that T, is a Cartan subgroup of G, is
referred to as a mazximal split torus.

If R is a connected reductive subgroup of G of maximal rank, then R = G1 ... * Gy * Z, where G; are
simple connected linear algebraic groups and Z = Z(R)? (see [13, Thm. 27.5]). Moreover, if ®1,..., ®; are
root systems of respective groups Gy, ..., G, then ®; U...U ®;, is a subsystem of ®(G). There is a nice
algorithm determining subsystems of an arbitrary root system @, described by Borel and de Siebental in
[20], and independently, by Dynkin in [21]. We need only remove some nodes from the extended Dynkin
diagram of ® and then repeat the procedure for connected components that appear. The so obtained
connected components are Dynkin diagrams for indecomposable subsystems, and the Dynkin diagram of
every indecomposable subsystem can be arrived at in just this way.

Now we assume that a reductive subgroup R is o-stable. In view of [19, 10.10], there exists a o-stable
maximal torus T of R. Let Eil, Gy ;, be a g-orbit of Eil. Consider an induced action of ¢ on the factor
group

(Giy % ... %Gy, )/ Z(Gyy % ... %Gy, ) PGy, x ... x PGy, .
Since PG;, ~ ... ~ Pai“ are simple (as abstract groups), o induces a cyclic permutation on
P@il, .. 7P§i“ , and we may choose a numbering so that PEZ = Péiz, ce P@;i = P@il. Thus

(PGi, x ... x PGy, o ={z|z=9g-97-... g7 for some g € PG, }o ~ (PGy,) i -

By [19, 10.15], the group PG ;, is finite; so or' ((PGy,) ) is a finite canonical group of Lie type, probably
with a larger base field than is one for OP' (G,).

Let B;, be a preimage of a ¢7i-stable Borel subgroup of PG;, in G;, under the natural epimorphism
and let T;, be a ¢/i-stable maximal torus of G;, lying in B;, (such exist by [19, 10.10]). From a remark in
[19, Sec. 11], it follows that subgroups U;, and U; generated by T, -stable root subgroups taken over all
positive and negative roots are also o7i-stable. Since G, is a simple algebraic group, G, is generated by
the subgroups U;, and U, . Now Z(Gj, * ... G, ) consists of semisimple elements, and so restrictions of
the natural epimorphism G;, — PG, to U;; and to U; are isomorphism. Therefore, for every k, (Uil)“k
and (U; )‘Tk are maximal o/i-stable connected unipotent subgroups of G;, which generate Gj, .

Thus U;, x (U3,)° x...x (U3,)”"" " and U, x(U;)7 %...% (U;)"jrl are maximal o-stable connected
unipotent subgroups of Gy, * ... * G;; which generate Gy, ... % Gy, . By [19, Cor. 12.3(a)], we have

O (@i, %Gy )o) = (T, % (Ti)” x o x [T)™ ),

(s x (T;)7 % ... x (Ti)"" )
= <(U11 )Ujia (U;)oh> = Op/((ail)gji)'
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In view of [19, 11.6 and Cor. 12.3], (U, )4, (U;, )53 ) is a canonical finite group of Lie type. Moreover, the
above argument implies that (TUs, )i, (Uy, )i}/ Z (Ui, )i, (Uy, ) is ) and OF (PG, ) 4: ) are isomorphic.
Denote OF' ((Gj, * ... * Gi;.)o) by Gi. We see that G is a canonical finite group of Lie type, for all i. The
subgroups G; of O (G,) appearing in so doing are called subsystem subgroups of or' (Gy).

Since G, *...* G}, is a o-stable subgroup, Gy, *...*G;, NT is a o-stable maximal torus of Gy, *...xGj,.
Hence we may assume that TNGy, *. . '*éin is a maximal o-stable torus in Gy, *. .. *@ji , for any o-orbit
{Giys. .. ,@ji }. We have R, = T, (G * ... % G,,), and T\, normalizes each of the subgroups G;.

For the g-orbit {Gj,,..., Gy, } of G, with G; = OP (G, * ... % Gi;,)o), we consider Auty (G;). Since
Gi*...xGi1%xGig1%...xGp*xZ, < CEU(Gi)7 we have Autg (Gi) ~ (TUGZ-) /Z (TgGi). From [18,
Prop. 2.6.2], it follows that the automorphisms induced by T, on G; are diagonal. Therefore the inclusions
PG; < Autﬁg (G;) < IT@Z hold; specifically, Autﬁa (G;) is a finite group of Lie type.

Let R be a o-stable connected reductive subgroup of maximal rank (in particular, R can be a maximal
torus) in G. The groups Ng(R)/R and Ny (Wg)/Wx being isomorphic yields an induced action of o
on Ny (Wg)/W, and we say that wy = wy for wi,ws € Ny (W5)/Wr if there exists an element w €
Nw (Wg)/W for which w; = wlwow’. Let CI(Go, R) be a set of G,-conjugacy classes of o-stable
subgroups R’, where g € G. Then CI(G,, R) is in 1-1 correspondence with the set of o-conjugacy classes
CU(Nw (W) /W, o), where W is a Weyl group of G and W is one of R (and is a subgroup of W). If w is
an element of Ny (Wg)/W5, and (R’), corresponds to a o-conjugacy class of w, then we say that (R”), is
obtained by “twisting” the group R with an element wo. Moreover, (R), o~ Ryy. For more details about
twisting, we ask the reader to consult [23].

LEMMA 2.1. Let G be a simple connected linear algebraic group over a field of characteristic p and
t € G be an element of order 7, not divisible by p. Then Cx(t)/Cx(t)? is a 7(r)-group.

Proof. Since p does not divide r, t is semisimple. Hence Cg(t)o is a connected reductive subgroup of
maximal rank in G, and every p-element of C=(t) is contained in C=(t)? (see [22, Thm. 2.2]). Assume that
there exists a prime s ¢ 7(r) dividing the order |C5(t)/Cx(t)°]. Then s # p, and for some natural k > 0,
the centralizer C5(t) contains an element x of order s* such that « ¢ Cx(¢)°. Since z and ¢ commute, z -t is
a semisimple element of G of order rs*. Therefore there exists a maximal torus T of G for which z-¢t € T. It
follows that (xt)" = 2" € T. Since (s,r) = 1, there is m such that rm = 1 (mod s*), whence (z")™ =z € T.
The fact that zt,z € T implies t € T, so T < C(t)°, and hence = € Cx(t)°, a contradiction. O

Recall that an element 2 of a linear algebraic group G is said to be regular if its centralizer has the
minimal possible dimension. In particular, if z is semisimple and G is connected and reductive, then x is
reqular if the connected component of its centralizer is a maximal torus in G.

Suppose now that R is a o-stable parabolic subgroup of G' and U is its unipotent radical. Then R
contains a connected reductive subgroup L such that R/U ~ L. The subgroup L is called a Levi factor
of R. Moreover, if Z = Z(L)°, then L = Cz(Z) (see [13, 30.2]). Let Rad(R) be the radical of R. Then
Rad(R) is a o-stable connected solvable subgroup, and it contains a o-stable torus Z by [19, 10.10]. Now
C5(Z) = Cx(Z) is a o-stable Levi factor of R, that is, every o-stable parabolic subgroup of G contains a
o-stable Levi factor L and L is a connected reductive subgroup of maximal rank in G.

LEMMA 2.2 (Hartley-Shute lemma) [24, Lemma 2.2]. Let G = O (G,) be a finite canonical adjoint
group of Lie type with definition field GF(q), H be a Cartan subgroup of G, and s € GF(q). If r =7 and
the group G is twisted, then we also assume that s is contained in the base field of G. Then there exists an
element h(x) € H such that x(r) = s except for the cases below where h(x) is chosen so that x(r) takes

up the following values:
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a) Ai(q), with x(r) = s%
b) Cy(q) and 7 is a long root, with x(r) = s?;

(

( )

(c) G =2A5(¢?) and r # 7, with x(r) = s3;
( =

(

Q Q
I

d) G =2A3(¢?) and r # 7, with x(r) = s?;

e) G =2D,(¢?) and r # 7, with x(r) = s%;

(f) G = 2G2(32"*1) and r = a or 7 = 3a + b, where a is a short fundamental root and b is a long one,
with x(r) = s2.

LEMMA 2.3. Let O (G,) < G < G, be a finite adjoint group of Lie type over a field of odd
characteristic p and let the root system ® of G be one of the following: A, (n > 2), D, (n > 4), B,
(n > 3), Ga, Fy, Es, Er, or Eg. Assume G # 2G2(3?"*1). Suppose U is a maximal unipotent subgroup of
G, H is a Cartan subgroup of G which normalizes U, and @ is a Sylow 2-subgroup of H. Then Cy (Q) = {e}.

Proof. Clearly, we need only prove the lemma for the case G = OF (G,) = OP (@), that is, we may
assume that G is a canonical adjoint group of Lie type. If G is split or G ~ 2D, (¢?), then the lemma
follows from [10, Lemma 2.8]. Suppose that G ~ 2A,,(¢?) or G ~ 2Es(q¢?); then ®(G) is equal to A, and
Es, respectively. Denote by 7 the image of a root r in ® under a suitable symmetry. In terms of [12], the
root system ®(G) is a union of equivalence classes ¥;, where each ¥; has either type Ay, or A} x Ay, or A,.

By [12, Prop. 13.6.1], U = [ [ Xv,, where

Xy, ={a,(t) | t € GF(q)}
if U; = {r} has type A; (in which case r = 7);
Xu, = {z,(t)z:(t) | t € GF(¢*)}
if U; = {r, 7} has type A; x A; (in which case r # 7 and r + 7 ¢ ®(G));

Xy, = {2,022, r(u) | t € GF(¢?), u+ul = —N, 7tt?}

if W; = {r,7,r+ 7} has type Az (in which case r # 7 and r + 7 € ®(Q)).
Now if h(x) is an element of H, then the following equalities hold (see [12, item (b) in the proof of
Thm. 14.4.1]):

h(X)z ()h() ™ = @ (x(r)t)

if r =7 and ¥; = {r} is of type Aj;

h(X)ar ()2 (t)R(xX) ™! = 2 (X (r)t)ar (X (7)t7)

ifr#7 r+7¢&®G), and ¥; = {r, 7} is of type A; x Ay;

hOO)@r (O ()2 (Wh(x) ™ = 2 (X (1)) 2 (¢ (F)E) 27 (X (7 + T)

ifr£7,r+7e®G),and U; = {r,7,r + 7} is of type As.
Let u be a non-trivial element of Cy(Q). Then w contains a non-trivial multiplier of Xy,, for some i.
We may assume that u € Xy since factoring into [[ Xy, is unique (see [12, Prop. 13.6.1]).

K3

Suppose that ¥ has type A;, that is, u = z,(t), t € GF(q), and r = 7. By Lemma 2.2, for every
s € GF(q), there exists h(x) € H such that x(r) = s. Take s = —1. Then there is h(x) € H for which
x(r) = —1. Since h(x)? = h(x?) (see a formula at p. 98 in [12]), x%(r) = 1, that is, |h(x)?] < |h(X)|-
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Hence the order |h(x)| is even, and we may factor h(x) into a product of its 2- and 2'-parts and write
h(x) = ha - har = h(x1) - h(x2). Now x(r) = x1(r) - x2(r); consequently x1(r) = —1 and x2(r) = 1.
Therefore h(x1)z,(t)h(x1) "t = x.(—t) # x,.(t). Hence the case where u = x,.(t) and ¥ = {r} has type A;
is impossible.

Assume that ¥ = {r,7} is of type A1 x A;. By Lemma 2.2, for every s € GF(q¢?), there is h(x) € H
such that x(r) = s2. There exists s € GF(q?) for which s2 = —1, and so there exists h(x) € H such
that x(r) = —1. As above, h(x) can be represented as h(x1) - h(x2), a product of its 2- and 2’-parts.
Consequently x1(r) = —1, and so

h(xa)zr (ar(t)h(x1) ™" = @ (—t)ar(—t1) # @, (t)z7 (t7).

Thus the case where u = x,.(t)z(t?) and ¥ = {r, 7} has type A; x A; is impossible.

Lastly suppose that U = {r,# r + 7} is of type As. By Lemma 2.2, for every s € GF(q?), there exists
h(x) € H such that x(r) = s*. Choose s = —1; then there is h(x) € H for which x(r) = —1. Again
h(x) = h(x1) - h(x2) can be represented as a product of its 2- and 2'-parts, and x;(r) # 1. It follows that

B ) (B (tq)errf(u)h(Xl)A = 2, (—t)zr (X1 (=) 2 r (X1 (7 + 7)u)
£ (02, (1), ()

for t # 0. If t = 0, then we choose s so that s2 = —1. Consequently xi(r + #) = —1, and we arrive at an
inequality as above. Hence this last case is also impossible.

In view of Lemma 2.2, we can use a similar argument to prove the lemma for the remaining cases —
G ~3Dy(¢?), G ~ Ga(q), and G ~ Fy(q). Our further reasoning does not make use of Lemma 2.3 for the
groups in hand, and so we do not give a detailed proof for these. O

LEMMA 2.4. Let OF (G,) = G be a canonical finite adjoint group of Lie type over a field of odd
characteristic p and let —1 not be a square in the base field of G. Assume that the root system ® of G
is equal to C},. Suppose U is a maximal unipotent subgroup of G, H is a Cartan subgroup of G which
normalizes U, and @ is a Sylow 2-subgroup of H. Then Cy(Q) = (X, | r is a long root).

Proof. If r is a short root, then there exists a root s with (s,r) = 1. Thus z,.(t)" (1) = 2,.((=1)*"t) =
xr(—t) (cf. [12, Prop. 6.4.1]). Therefore if z € Cy(Q) and z,(t) is a non-trivial multiplier in the represen-
tation (1) for x, then r is a long root. Now if r is long, then either |(s,7)| = 2 or (s,r) = 0 for any root
s, that is, z,(t)*(=1 = z,(¢). Since —1 is not a square in the base field of G (i.e., in GF(q)), we have
q = —1(mod4), whence (hs(—1)|s€ ®)=Q. O

LEMMA 2.5. Let G = PSpa,(q) be a simple canonical group of Lie type, J be a subset of the set
of fundamental roots containing r, as a long fundamental root, P; be a parabolic subgroup generated
by the Borel subgroup B and by groups X, with —r € J, and L be a Levi factor of P;. Denote by
S a quasisimple normal subgroup of L isomorphic to Spair(q) (such always exists since r,, € J). Then
Autr,(S/Z(S)) = S/Z(S).

Proof. This statement is known; it was proved in an unpublished paper by N. A. Vavilov. We give
a proof here for completeness. As noted, L is a reductive subgroup of maximal rank in G; so S/Z(S) <
Autr(S/Z(S)) < S//ZE’) For ¢ even, the statement is obvious, since |m : Cn(Q) = (2,g—1). If
q is odd, then there are only two possibilities for Auty(S/Z(S)): either Aut.(S/Z(S)) = S/Z(S), or

—

Autr,(S/Z(S)) = S/Z(S). We claim that the second equality is impossible.
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In our notation, fundamental roots in the root system of S are ry_gi1,...,7. If Autr(S/Z(9)) =

—

S/Z(S), then there exist elements s1,...,s; of Z® = ZC,, such that

(si,rn,kﬂ) 1 ifs :j,

Siy T'n— i) = — 7 N e - .

(i k) (84, 8;) 0 ifi#j.
(These generate a lattice of fundamental weights, and so allow us to obtain all diagonal automorphisms of
S.) For each root r of Cy, either (r,r,) =0, or (r,r,) = +2, that is, for each element s € Z®, the number
(s,r,) is even and, in particular, is distinct from 1. Therefore such a set of elements si,...,s; does not

exist. O

LEMMA 2.6. Let G be a finite group of Lie type over a field of odd characteristic and let G and o
be chosen so that OF (Gy) < G < G,. If G satisfies (ESyl2), then every group L with G < L < G, will
satisfy (ESyl2).

Proof. Let Q be a Sylow 2-subgroup of G, and Q° = OP' (G») N Q be one of or' (Gy). If Ng, Q%) =
QCz_(Q), then the statement of the lemma is clearly true. In view of [25, Thm. 1], for a classical group
G, the equality Ng (Q°) = QCg_(Q) may fail only if the root system of G has type Ay, or C,. If the
root system of G is of type A; or Cy,, then [G, : OP (G4)| = 2 and the lemma follows from Lemma 1.9.

Assume now that G is a group of exceptional type. If G, = OF' (G,), then the statement is obviously
true. The equality Ng (Q°) = QCg_(Q) might fail only if the root system of G has type Eg, or E7. If the
root system of G is of type Er, then |G, : OP (G,)| = 2 and the lemma follows from Lemma 1.9.

Suppose that the root system of G has type Eg. Then either G, = OP' (G,) or |Gy : O (Go)| = 3. In
the former case there is nothing to prove, and so we let |G, : O (G,)| = 3. Since the group G coincides
with G, or with OP'(G,), and the case where G = G, is trivial, we may suppose that G = OF' (G,).
By [18, Thm. 4.10.2], there exists a maximal torus T of G, such that Q is contained in N(G,,T). Since
|Gy : G| = 3, we have Q = Q° < N(G,TNG). By [26, Thm. 6], Ng(Q) = Q x R°, where R < T is a
cyclic group of odd order.

Now since G, = TG, we have Ng_(Q) = (N17(Q), No(Q)). Indeed, N(G,TNG)/(I'NG) ~ N(G,T)/T.
Hence a Sylow 2-subgroup QT /T of N(G,T)/T coincides with its normalizer. The factor group G, /G
is cyclic of order 3; so Nz (Q) = (tg, Ng(Q)), where t € T and g € G. Moreover, |G, : G| = 3, and
we can therefore assume that tg is an element of order 3%, for some k > 0. Since t € T' < N(G,,T),
Q! < N(G,T N G). Hence there exists an element g; € N(G,T N G) such that Q' = Q91". Therefore we
may suppose that tg = tg; € N(G,,T). Under the natural epimorphism 7 : N(G,,T) — N(G,,T)/T, the
image of Ny 7)(Q) coincides with Q. Hence (tg)" = e, and so tg € T. Thus each element of odd order
in G which normalizes @ lies in 7. Since T is a torus, 7" is Abelian; hence the set of elements of Nz (Q)
of odd order form a normal subgroup R of Nz (Q). Therefore Nz (Q) = Q x R, that is, G, satisfies
(ESyl2). O

The following lemma follows immediately from [25, Thm. 1].

LEMMA 2.7. Let O7' (G,) = G be a canonical finite group of Lie type, G be either of type A; or of
type Cp, p be odd, and g = p® be the order of the base field of G. Then G satisfies (ESyl2) if and only if
g = £1 (mod8).

Note that Lemma 2.6, together with [25, Thm. 1] and [26, Thm. 6], implies that every group of Lie type
over a field of odd characteristic, which is distinct from a Ree group and the groups specified in Lemma 2.7,
satisfies (ESyl2).
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LEMMA 2.8. Let O (G,) < G < G, be a finite adjoint group of Lie type with base field of
characteristic p and order ¢. Assume also that OP' (@) is not isomorphic to 2Da,, (¢2), 2D4(¢?), 2B (22711),
2G5 (3%7H1), and 2F;(22"*+1). Then there exists a maximal o-stable torus T of G such that:

(a) (Ng(T)/T)s = (Ng(T))o/(Ts) = N(Gy,To)/T> ~ W, where W is the Weyl group of G;

(b) if r is an odd prime divisor of ¢ — (¢1), where € = 4+ whenever G is split, and € = — whenever G is
twisted, then N(G,,T,) contains a Sylow r-subgroup of Gy;

(c) if r is a prime divisor of ¢ — (¢1), and s is an element of order r in G such that Cx(s) is connected,
then s is, up to conjugation by an element of G, contained in T'=T, N G.

The torus T is unique up to conjugation in O (G, ), and [T,| = (¢ — £1)", where n is the rank of G.

Proof. Since G, = TO? (G) holds for every maximal torus 7' of G, there is no loss of generality in
assuming that G = G,. If G is split then the lemma can be proved readily. In this instance T is a maximal
torus such that T, is a Cartan subgroup of G, (i.e., T is a maximal split torus), and so (a) is clear. Item
(b) follows from [29, (10.1)]. Moreover, [29, (10.2)] implies that the order of T, is determined uniquely and
is equal to (g — 1)", where n is the rank of G. By [27, F, Sec. 6], every element of order r in T is contained
in G,. Now there exists ¢ € G such that s9 € T, and hence s9 € G. Since the centralizer of s is connected,
elements s and s9 are conjugate in G iff they are conjugate in G; so s and s9 are conjugate in G, which
yields (¢). The data on classes of maximal tori given in [27, G; 28] implies that, up to conjugation by an
element of G, there exists a unique torus 7T such that [T, | = (¢ — 1)".

Assume that OP (Q) ~ 2A,(¢?). Then T is a maximal torus for which [T| = (¢ + 1)". Note that
T, can be obtained from a maximal split torus by twisting with wgo. Using [15, Prop. 3.3.6], by direct
calculations, we can show that N (G, T)/T s is isomorphic to W (G) which is in turn isomorphic to Sym,, , ;.
The uniqueness follows from [16, Prop. 8]. To prove (b), we need to appeal to [29, (10.1)].

In order to verify (c), we first show that every element of order r in T is contained in G. Assume that
t is an element of order r in T. (Recall that 7 divides ¢ + 1 in this instance.) Let H be a o-stable maximal
split torus of G. The torus T, is obtained from H by twisting with an element wg, where wy € W(G)
is a unique element mapping all positive roots to negative, and Ty =~ Hyy,. Let 71,...,7, be a set of
fundamental roots in A,,. Then ¢, being an element of H, can be written in the form A, (¢1) - ... - Ay, (Co).
Now, for every i we have owp : hy,(A) — h_,,(A?) = h,.,(A7%), that is, t°%° = t~9. Since r divides ¢ + 1,
we obtain t9t1 = e, that is, t = t9. Hence t°%° =t and t € T,. As in the untwisted case, there exists an
element g € G such that s9 € T’ hence s¢ € T,. Since Cz(s) is connected, elements s and s9 are conjugate
in G.

For O7 (G) = 2Da,11(¢%), we take T to be a unique (up to conjugation in G) maximal torus of order
T, = (¢4 1)2"*' (whose uniqueness follows from [16, Prop. 10]). For O (G) = 2Eg(¢?), we choose T
to be a unique (again up to conjugation in G) maximal torus of order |T,| = (¢ + 1)® (whose uniqueness
follows from [17, Table 1, p. 128]). As with G = 2A4,,(¢?), it is easy to show that T satisfies items (a), (b),

and (c) of the lemma. O

LEMMA 2.9. Let G be a finite group of Lie type and G and ¢ be chosen so that or' (G,) <G <G,.
If s is a regular semisimple element of odd prime order r in G, then Ng(Cg(s)) # Ca(s).

Proof. In view of [22, Prop. 2.10], the factor group C(s)/Cx(s) is isomorphic to a subgroup of A(G).
Now, if the root system @ of G is not equal to A,,, or Eg, then |A(®)] is a power of 2. Since A(G) is a factor
of A(®(G)), Lemma 2.1 implies that Cz(s) = Cz(s)? = T is a maximal torus and Cg(s) = Cz(s)NG = T.
We have Ng(T') > N(G,T) # T, which yields the statement of the lemma for the present case. We may
therefore assume that either ® = A,, or ® = E.
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Suppose first that ® = A, that is, O” (G) = A%(q), where ¢ € {+,—}. Clearly, T = C5(s)° NG
is a normal subgroup of Cg(s), and hence Cg(s) < N(G,T). Assume that Ng(Cz(s)) = Cg(s). Then
Cc(s) = Nna,1)(Cg(s)) and Cg(s)/T is a self-normalizing subgroup of N(G,T)/T. As noted, Cg(s)/T
is isomorphic to a subgroup of A(A4,); that is, it is cyclic. Lemma 2.1 also implies that Cg(s)/T is an
r-group; in other words, C(s)/T = (z) for some r-element © € N(G,T)/T. Thus (z) is a Carter subgroup
of N(G,T)/T.

In view of [15, Prop. 3.3.6], we have N(G,T)/T ~ Cy; g (y) for some y € W(G) ~ Sym,, ;. Clearly,
CCW@ (y)(z) contains y. Therefore y must be an r-element, since otherwise Ncw@(y)(@c» would contain
an element y of order coprime to 7; that is, Ncw(g)(y)(@)) # (x). We have arrived at a contradiction with
(z) being a Carter subgroup of Cy, g (y)-

Now let y = 71 - ... be a factorization of y into a product of independent cycles and [1, ... be lengths
of the respective cycles 71, .... Assume first that m; cycles have equal length [1, mo cycles have length [,
etc. Let mg=n+1— (lymy + ...+ lpymi). Then

Cwi)(y) = (21, 1Sym,,, ) x ... x (Zy, 1Sym,,, ) x Sym,, .

where Z;, is a cyclic group of order I;. If m; > 1 for some j > 0, then there exists a normal subgroup NV
of Cyy (@) (y) such that Cy, g (y)/N ~ Sym,, # {e}. In view of [9, Table; 10, Table], we see that Carter
subgroups of S satisfying Alty < S < Aut(Alt,) are conjugate, for all £ > 5. Thus CW(E) (y) and N satisfy
(C), and () is a unique (up to conjugation) Carter subgroup of Cy, g (y). By Lemma 1.4, (z) maps onto
a Carter subgroup of Cy; ) (y) /N =~ Sym,, . In view of [2], only a Sylow 2-subgroup of Sym,, can be a
Carter subgroup of Sym,, . We have arrived at a contradiction with the fact that = is an r-element and r
is odd.

Thus we may assume that Cy ) (y) = (Zi, X ... x Z;,) and l; # I; if ¢ # j. We know how maximal
tori and their normalizers in A% (q) are structured (see, e.g., [16, Props. 7, 8]). With this in mind, we look
into the structure of T'and N (G, T'), of which we gain an idea by using matrices. Below, GLZ (q) is a group
isomorphic to GL,(q) if € = +, and to GU,,(q) if € = —. Given the decomposition Iy + 1o+ ...+l =n+1
in GL}, 1 (q), we consider a group L consisting of block-diagonal matrices of the form

A0 ... 0
0 A ... 0
0 0 ... A

where A; € GLj (q). Then L ~ GLj (q) x ... x GLj (q). Denote GL; (g) by G; for brevity. In every group
G;, consider a Singer cycle T;. We know that Ng,(T;)/T; is a cyclic group of order I; and N(G;,T;) =
Ng,(T;). There exists a subgroup Z of Z(SL;,,(q)) such that o7 (G) ~ SL; 1(q)/Z. Consequently T ~
(Ty x ... x Tp)NSLE 14(q)) /Z and N(G,T) ~ ((N(G1,T1) x ... x N(Gi, Ti,)) N SLE 1(q)) /Z. Since
the group N(G;,T;)/T; is cyclic for every Singer cycle T;, we may assume that N(G,T) = Cg(s) and T
%, where n + 1 = r* for some k > 1. (The
last-mentioned equality holds since N(G,T)/T is an r-group.) But ¢ =q (modr), and hence r divides
g—(el). By Lemma 2.8, s isin N(G, H), where H is a maximal torus such that the factor group N(G, H)/H

is isomorphic to Sym,, , ;, and |H| = (¢ —e1)". In particular, H is not a Singer cycle.

is a Singer cycle, that is, a cyclic group of order

For s € H, this immediately yields a contradiction with the choice of s. If s ¢ H, then the intersection
(s) N H is trivial, since the order of s is prime. Hence, under the natural homomorphism N(G, H) —
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N(G,H)/H ~ Sym,,, |, the element s maps onto an element of order r. In Sym,, ;, however, every element
of odd order is conjugate to its inverse. Therefore there exists a 2-element z of G normalizing but not
centralizing (s). Therefore 2 < Nz(Cx(s)) < Ng(Cg(s)?) and |[N(G,T)/T| is divisible by 2, which clashes
with the above statement that N(G,T)/T is an r-group. The case ®(G) = A,, is described out.

For the case ® = FEg, it is easy to verify that for every y € W (Es), the group Cyy(g,)(y) does not contain
Carter subgroups of order 3. Indeed, if Cyy(g,)(y) has a Carter subgroup of order 3, then it is generated by
y. However it is well known (and can be easily checked against [28, Table 9]) that W (Ejs) lacks in elements
of order 3 whose centralizer, too, has order 3. Since |Cg(s)/T| divides 3 and C¢(s)/T is a Carter subgroup

of Cy (k) (y) for some y, we are led to a contradiction. O

3. SEMILINEAR GROUPS OF LIE TYPE

Now we define some overgroups of finite groups of Lie type. First we give a detailed description of a
Frobenius map o. Note that all maps in this section are automorphisms, if G is treated as an abstract
group, and are endomorphisms if G is treated as an algebraic group. By reason of the fact that our maps
are used to construct respective automorphisms of finite groups and of groups over an algebraically closed
field, we will call all maps automorphisms.

Let G be a simple connected linear algebraic group over an algebraically closed field F, of positive
characteristic p. Below, unless otherwise stated, we consider groups of adjoint type. Choose a Borel
subgroup B of G, letting U = R, (B) be the unipotent radical of B. There exists a Borel subgroup B
with BN B =T, where T is a maximal torus of B (and hence of G).

Let ® be the root system of G and {X,. | » € ®*} be the set of T-stable 1-dimensional root subgroups of
U. Every X, is isomorphic to the additive group of Fp; so every element of X, can be written in the form
z,(t), where t is an image of z,.(t) under this isomorphism. Denote by U = R, (B ) the unipotent radical
of B . As above, define T-stable 1-dimensional subgroups {X, |7 € ® } of U . Then G = (U,U ). Let
@ be a field automorphism of G (treated as an abstract group) and 74 be a graph automorphism of G. It is
known that ¢ can be chosen so as to act by the rule z,.(£)? = z,.(t?) (see, e.g., [12, 12.2; 15, 1.7]). In view
of [12, Props. 12.2.3 and 12.3.3], we can choose 7 so that it acts by the rule z,.(t)7 = z(¢) if ® has no roots
of distinct lengths, or by the rule z,.(t)7 = z;(t*"), for appropriate A, € {1,2,3}, if ® has roots of distinct
lengths. Here, 7 is an image of r under the symmetry p (corresponding to 7) of the root system ®. In both
cases x,.(t)7 = z7(t'7), where . € {1,2,3}. Obviously, -5 = 7-@. Let n,.(t) = z.(t)z_.(—t"Va.(t),
N={n(t)|redte FD, hy(t) = np(t)n.(—1), and H = (h,(t) | r € ®,t € FD. In view of [12, Chaps.
6, 7], H is a maximal torus of G and N = Ng(H) and X, are root subgroups w.r.t. H. Therefore we can
substitute H for T and suppose that T, by our choice, is @- and J-stable. Moreover, ¢ induces a trivial
automorphism of N/H.

An automorphism @*, k € N, is called a classical Frobenius automorphism. We refer to o as a Frobenius
automorphism if o is conjugate in G to 3@, with e € {0,1} and k € N. It follows from the Lang-Steinberg
theorem [19, Thm. 10.1] that for any § € G, elements ¢ and ¢g are conjugate w.r.t. G. In view of [19,
11.6], therefore, we see that a Frobenius map defined as in the previous section coincides with a Frobenius
automorphism as defined here.

Now we fix G, @, 7, and ¢ = 7°¢*, assuming that |7] < 2, that is, we do not consider the triality
automorphism of G with the root system ®(G) = Dy. Put B = B,, H = H,, and U = U,,. Since B, H,
and U are @- and j-stable, they give us a Borel subgroup, a Cartan subgroup, and a maximal unipotent
subgroup (a Sylow p-subgroup) of G, (for details, see [15, 1.7-1.9; 18, Chap. 2]).
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Assume first that € = 0, that is, O (G,) is not twisted (it is split). Then U = (X, | r € ®*), where
X, is isomorphic to the additive group of GF(p*) = GF(q) and every element of X, can be written in
the form z,.(t), t € GF(q). Alsolet U~ = U,_. As for U, we put U~ = (X,. | » € &) and write every
element of X, in the form z,(t), t € GF(q). Now we can define an automorphism ¢ to be a restriction of
@ to G, and define an automorphism + to be a restriction of 4 to G,. By definition, x,.(t)¥ = z,.(t?) and
2,.(t)Y = z7(t*) for all r € ® (see definition of 7 above).

We define ¢ = 75¢*, ¢f # e, ¢ € {0,1}, to be an automorphism of G, and define { = 5° - * to be an
automorphism of G. Choose a (-stable subgroup G with O’ (G,) < G < G,. Note that if the root system
® of G is not Dy,, then G, /(0" (G,)) is cyclic. Thus for most of the groups and automorphisms except
groups of type Dy, over a field of odd characteristic, any subgroup G of G, satisfying o' (G,) <G <G,
is - and @-stable. Define I'G to be a set of subgroups of the form (G, (g) < G, X (¢), where g € G,
(€g) NG, < G, and define I'G to be a set of subgroups like G ({). Following [18, Def. 2.5.13], we call
¢ a field automorphism if € = 0, that is, ¢ = ¢*, and call it a graph-field automorphism in all other cases
(under the assumption that ¢ # e).

Suppose now that € = 1, that is, O? (G,) is twisted. Then U = U, and U~ = U, . Define ¢ on U*
to be a restriction of @ to U%. Since O (G,) = (U+,U~), we obtain an automorphism ¢ of the group
or' (G,). Consider ¢ = ¢’ # e and let G be a (-stable group with or' (G,) < G < G,. Then ¢ = @ is
an automorphism of G. Define I'G as a set of subgroups of the form (G, (g) < G, X (¢), where g € G,
(€g) NGy < G, and define I'G as a set of subgroups like G X (¢). Following [18, Def. 2.5.13], we call ¢ a
field automorphism if || is not divisible by |y| (this definition will also be used in the case where |y| = 3
and G, ~3Dy4(¢?)), and call it a graph automorphism in all other cases.

Groups in the set I'G defined above are called semilinear finite groups of Lie type (or else semilinear
canonical finite groups of Lie type if G = OP / (G,)), and those in the set I'G are referred to as semilinear
algebraic groups. Note that I'G' cannot be defined without I'G, since we need to know that f # e. If G
is written in the notation of [12], that is, O (G) = G = A,(q) or O? (G) = G = 2A,(¢?), etc., then we
denote I'G by T'A,,(q), T?A,,(¢?), etc.

Consider A € TG and x € A\ G. Then z = (Fy for some k € N and y € G,. Set T equal to (*y.
Conversely, if Z = ¥y for some y € G, (¥ # e, and ((*y) NG, < G, then we set x equal to (¥y. Note that
we do not need to suppose that z ¢ G since |(| = co. If 2 € G then we put 7 = .

LEMMA 3.1. Let X be a subgroup of G. Then x normalizes X if and only if Z normalizes X as a
subgroup of G.

Proof. Since ( is the restriction of ¢ to G, our statement is trivial. O

Let X7 be a subgroup of A € I'G. Then X; is generated by a normal subgroup X = X3 NG and by
an element x = (*y. In view of Lemma 3.1, we can consider the subgroup X; = (Z, X) of G X (¢). Now
we explain why we use such complicated notation and complex definitions. The order of ( is always finite,
whereas ( is invariably of infinite order. Even if Z(G) is trivial, therefore, we cannot conceive of G' X (()
as a subgroup of Aut(G). Hence, in order to use the machinery of linear algebraic groups, we have to

somehow define (one possible way has been just given) a connection between elements of Aut(G) and those

of Aut(G).
Let R be a o-stable maximal torus (a reductive subgroup of maximal rank, a parabolic subgroup) of G
and y € N, (7 (R) be chosen so that there exists « € (G, (g) with y = 7. Then Ry = (z, RN G) is called

a mazimal torus (a reductive subgroup of mazximal rank, a parabolic subgroup) of (G,(g).

LEMMA 3.2. Let M = (z, X), where X = M NG < M, be a subgroup of (G, (g) such that O,(X)

102



is non-trivial. Then there exists a o- and Z-stable parabolic subgroup P of G for which X < P and
Op(X) < Ry (P).

Proof. Let Uy = O,(X) and Ny = Ng(Up). Then U; = UgR,(N;—1) and N; = Ng(U;). Clearly, U; and
N; are Z- and o-stable subgroups, for all ¢. In view of [13, Prop. 30.3], the chain Ng < N; < ... < N, <...
is finite and P = |J N; is a proper parabolic subgroup of G. Obviously, P is o- and Z-stable, X < P, and
Op(X) < R,(P). O

LEMMA 3.3. Let G be a finite group of Lie type over a field of odd characteristic p. Assume that
G and o are chosen so that O” (G,) < G < G,. Suppose that 1 is a field automorphism of O (G,) of
odd order. Then % centralizes a Sylow 2-subgroup of GG, and there exists a 1-stable Cartan subgroup H
such that v centralizes a Sylow 2-subgroup of H. Moreover, if G % 2G2(32"*1), 3Dy4(¢?), or 2Da,,(¢?), then
there exists a 1-stable torus 7" of G such that i centralizes a Sylow 2-subgroup of T and the factor group
N(G,T)/T is isomorphic to Ng(T)/T.

Proof. Obviously, we need to prove the lemma only for the case G = G,. Let || = k and GF(q) be the
base field of G. Then ¢ = p® and a = k- m. Now |G| can be written in the form |G| = ¢~ (¢™ +¢&11)-...-
(¢ +¢,1) for some N, where n is the rank of G, and €; = + (cf. [12, Thms. 9.4.10 and 14.3.1]). Similarly,
|Gyl = ™)V (™)™ +e11) ...« (p™)™ + €,1). Since k is odd, ((pF™)™ +¢&;1)2 = ((p™)™ + ;1) for
all ¢, that is, |G|2 = |Gy|2 and a Sylow 2-subgroup of Gy is a Sylow 2-subgroup of G. By [18, Prop. 2.5.17],
there exists an automorphism 1; of G such that ¢ = ¥¥ and v coincides with the restriction of 1, to G,.
Note that v1, in general, is not equal to the automorphism 1) defined above. Consider a maximal split torus
Hy, of Gy,. Then H = H, is a t-stable Cartan subgroup of G. Since |H| = (¢* +&11) ... (¢" + &/1),
where ¢; = £, likewise we can prove that |H|y = |Hyla.

Now assume that G % 2G(32"*1), 3Dy(q?), or 2Dy, (¢?). By Lemma 2.8, there exists a maximal torus
T of Gy such that N(Gy,T)/T ~ Ng(T)/T and |Ty| = (p™ — 1)™. Since |¢] is odd and Ty, is obtained
by twisting a maximal split torus H with an element wy, T, too, is obtained by twisting H with wg (see
proof of Lemma 2.6). Therefore |T,| = (¢ —€1)™ and [Ty, | = (p™ — €1)"; hence [Ty|2 = [T|2 = |Ty|2. O

LEMMA 3.4 [29, (7-2)]. Let G be a connected simple linear algebraic group of adjoint type over a
field of characteristic p, o be a Frobenius map of G, and G = G, be a finite group of Lie type. Suppose ¢
is a field or graph-field automorphism of G and ¢’ is an element of (G X (¢)) \ G such that |¢'| = || and
GX{(p) = (G,¢') = G N (¢'). Then there exists an element g € G for which ()9 = (¢’). In particular, if
G/OY (@) is a 2-group and ¢ is of odd order, then such g can be chosen in O (G).

LEMMA 3.5. Let G be a finite adjoint group of Lie type over a field of odd characteristic, G' % 3D4(q?),
and G and ¢ be chosen so that O (G,) < G < G,. Assume A is a subgroup of Aut(O” (G,)) such that
ANG, = G. If O (G) ~ Dy4(q), then we also suppose that A is contained in a group generated by inner-
diagonal and field automorphisms and by a graph automorphism of order 2. Then A satisfies (ESyl2) if
and only if G satisfies (ESyl2).

Proof. Suppose G satisfies (ESyl2). In the conditions of the lemma, the factor group A/G is Abelian;
so A/G = A; x Ay, where A; is a Hall 2’-subgroup of A/G and A, is a Sylow 2-subgroup of A/G. Denote
by A; a complete preimage of A; in A. If A; satisfies (ESyl2), then so does A by Lemma 1.9. Thus we
can think of the order |A/G| as odd. By assumption, an order 3 graph automorphism is not contained in
A, so A/G is cyclic, and hence A = (G,g), where ¢ is a field automorphism of odd order and g € G,.
Since |A : G| = |¢| is odd, we may assume that |¢g| likewise is odd. By Lemma 3.3, ¢ centralizes a Sylow
2-subgroup of G ; therefore g is of odd order.
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Now the factor G, /G is Abelian and is representable as L x @, where L is a Hall 2’-subgroup of
G,/G and @ is a Sylow 2-subgroup of G,/G. Let L be a complete preimage of L in G, under the
natural homomorphism. Then g € L. Consider a group L X\ (¢)) > A. By construction, the index
[ILXN () : Al = |L : G| is odd. By Lemma 2.6, the group L satisfies (ESyl2). In view of Lemma 3.3, the
field automorphism 1 centralizes a Sylow 2-subgroup @ of L. Thus

N ) (@) = No(Q) x () = QCL(Q) x (¢) = QCLx(4)(Q),

that is, the group L X (1) satisfies (ESyl2). Since |L X (¢) : A| is odd, A also satisfies (ESyl2).

Now assume that A satisfies (ESyl2). If G does not satistfy (ESyl2), then [25, Thm. 1] and [26, Thm. 6]
imply that the root system of G is of type Ay, or Cy,. In both cases the factor group Aut(O? (G,))/G, is
cyclic and is generated by a field automorphism . Furthermore, from [25, Thm. 1] it follows that the order
of the base field (which coincides with the definition field in this instance, for G is not twisted) is equal to
¢ =p' and ¢ = £3 (mod 8). Hence ¢ is odd and so therefore is |Aut(O? (G,))/Gs|. Thus |A : G| is odd and
G satisfies (ESyl2). O

The conclusion of the next lemma is known to hold for classical groups (see, e.g., [30]).

LEMMA 3.6. Let G be a finite adjoint split group of Lie type and G and ¢ be chosen so that
O (G,) < G < G,. Assume that 7 is a graph automorphism of O (G) of order 2. Then every semisimple
element s € G is conjugate to its inverse in (O (G,), Ta), where a is an element of G,.

Proof. If ®(G) is not of types A,, Da,i1, and Eg, then the lemma follows from [10, Lemma 2.2],
and so we need only consider groups of these types. Denote by 7 a graph automorphism of G for which
7l = 7. Let T be a maximal o-stable torus of G such that T, N G is a Cartan subgroup of G. Let
T1,...,7y be fundamental roots in ®(G) and p be the symmetry corresponding to 7. Denote r/ by ;. Then
T = (h,;(t:) | 1 <i<mn,t; #0)and hy,(t;)7 = hs,(t;). Denote by W the Weyl group of G. Let wg be
a unique element of W mapping all positive roots to negative and ng be its preimage in NE(T) under the
natural homomorphism Ng(T) — Ng(T)/T ~ W. We can choose ng € G, that is, n = ny, since o acts

trivially on W = N(G,T)/T (see Lemma 2.8 above). For all r; and ¢, we then have
B, (8)"7 = hywor () = her, () = by, (t71).

Thus ™7 =z~ ! for all z € T.

Now let s be a semisimple element of G. Then there exists a maximal o-stable torus S of G containing
5. Since maximal tori of G are all conjugate, there exists g € G such that $Y =T. With G, = O (G)T,
in mind, we may assume that a € T,. Therefore ggnoTag™t — g—1
= g°noTalg™
every z € S; in other words, gnoTag™1S = g°no7Ta(g~1)°S. In particular, there exists ¢t € S such that

The equalities n§ = ng and 77 = 7

. _ _ . - . = —1 o = —1\o _
yield (gnoTag—1)° 1), Moreover, since S is o-stable, z907® " = g9"noTal9”)” — g=1 for

gnoTag—'t = g°noTa(g—1)?. On the LangSteinberg theorem, there is y € S for which ¢t = y-(y~1)7 (see [19,
Thm. 10.1]). Therefore gnoTag~ly = (gnoTag='y)?, that is, gnorag—'y € G, X (1), and s9n0TagTy — g=1,
Since OP (G,)S» = G, and S, is Abelian, we may find an element z € S, so as to satisfy gnoraglyz €
(O (Gy),Ta). O

LEMMA 3.7. Let (G,(g) be a finite semilinear group of Lie type and G and o be chosen so
that OF (G,) < G < G,. Suppose s is a regular semisimple element of odd order in G. Then
NiG.9)(Cia.cq)(8)) # Ci cq) (5)- L

Proof. Since s is semisimple, there exists a o-stable maximal torus S of G containing s. By virtue of
G, = 0" (G4)S,, we may assume that g € S,, that is, the element ¢ commutes with the element s. If
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Ca,cg)(8)G # (G, (g), then we can replace (G, (g) by C(g ¢4 (s)G and prove the statement for this group.
Moreover, if Cig.¢cq)(s) = Ca(s), then the lemma follows from Lemma 2.9, and so we can suppose that ¢
centralizes s. If either G is not twisted or |(| is odd, then we may put o = ¢* for some k > 0, as follows
from [18, Prop. 2.5.17]. By Lemma 2.9, there exists an element of Ng_, (C(s)) not in Cg,, (s), whence the
result.

Assume that G is twisted and || is even. Then o = @*, where ¢ = @* and k divides £. Therefore s is
in @7. Depending on which root system ®(G) is chosen, we see that @,—Y is isomorphic to a simple algebraic
group with a root system equal to B, (for some m > 1), to C,, (for some m > 2), or to Fy. By [10,
Lemma 2.2], the element s is conjugate to its inverse w.r.t. OP/((@)U@) < Gegs 80 Nigegy(Ciacgy(s)) #

C(Q@)(S). O

LEMMA 3.8. Let (G,(g) be a finite semilinear group of Lie type over a field of characteristic p (we
do not exclude the case (G,(g) = G), and G be of adjoint type (recall that g € G, but not necessarily
g € G). Assume that B = U X H, where H is a Cartan subgroup of G, is a (g-stable Borel subgroup of G
and (B, (g) contains K as a Carter subgroup of (G, (g). Suppose K NU # {e}. Then one of the following
statements holds:

(a) either (G, Cg) = (2A42(22%),(g) or (G, (g) = 21@(2\%))\ (€); the order |¢| = t is odd and is not divisible
by 3, Ca(¢) =~ zm), and the subgroup K NG is Abelian and has order 2 - 3;

(b) (G, Cg) = (*A42(2%),(g), Cc(¢) ~2A2(2%), and K NG is a Sylow 2-subgroup of G¢;

(c) either (G, (g) = (A2(2%),(g) or (G,(g) = A?(-QE) X (C); ¢ is a graph-field automorphism of order
2t, t is not divisible by 3, C¢(() ~ 214/2(?2)7 and K NG is Abelian and has order 2/%| . 3;

(d) (G, Cg) = (Aa(2%),Cg), ¢ is a graph-field automorphism, Cg(¢) =~ ?45(2?), and K NG is a Sylow
2-subgroup of G¢,,;

() G is defined over GF(21), (G, Cg) = G X (Cg), ¢ either is a field automorphism of order ¢ in O (G),
it 0% (G) is split, or is a graph automorphism of order ¢, if 02/(G) is twisted, and, up to conjugation in G,
K = QX (Cg), where Q is a Sylow 2-subgroup of G ¢y).,;

(f) G is defined over GF(2!), (G,{g) = G X ((g), ¢ is a product of a field automorphism of odd order ¢
in 02,(G) and a graph automorphism of order 2, ¢ and (g are conjugate w.r.t. G, and, up to conjugation
in G, K = QX ((g), where Q is a Sylow 2-subgroup of G(¢),,;

(g) G/Z(G) ~ PSLy(3"), the order |¢| =t is odd (in particular, ¢ € (G,(g)), and K contains a Sylow
3-subgroup of G¢,,;

(h) (G, Cg) = 2G2(3* ) N ((), |¢] = 2n+ 1, K N2G5(3*"H) = Q x P, where Q is of order 2, and
|P| = 3l¢ls,

Note that every item through and under (a)-(h) insists on there being Carter subgroups of specified
forms. Indeed, the existence of Carter subgroups in (a) and (c) follows from there being a Carter subgroup
of order 6 in PGU3(2) (see [5]). Throughout (b), (d)-(f), such groups exist by reason of the fact that a
Sylow 2-subgroup in a group of Lie type defined over a field of order 2 coincides with its normalizer. The
existence of Carter subgroups in (g) follows from the fact that a Sylow 3-subgroup of PSL2(3) coincides
with its normalizer. A Carter subgroup satisfying (h) exists due to there being a Carter subgroup K of
order 6 in a (non-simple) group 2G5(3). Lastly, the existence of a Carter subgroup K of order 6 in 2G2(3)
follows from structure results in [31, 32].

Proof. If G is one of the groups A;(q), G2(q), Fi(q), 2B2(22"*1), or 2F;(2?"*1), then we need only
appeal to [9, Table; 10, Table]. If (G,(g) = G, then the lemma follows from [6, 9, 10]. Therefore we
may suppose that (G,(g) # G, that is,  is a non-trivial field, graph-field, or graph automorphism. If
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®(G) = C,, then the lemma follows from Theorem 4.1 (see below), in which is Lemma 3.8 not used, and
so we assume that ®(G) # C,,. If ®(G) = Dy, and either a graph-field automorphism ¢ is a product of a
field automorphism and a graph automorphism of order 3, or G ~ 3Dy4(¢?®), then the lemma follows from
Theorem 5.1 (see below), in which Lemma 3.8 is not used again, and so we suppose that (G, (g) is contained
in the group A; defined in Theorem 5.1, and G' % 3D4(¢?). Since Lemma 3.8 will be involved in proving
Theorem 6.1, after Theorems 4.1 and 5.1, we can make in advance the following extra assumptions.

Suppose that ¢ is odd and ®(G) is one of the following types: A, (n > 2), D,, (n >4), B, (n > 3), Eg,
E7, or Eg. By Lemma 1.4, KU/U is a Carter subgroup of (B,(g)/U ~ (H,(g). Since G, = GH,, where H
is a maximal split torus of G and H, NG = H, we may assume that g € H, and, in particular, g centralizes
H. Therefore He < Z((H,(g)), and up to conjugation in B, H; < K. By Lemma 3.3, the automorphism
(o centralizes a Sylow 2-subgroup @ of H. Thus each element of odd order in (H,(g) centralizes @, and
Lemma 1.6 implies that @ < K up to conjugation in B. By Lemma 2.3 it follows that Cy(Q) = {e}, which
is a contradiction with K N U being non-trivial.

Assume that G ~ 2G5 (32"1) and (G, Cg) = GX(¢) (in which case O (G,) = G,). Again by Lemma 1.4,
KU/U is a Carter subgroup of (BX(¢))/U ~ HX((). In view of [10, Lemma 2.2], every semisimple element
of G is conjugate to its inverse. Since non-Abelian composition factors of every semisimple element of G can
be isomorphic only to groups A;(q), it follows from [9, Table] that centralizer of every semisimple element
of G satisfies condition (C). By Lemma 1.5, KU/U N B/U is, therefore, a 2-group. On the other hand,
|H|; =2 and KU/U > Z(B/U) > H¢, whence |H¢| =2 and [(| =2n+ 1. Thus KNG = (KNU) x (t),
where ¢ is an involution. Consequently K NU = Cg(t) N G¢,,. Item (h) of the lemma now follows from
structure results in [31; 32, Thm. 1.

Let ¢ = 2. Suppose first that ®(G) has one of the types A, (n > 2), D, (n > 4), B, (n > 3), Eg,
E;, or Eg, G is split, and ( is a field automorphism. As above, we obtain H; < K, and 02/(GC) is a split
group of Lie type with definition field of order ¢ = 2¥/I¢/. By Lemma 2.2, for every € ®(G) and every
s € GF(2!/1<hy* | there exists h(x) € He N O% (G¢) such that x(r) = s. Arguing as in Lemma 2.3, we see
that KNU < Cy(H¢) = {e} for % # 1, a contradiction. Hence || =t and H; = {e}. Since g can be
chosen in H,, and (Cg) NG» < (Cg) N H, < H¢ = {e}, we have ((g) N G, = {e}. By Lemma 3.4, elements
Cg and ¢ are conjugate in G, which yields (e).

Next suppose that ®(G) is of one of the types A,, (n > 3), D,, (n > 4), or Eg, and either C is a graph-
field automorphism and G is split, or G is twisted. Let p be the symmetry of the Dynkin diagram of ®(G)
corresponding to 7y (recall that ¢ = v°¢* by definition); 7 denotes r* for r € ®(G). As above, we can prove
that up to conjugation, He < K. If H¢ # {e}, then Cy(H¢) = {e} by Lemma 2.2, which contradicts the
condition that K NU # {e}. If H, = {e}, then either G is twisted and || = ¢, (which yields statement (e)
of the lemma), or G is split, |(| = 2t, and, in particular, ¢ is odd (which yields (f)).

Assume that Ozl(G) ~ Ay(2%),  is a graph-field automorphism, and ¢ is odd. If || # 2t, then arguing
similarly to how we did in proving Lemma 1.5 and making use of Lemma 2.2, we see that Cy(H;) = {e},
which is a contradiction with K NU # {e}. If |(| = 2t, then we arrive at (f).

Suppose that 0% (G) ~ A(22) and ¢ is a graph-field automorphism. Again for |¢| # 2t, Lemma 2.2
implies that Cyy(H¢) = {e}, which is a contradiction with KNU # {e}. If || = 2¢, then either G ~ 2A5(2?),
or G¢ ~ 214/2(?2) If G¢ ~ 2A45(2?), then H; = {e}, which yields (d). If G ~ 2,4/2(?2), then |H¢| = 3, and
so KU/UNHU/U is a cyclic group (y) of order (2% +1)3 = 3, where 3*~1 = t3. If k > 1, then Lemma 2.2
implies that Cy(y) = {e}, which is impossible. Thus ¢ is not divisible by 3 and K NU is contained in the
centralizer of an element = generating H.. Consider a homomorphism GL3(2%) — PGL3(2%). Then some
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preimage of x is similar to the matrix

A 0 O
0 X o0 |,
0 0 A

where ) is a generating element of the multiplicative group of GF(22). The preimage of U is conjugate to
a set of upper triangular matrices with same elements on a diagonal. Direct calculations show that Cy (z)
is isomorphic to the additive group of GF(2?"). Since K is nilpotent, K NU = (Cy(z))c,, , which yields (c).

Assume now that 0% (G) ~ 245(2%). By Lemma 1.4, KU/U is a Carter subgroup of (B,(g)/U ~
(H,Cg), and, as above, we may put H < K. If |(| = 2t, then G¢ ~ SLs(2) and H; = {e}, which
proves (e). Suppose that ¢ is even. Then either O% (G¢) =~ SLo(2%/I¢) (if the order [¢| is even), or
0% (G¢) = 2A5(22/1¢1) (if the order |¢| is odd, whence |¢] < t).

Clearly, H¢ contains an element = such that K NU < Cy(H;) = {e}, which is a contradiction with
KNU # {e}. If t is odd and t # |, then O (G¢) ~ 2A5(22/I<]), from which it follows that H, contains
an element x such that Cy(z) = {e}. If |(| = ¢ and ¢ is odd, then the order |KU/U N B/U]| is divisible only
by 3 (otherwise Lemma 2.2 implies again that Cy(H¢) = {e}). If G¢ =~ 2A45(22¢/1¢) then H; = {e}, and we
now arrive at (b). If G¢ ~ QA@‘C‘), then KU/U N HU/U is a cyclic group (y) of order (2% + 1)3 = 3%,
where 3¥~! = #3. If k > 1, then Cy(y) = {e} by Lemma 2.2, which is impossible. Thus ¢ is not divisible
by 3 and K NU is contained in the centralizer of an element x generating H¢. As in the non-twisted case
above, we see that Cy(z) is isomorphic to the additive subgroup of GF(2!). The nilpotency of K implies
that KNU = (Cy(x))c, , and we are so faced with (a). O

4. CARTER SUBGROUPS IN SYMPLECTIC GROUPS

Consider a set A of almost simple groups A such that a unique non-Abelian composition factor S =
F*(A) is a canonical simple group of Lie type and A contains non-conjugate Carter subgroups. If the set
A is not empty, then by Cmin we denote the minimal possible order of F*(A), with A € A. If A is empty,
then we let Cmin = oco. We shall prove that Cmin = oo, that is, A = &. Note that if A € A and
G = F*(A), then there exists a subgroup A; of A such that A; € A and A; = KG for a Carter subgroup K
of A. Indeed, if Carter subgroups of NG are conjugate for every nilpotent subgroup IV of A, then A satisfies
(C), and hence the Carter subgroups of A are conjugate, which contradicts the choice of A. Therefore there
exists a nilpotent subgroup N of A such that the Carter subgroups of NG are not conjugate. Let K be
a Carter subgroup of NG. Then KG/G is obviously a Carter subgroup of NG/G; that is, it coincides
with NG/G. Hence the Carter subgroups of K G are not conjugate and KG = A; € A. This means that
the condition A = KG in Theorems 4.1, 5.1, and 6.1 is not a restriction and is used only for ease of the
argument.

In this section we consider Carter subgroups in an almost simple group A with simple socle S = F*(A) ~
PSpan(q). Such are taken up in a separate section, since Lemma 2.3 fails for groups of type PSpa,(¢), and
so our present argument will be slightly different from that in Theorem 6.1.

THEOREM 4.1. Let G be a finite adjoint group of Lie type over a field of characteristic p and
let G and o satisfy PSpa,(pt) ~ O (G,) < G < G,. Choose a subgroup A of Aut(PSpa,(pt)) so that
ANG, = G. Let K be a Carter subgroup of A. Assume also that |[PSpa,(p’)] < Cmin and A = KG.
Then exactly one of the following statements holds:

(a) G is defined over GF(2'), a field automorphism ¢ is in A, |[¢| = ¢, and, up to conjugation in G,
K = QX ((), where Q is a Sylow 2-subgroup of G¢,,;
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(b) G ~ PSLy(3") ~ PSps(3"), a field automorphism ¢ is in A, || = ¢ is odd, and, up to conjugation
in G, K = QX ((), where @Q is a Sylow 3-subgroup of G¢,,;

(¢) p does not divide |K N G| and K contains a Sylow 2-subgroup of A.

Specifically, Carter subgroups of A are conjugate, that is, if A1 € A and |F*(A4;)] = Cmin, then
F*(A1) # PSpan(ph).

Proof. Assume that the theorem is untrue and A is a counterexample such that |F*(A)| is minimal.
Note that not more than one of the statements of the theorem can be fulfilled. Indeed, if (b) holds, then
it follows by Lemmas 2.7 and 3.5 that for a Sylow 2-subgroup @ of A, the condition Ng(Q) = QCq(Q)
is invalid, that is, statement (c) fails. Furthermore, if A; is an almost simple group for which F*(A4;)
is a simple group of Lie type of order less than |F*(A)|, then Carter subgroups of A; are conjugate. In
view of the main theorem in [6], we may suppose that A # G. Moreover, by [10, Thm. 3.5], we can think
of ¢ as odd, that is, Aut(PSp2,(q)) does not contain a graph automorphism. Thus we may assume that
A=(G.(g)

Suppose that K is a Carter subgroup of (G, (g) and K does not satisfy the statement of the theorem.
Write K = (x, K N G). If p # 3 or ¢ is even, then the theorem follows from [10, Thm. 3.5]. We may
therefore assume that ¢ = 3' and ¢ is odd. Since |G, : OP (G,)| = 2 and the order |¢| is odd, we can think
that the order |(g| likewise is odd, and so ¢ € (G, (yg), that is, (G,{g) = G X (¢). By [10, Lemma 2.2],
every semisimple element of odd order is conjugate to its inverse in G. Now, for every semisimple element
t € G, each non-Abelian composition factor of C(t) is a simple group of Lie type of order less than Cmin
(cf. [23]). Therefore, for every non-Abelian composition factor S of Cg(t) and every nilpotent subgroup
N < Cg(t), Carter subgroups of (Autx(S),S) are conjugate. Hence Cg(t) satisfies (C). By Lemma 1.5,
|K NG| =23 for some o, 3 > 0.

IfG = PS/pgn\(q)7 then [34, Thm. 2] implies that every unipotent element is conjugate to its inverse.
Since 3 is a good prime for G, it follows by [35, Thms. 1.2, 1.4] that for any element v € G of order 3, all
non-Abelian composition factors in Cg(u) are simple groups of Lie type of order less than Cmin. Thus
Cg(u) satisfies (C), and hence K NG is a 2-group by Lemma 1.5. By Lemmas 3.3 and 3.4, every element
x € A\ G of odd order with (x) NG = {e} centralizes some Sylow 2-subgroup of G. Therefore K contains
a Sylow 2-subgroup of G and hence of A, that is, K satisfies statement (c¢) of the theorem.

Thus we may assume that G = PSpa,(¢) and 8 > 1, that is, a Sylow 3-subgroup O3(K N G) of KNG
is non-trivial. By Lemma 3.2, K N G is contained in some K-stable parabolic subgroup P of G with Levi
factor L, and up to conjugation in P, a Sylow 2-subgroup O2(K NG) of K NG is contained in L. Note that
all non-Abelian composition factors of P are simple groups of Lie type of order less than Cmin; hence P
satisfies (C), and so does each homomorphic image of P. The group K = KO3(P)/Os3(P) is isomorphic to
K/O3(KNG), and by Lemma 1.4, K is a Carter subgroup of (K, P/O3(P)). Now KNP/O3(P) ~ O2(KNG)
is a 2-group and every element z € (K, P/Os(P)) \ P/O3(P) of odd order with (z) N P/Os(P) = {e}
centralizes a Sylow 2-subgroup of P/O3(P) ~ L (see Lemmas 3.3 and 3.4). Therefore O2(K NG) contains a
Sylow 2-subgroup of L and, in particular, the Sylow 2-subgroup Hs of H. Since K is nilpotent, Lemma 2.4
implies that O3(K N G) < Cy(Hy) = (X, | r is a long root in ®(G)T). For every two long positive roots r
and s in ®(G)T, r + s € ®(G); so the Chevalley commutator formula in [12, Thm. 5.2.2] implies that the
subgroup (X, | r is a long root in ®(G)") is Abelian.

Since ( is a field automorphism, it normalizes each parabolic subgroup of G' containing a (-stable Borel
subgroup. Thus, for every subset J of the set I = {rq,...,r,} of fundamental roots in & = ®(G), the
parabolic subgroup Pj is (-stable. Therefore we may suppose that P = P;, where J is a proper subset of the
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set II of fundamental roots in ®. Choose a numbering of fundamental roots so that r,, is a long fundamental
root, while other fundamental roots r; are short. If r,, € J, then one of the components of the Levi factor
L, for example, G, is isomorphic to Spak(q) for some k < n (note that ¢ # 3 since A # G). By Lemma 2.5,
L/CL(Gl) = AutL(Gl/Z(Gl)) = Gl/Z(Gl) By Lemma 1.47 Kl = KCL(G1)03(P)/CL(G1)O3(P)
is a Carter subgroup of (P X (¢))/CL(G1)Os(P). Since |K1 N P/CL(G1)O3(P)| is not divisible by 3,
and ( centralizes a Sylow 2-subgroup of G1/Z(G1) (cf. Lemma 3.3 above), K; contains a Sylow 2-
subgroup of P/CL(G1)03(P) ~ G1/Z(G1) ~ PSpar(q). Moreover, by Lemma 3.3, a Sylow 2-subgroup
of (P/CL(G1)O3(P))¢ is a Sylow 2-subgroup of P/Cr(G1)Os(P). Thus K1 N P/Cr(G1)O03(P) is a Sylow
2-subgroup in (P/Cr(G1)03(P))¢ ~ PSpsx(3). In view of Lemma 2.7, there exists an element z of odd
order in PSpok(3) normalizing but not centralizing a Sylow 2-subgroup, which is a contradiction with K3
being a Carter subgroup of (P X (¢))/CL(G1)O3(P). Thus we may assume that r, & J.

Consider a set J,, = I\ {r,} and a parabolic subgroup P;, . By the above argument, K < Py X ({) <
Pj, N (¢). Now the subgroup (X, | r is a long root of ®(G)") is contained in O3(Py,) and O3(K N G) is
contained in (X, | r is a long root of ®(G)*); so O3(K NG) < O3(Py,) and we can suppose that P = Py, .
By Lemma 1.4, K = KOs(P)/O3(P) is a Carter subgroup of (P x (¢))/Os(P). Note that a unique non-
Abelian composition factor of P X (¢) is isomorphic to A,_1(q) ~ PSL,(g). By [25, Thm. 1; 26, Thm. 4],
we obtain K = R x (¢), where R is a Sylow 2-subgroup of P centralized by ¢. Thus Os(K NG) < Cp(R).
Consider @ = O3(K N G) N FPe. Since O3(K N G) is non-trivial and K is nilpotent, Q@ = O3(K NG) N P =
Z(K)NO3(KNG) is non-trivial. Therefore N¢(Q) is a proper subgroup of G, and by Lemma 3.2, Ng(Q) is
contained in a proper parabolic subgroup of G. On the other hand, K < Ng(Q) and P = P, is a maximal
proper parabolic subgroup of G. If Ng(Q) is not contained in P, then Ng(Q) and K are contained in a
parabolic subgroup P; with r,, € J. We have proved above that r, € J; so Ng(Q) is contained in P.

We claim that R x @ is a Carter subgroup of G¢. Indeed, assume that an element x € G¢ normalizes
R x Q. Then z normalizes @; hence z is in P and normalizes O3(P). On the other hand, x normalizes
R and hence Cp(R); so x normalizes Cp,(p)(R). Moreover, it is evident that = and ¢ commute. Thus
normalizes (R x Co,(py(R)) X (¢). As noted above, K < (R x Co,(py(R)) X (¢) and (R x Co,(py(R)) X (C)
is solvable. Lemma 1.5(a) implies that (R x Co,(p)(R)) » (C) coincides with its normalizer in G'x (¢), and
sox € Rx Co,py(R). The group Co,(p)(R) < (X, | r is a long root) is Abelian, and hence every element
of R x Cp,(p)(R) centralizes Co,(py(R) > O3(K NG). Therefore  normalizes (R x O3(K NG)) X (¢) = K,
that is, x € K. By construction, R x Q@ = K NG¢; soz € R x Q and R x Q is a Carter subgroup of
G¢. On the other hand, O3 (G¢) ~ PSpa,(37/1¢) and it follows by induction that groups PSpy, (3/1¢)
and PS’p;-(?/ 1<) do not contain Carter subgroups whose order is divisible by 3. This final contradiction
completes the proof. O

5. CARTER SUBGROUPS IN GROUPS WITH
TRIALITY AUTOMORPHISM

THEOREM 5.1. Let G be a finite adjoint group of Lie type over a field of characteristic p and G
and o be chosen so that 0P (G,) < G < G, and O (@) is isomorphic to Dy(q), or 3D4(¢®). Assume that
7 is a graph automorphism of O (G) of order 3. (Recall that for G ~ 3D4(¢®), 7 is an automorphism
such that the set of its stable points is isomorphic to G2(¢).) Denote by A; a subgroup of Aut(D4(q))
generated by inner-diagonal and field automorphisms, and also by a graph automorphism of order 2. Let
A < Aut(OP'(G)) be such that A £ A; (if OP (GQ) ~ Dy(q)) and K be a Carter subgroup of A. Assume
also that |O” (@)| < Cmin, G = ANG,, and A = KG. Then one of the following statements holds:
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(a) G ~3Dy(¢?), (JA: G|,3) =1, ¢ is odd, and K contains a Sylow 2-subgroup of A;

(b) (|JA:Gl,3) =3, gis odd, 7 € A, up to conjugation by an element of G, the subgroup K contains a
Sylow 2-subgroup of Cx(7) € T'G2(q), and 7 € K;

(c) (JA:G|,3) =3, ¢g=2" |A: G| =3t, A =G X (1,9), where ¢ is a field automorphism of order ¢
commuting with 7, up to conjugation by an element of G, the subgroup K contains a Sylow 2-subgroup of
Co({r,p)a) =~ Ga(2%), and T € K;;

(d) OF'(G) ~ D4(p*), p is odd, the factor group A/G is cyclic, 7 € A, A = G X (¢), where for some
natural m, ¢ = 7¢™ is a graph-field automorphism, and, up to conjugation by an element of G, K = QX {((),
where @ is a Sylow 2-subgroup of G, ~ 3Dy (p3/1%').

Specifically, Carter subgroups of A are conjugate, that is, if Ay € A and |F*(As)] = Cmin, then A
does not satisfy the conditions of the theorem, whence F*(Az) % 3D4(q?).

Proof. Assume that the theorem is untrue and A is a counterexample such that |OP' (G)| is minimal.
In view of [36, Thm. 1.2(vi)], every element of G is conjugate to its inverse. By [23; 35, Thms. 1.2 and 1.4],
for every element ¢ € G of odd prime order, all non-Abelian composition factors of C(t) are simple groups
of Lie type of order less than Cmin. Thus Cy4(t) satisfies (C), and by Lemma 1.5, K N G is a 2-group.
Now Lemma 3.4 implies that all cyclic groups generated by field automorphisms of same odd order in G are
conjugate w.r.t. G. Since centralizer of every field automorphism in G is a group of Lie type of order less
than Cmin, again we use Lemma 1.5 and obtain the statement of the theorem by induction. Lemma 3.4
also implies that if OF' (G) =~ Dy(q), then all cyclic groups generated by graph-field automorphisms are
conjugate. Since centralizer of each graph-field automorphism in G is a group of Lie type of order less than
Cmin, again we appeal to Lemma 1.5 and arrive at (d) by induction. Thus we may assume that A does
not contain a field or graph-field automorphism of odd order. Therefore either G ~ 3D, (¢?) and A/G is a
2-group, or K contains an element s of order 3 such that (s)NA; = {e} (for groups 3Dy (¢?), (s)NG = {e}),
G X {(s) =GN (1), and K NG is a 2-group.

In the first case we obtain item (a) of the theorem provided that (|4 : G|,3) = 1. In the second case there
exist two non-conjugate cyclic subgroups (r) and (z) of order 3 in A such that (1) N A; = (z) N 41 = {e}
and G X (z) = G X (1) (see [29, (9-1)]). Hence either s = 7 € K, or s = x € K. Assume that ¢ # 3".
In the former case items (b) and (c) follow from the known structure of Carter subgroups in a group
of the set I'Ga(q), described in [10]; in the latter case we have K < Cyu(x). By [29, (9-1)], Cg(x) ~
PGL5(q), where ¢ = €1 (mod 3), e = + and PGL7 (¢) = PGL3(q), PGL; (¢) = PGU3(q). Consequently
K = (KNG) x (y,p), where ¢ is a field automorphism of O (G) of order equal to a power of 2, y is an
automorphism of order equal to a power of 3, and = € (y). By the nilpotency of K, we obtain yp = ¢y,
whence Cey, () (%) = Cog(2)(¢). Now we have

/ Du(q/1#l)  if O (G) ~ Dalg),
0" (Ca(y)) :{ 3 gqu/w)) 1fG:(3;?4(q3)4-(q)

Hence Ccy(2)(¢) = Cog(p)(z) = PGLY(qY/191), with ¢'/1l = p1 (mod 3), where p = + (¢ and p can be
different). As indicated above, K N G is a 2-group. On the other hand, by [26, Thm. 4], there exists an
element 2z of order 3 centralizing a Sylow 2-subgroup of Cg(z) = PGL5(q) and belonging to Coy (x) () =~
PGLg‘(ql/M). Thus z centralizes K, that is, it lies in K. Since K N G does not contain elements of odd
order, this case is impossible.

Assume now that ¢ = 3. Then C(7) ~ G2(q) and we are done. In the second case Cq(z) ~ SL2(q) AU,
where U is a 3-group and Z(Cg(z)) NU # {e}, which clashes with Lemma 1.5. O
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6. CARTER SUBGROUPS IN SEMILINEAR GROUPS OF LIE TYPE

THEOREM 6.1. Let G be a finite adjoint (not necessarily simple) group of Lie type over a field of
characteristic p and G and o be chosen so that O (G,) < G < G,. Assume also that G % 3D, (¢q3). Choose
a subgroup A in Aut(Op/ (G,)) so that AN G, = G and suppose that A is contained in the subgroup A;
defined in Theorem 5.1, if OP'(G) = D4(g). Let K be a Carter subgroup of A and A = KG. Then exactly
one of the following statements holds:

(a) G is defined over a field of characteristic 2, A = (G, (g,t), where t is a 2-element, K is contained in
the normalizer of a t-stable Borel subgroup of G, and K N (G, (g) satisfies one of the statements (a)-(f) of
Lemma 3.8;

(b) G ~ PSLy(3"), a field automorphism ¢ is in A, |[¢| = ¢ is odd, and, up to conjugation in G,
K = QX ((), where Q is a Sylow 3-subgroup of G¢,,;

(c) A =2G2 (3 1)N((), [¢] = 2n+1, up to conjugation in G, K = (KNG)XN{((), KN?G3(3?"+1) = Qx P,
where Q is of order 2, and |P| = 3¢I3.

(d) p does not divide |K N G|, K contains a Sylow 2-subgroup of A, and by Lemma 3.5, A satisfies
(ESyl12) if and only if G satisfies (ESyl2).

Specifically, Carter subgroups of A are conjugate.

Remark. There exists a dichotomy for Carter subgroups in automorphism groups of finite groups of Lie
type not containing a graph or graph-field automorphism of order 3. These are contained in the normalizer
of a Borel subgroup, or else the characteristic is odd and a Carter subgroup contains a Sylow 2-subgroup
of the whole group.

Suppose that the theorem is untrue and A is a counterexample with |F*(A)| minimal. Among such
counterexamples, we take one for which |A| is minimal. In this case for every almost simple group A;
such that |F*(A;)| < |F*(A)|, F*(A1) is a finite simple group of Lie type, and A; satisfies the conditions
of Theorem 6.1, Carter subgroups are conjugate. In fact, note that not more than one statement of the
theorem can be fulfilled, since if either one of (b), (¢) holds, then the condition N4(Q) = QC4(Q) for a Sylow
2-subgroup @ of A is invalid, that is, (d) fails. (That no other two statements can hold simultaneously
is evident.) Thus Carter subgroups of A; are conjugate. Note also that this fact immediately implies
|F*(A)] < Cmin. Indeed, if Ay € A and F*(A2) = Cmin, then either A, satisfies the conditions of
Theorem 5.1, or Ay meets the conditions of Theorem 6.1. As indicated in Theorem 5.1, the former case is
impossible. The latter case, as we have just observed, is possible only if |F*(A)| < |F*(A2)| = Cmin (since
A is a counterexample to the theorem for which |F*(A)| is minimal).

We prove the theorem in the following way. If F*(A) ~ PSpa,(q), then the statement follows from
Theorem 4.1. If A = G, then the statement follows from [3, 5, 6, 10]. We may therefore assume that
A/(ANG) is non-trivial. Let K be a Carter subgroup of A. First we show that if p divides |[K N G|, then
one of the items (a)-(c) specified in the theorem holds true. Next we prove that if p does not divide |K NG|,
then K contains a Sylow 2-subgroup of A. Since both of the steps are quite cumbersome, we divide them
between two sections. In view of [23], for every semisimple element ¢ € G, all non-Abelian composition
factors of C(t), and so also of Cy(t), are simple groups of Lie type of order less than |F*(A)|, and hence
less than Cmin. Therefore C4(t) satisfies (C). In applying Lemmas 1.4 and 1.5, this fact will be used
without further comment.
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7. CARTER SUBGROUPS OF ORDER DIVISIBLE
BY THE CHARACTERISTIC

Denote K NG by Kg. For every group A satisfying the conditions of Theorem 6.1, the factor group
A/G is Abelian, and is isomorphic to a subgroup of Zs x Z; for some natural ¢, where Z; denotes a
cyclic group of order ¢. If the factor group A/G is not cyclic, then the group Op/(G) is split and A
contains an element Ta, where 7 is a graph automorphism of O’ (G) and a € G,. It follows that every
semisimple element of odd order is conjugate to its inverse in A (cf. Lemma 3.6). By Lemma 1.5, |K¢| is
divisible only by 2 and p. If p = 2, then K¢ is a 2-group; it is contained in a proper K-stable parabolic
subgroup P of G, and by Lemma 1.4, KO2(P)/O2(P) is a Carter subgroup of K P/Oy(P). Since K¢ <
O2(P), we have (KO2(P)/O2(P)) N (P/O2(P)) = {e}. Hence P is a Borel subgroup of G, for otherwise
Cp/oy(p)(KO2(P)/O2(P)) # {e}, which clashes with the fact that KOz(P)/O2(P) is a Carter subgroup
of KP/O3(P). Thus P is a Borel subgroup and the theorem now follows from Lemma 3.8.

Now if p # 2, then again K¢ is contained in a proper parabolic subgroup P of G such that O,(K¢q) <
Op(P) and Oz(K¢) < L. By Lemmas 3.3 and 3.4, Hy < O3(KNG) < K. Lemma 2.3 implies that
Op(Kg) < Cy(Hz) = {e}. Therefore KNG is a 2-group. By Lemmas 3.3 and 3.4, every element z € A\ G
of odd order such that (x) NG = {e} centralizes some Sylow 2-subgroup of G. Hence K contains a Sylow 2-
subgroup of A, that is, K satisfies (d). Therefore A/G is cyclic, and we may assume that A = (G, (g) € T'G.

Recall that we are in the conditions of Theorem 6.1, A = (G, (g) is a counterexample to the theorem
for which |O?' (G)| and |A| are minimal, and K is a Carter subgroup of (G, (g) such that p divides |K¢|.
We have K = (¢*g, K¢). Since |OP' (G)| < Cmin, Lemma 1.4 implies that KG/G is a Carter subgroup of
A/G. Therefore |¢¥| = |¢|, and we may assume that k = 1 and K = (K¢, (g).

In view of Lemma 3.2, there exists a proper o- and (g-stable parabolic subgroup P of G such that
Op(Kg) < Ru(P) and Kg < P. In particular, P and P° are conjugate in G. Let ® be the root system
of G and II be the set of fundamental roots in ®. In view of [12, Prop. 8.3.1], P is conjugate to some
P; =B-Nj- B, where J is a subset of Il and N is a complete preimage of W in N under the natural
homomorphism N/T — W. Now P is ¢-stable, whence ?3 = ?35 (recall that ( = ¥°@* by definition).
Consider a symmetry p of the Dynkin diagram of ® corresponding to 7. Let J be the image of J under
p. Clearly, P = P+. Since P and P are conjugate in G, Py and Fi are conjugate in G. In view of [12,
Thm. 8.3.3], either e = 0, or J = J; that is, P is (-stable. o

Now we have P’ = P, for some §j € G. Hence (Cg, P)7 = ((Cg)Y, P ;) and ?Sgg)y = P;. It follows that

(Co)" =y "oy = (g " Coy) = (-,
— — R _7 J— J— -1 p—
where h = (C71g~1Cgy) € G. Since P = P, = P, | we obtain h € Ng(P,). By [12, Thm. 8.3.3],
Ng(Py) = Py, and so therefore (Cg,P)Y = ((,P;). Both P and P; are o-stable. Hence yo(y~!) €
Né(?) = P. On the Lang-Steinberg theorem [19, Thm. 10.1], we may put 4 = o(7), that is, § € G,. Since
G, =T, -0 (G,) and T < P, we can suppose that § € O (G,,). Thus, up to conjugation in G, we may

assume that K < (¢, P;) = P; X (C), and

K <((P;NG),Cg) = (Ps,<9);

in particular, g € (Ps),. Moreover, if Ly = (T, X, | r € JU —J), then L; is a o- and (-stable Levi factor
of Py and Ly = L; NG is a (-stable Levi factor of P;. It follows that LY is a (g-stable Levi factor in P;.

112



Since all Levi factors are conjugate w.r.t. Op(Py), we may assume that L; is a (g-stable Levi factor. By
Lemma 1.4,
KO,(P))/0,(Py) = X

is a Carter subgroup of (Py, (g)/O,(Py), and

KZ(LJ)OP(PJ)/Z(LJ)OP(PJ) =X

is a Carter subgroup of (Py,(g)/Z(L;)Op(Pys). Recall that K = ({g, K¢); hence if v and ¢ are images of
g under the natural homomorphisms

w: (Py,Cg) — (L, Cv) ~ (P1,(9)/Op(Py),

@ (Py,Cg) = (P1,$9)/Z(L;)Op(Py) ~ (Lj,Cv)/Z(Ly),

then X = (Cv, K&) and X = (¢o, Kg&). Note that O,(P) and Z(L;) are characteristic subgroups of P and
L, respectively, and so we may treat ¢ as an automorphism of L; ~ P/O,(P) and L=1L;/Z(Ly). We
also observe that all non-Abelian composition factors of P are simple groups of Lie type of order less than
Cmin, and hence (P, (g) satisfies (C). We can therefore apply Lemma 1.4 to (L, (#), (L, Cv), and (P, (g).

If Py is a Borel subgroup of G, then the statement of the theorem follows from Lemma 3.8. Therefore we
may suppose that L; # Z(Ly), that is, Py is not a Borel subgroup of G. Consequently L; = H(G1*...xGy),
where G; are subsystem subgroups of G, k > 1, and H is a Cartan subgroup of G. Let (g = ((292) - (C2r g2/)
be the product of 2- and 2/-parts of (g (with go,920 € (Ps)s). Now (x = ¢F, for some k, is a field
automorphism (recall that the triality automorphism is not considered), and (o normalizes each G; since
¢ normalizes each G;. Moreover, in view of Lemma 3.3, (o centralizes a Sylow 2-subgroup of H. In
particular, (o centralizes a Sylow 2-subgroup of Z(L;) < H. Therefore every element of odd order in
(L, Corvar) centralizes a Sylow 2-subgroup of Z (L) (here, vy is an image of gor under w).

Now L = (PGyx...x PGk)ﬁ, where H = H® and PGy, ..., PGy are canonical finite groups of Lie type
with trivial center. Put M; = C; (PG;); clearly, M; = (PGy x ... x PG;_1 x PGi1 x ... x PGy)Cyi(PG).
Denote by L; a factor group L /M;, and by 7; the corresponding natural homomorphism. Then L; is a finite
group of Lie type and PG; < L; < f’Z’l

Put M; ; = C; (PG; x PGj); then

Mi,j = (PG1 X ... X PGi_l X PGi+l X ... X PGj_l X PGj+1 X ... X PGk)Oﬁ(PGZ X PG])

Denote by 7; ; the corresponding natural homomorphism L — L/M; ;. If M; (resp., M, ;) is C-stable,
then M; (resp., M; ;) is normal in <Z,<€)>, and we write m; (resp., m; ;) for the natural homomorphism
mi: (L, CB) — (L, C0) /M (5 : (L, CB) — (L, (0) /M),

Now we handle ¢. Since (2 is a field automorphism, there are two cases to consider: either ¢ normalizes
PG, or ¢? normalizes PG; and PGf = PG; for some j # i. We treat these two cases separately.

Let ¢ normalize PG;. Then ¢ normalizes M;, and Lemma 1.4 implies that X™ = K is a Carter subgroup
of (L;, (¢v)™). Since (L;, ((0)™) is a semilinear group of Lie type satisfying the conditions of Theorem 6.1
(by construction, ¢? is a field automorphism, and so we are not in the conditions of Theorem 6.1), |L;| < |G|,
and p does not divide |K;|, we see that K; contains a Sylow 2-subgroup Q; of (L;, ((v)™) (in particular,
p # 2), and by Lemma 1.6, the group (L;, ((0)™) satisfies (ESyl2).
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Let ¢? normalize PG; and PGC PG;. Then M; ; is normal in (L, (). We want to show that (L, ()™
satisfies (ESyl2). Since M; ; is a normal subgroup of (L, o), (X)™ is a Carter subgroup of (L, (?)™ by
Lemma 1.4. Consider the subgroup

(PG)™ x (PG;)™s, X7

of (L,¢0)™ (note that (PG;)™ ~ PG; and (PG;)™v ~ PGy, and till the end of this paragraph, these
groups will be identified for brevity). Now we are in the conditions of Lemma 1.8: namely, we have a finite
group G = (X)™i (PG; x PG, i), where PG, ~ PG, has trivial center. Consequently Aut(i)wi,j (PG;) ~
Aut ¢ (PG;) is a Carter subgroup of Auts(PG;). Furthermore, PG} is a canonical finite group of Lie type,
and

that is, Auty(PG;) satisfies the conditions of Theorem 6.1 (by construction, ¢? is a field automorphism,
and so we are not in the conditions of Theorem 5.1) and (X)™ N (PG; x PG;) is not divisible by the
characteristic. By induction, Aut g, ; (PG;) contains a Sylow 2-subgroup of Autx(PG;) (in particular,
p # 2). A similar argument shows that Aut;(PG;) contains a Sylow 2-subgroup of Autg(PG;). Therefore
Aut(PG;) and Auts(PGj) satisfy (ESyl2). Since Auts(PG;) < Aut ; () ﬂ”(PG ) and Aut(PG;) <
Aut 5 (F,co)ymii (PG;), Lemmas 2.6 and 3.5 imply that induced automorphlsms groups Aut, > (Foc5)™ind (PG;) and
Autz gimi (PGj) satisfy (ESyl2). Consider N coymia (PG;) and N coymia (PG;). Slnce

|<Ea45>ﬂi'j : N(Z,Cf,)’w,j (PGi)| = |<E’C{}>Wu : N<Z7C17>7'i,j (PG;)| =

it is easy to see that for every element h of <Z, ¢v)™i, the coset equality AN 5 coymii (PGy)

AN 5 coymia (PG;) holds, whence N cs . (PGy) = N cs) ..; (PG;). By construction, Ci coymiv (PG;)N
Cli coymi (PG,) = {e}, and by Lemma 1 7 (with C,7 (Bt (PG ) and C,57 (E.co) i (PG,) treated as normal
subgroups), the normalizer N, ;= ; (PGi) satisfies (ESy12). Now |(L, (o)™ - Ni cpyms (PG1)| = 2,
and so (L, (0)™ satisfies (ESyl2) by Lemma 1.9.

We claim that (L, (v) satisfies (ESyl2). Since L # {e}, p # 2 as noted above. Let Q be a Sylow 2-
subgroup of (L s, (v). Consider an element z € N1, ¢y (Q) of odd order. We need to prove that = centralizes
Q. Elsewhere above we observed that every element of odd order in (L, (v) centralizes QN Z(L ;); hence if
# = 2% centralizes Q = Q% ~ Q/(QNZ(Ly)), then x centralizes Q. Now either M; is normal in (L, ¢0), or

M; ; is normal in (L, (o) and (ﬂ Ml> NN M”> = {e}. Moreover, by the above, 2™ centralizes QM;/M;

and 77 centralizes QM; ;/M; j. By Lemma 1.7 (with normal subgroups M; and M ;), & centralizes Q.

Thus (L, (v) satisfies (ESyl2), and by Lemma 1.6, there exists a Carter subgroup F of (L, (v) containing
Q. Since (L, (v) satisfies (C), Theorem 1.1 implies that X = K“ and F are conjugate; that is, X contains a
Sylow 2-subgroup of (L, {v), and up to conjugation in (Py,{g), K contains a Sylow 2-subgroup of (P;, (v).
In particular, the Sylow 2-subgroup Q1 of a Cartan subgroup H is in K and Q1 centralizes KNO,(Py) # {e},
which contradicts Lemma 2.3.

8. CARTER SUBGROUPS OF ORDER NOT DIVISIBLE
BY THE CHARACTERISTIC

Again we are in the conditions of Theorem 6.1. As noted in the previous section, for every group A
satisfying the conditions of Theorem 6.1, the factor group A/G is Abelian, and is isomorphic to a subgroup
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of Zs x Zs, for some natural t. If the factor group A/G is not cyclic, then o (G) is split and A contains an
element Ta, where 7 is a graph automorphism of O? (@) and a € G,. Thus if A/G is not cyclic, or ®(G) #
Apn, Dant1, Eg, then every semisimple element of G is conjugate to its inverse, as follows by Lemma 3.6 and
[10, Lemma 2.2]. By Lemma 1.5, K¢ = K NG is a 2-group. Under the conditions of Theorem 6.1, the
group A/G is Abelian, and if A; is a Hall 2’-subgroup of A/G, then A; is cyclic. Let = be the preimage of
a generating element of A; taken in K. Then (z) NG < (2) NG, < KNG, = KN(ANG,) = KNG.
As indicated above, K N G is a 2-group; hence (z) NG, = {e}. By Lemma 3.4, the element 2 w.r.t. G, is
conjugate to a field automorphism of odd order, and by Lemma 3.3, = centralizes a Sylow 2-subgroup of G.
Hence K¢ is a Sylow 2-subgroup of G (in particular, p # 2), and since A/G is Abelian, Lemma 1.7 implies
that K contains a Sylow 2-subgroup of A. Thus Theorem 6.1 is true in this instance. Therefore we may
assume that A = (Cg, G) is a semilinear group of Lie type, K = (¢*g, Kg) is a Carter subgroup of A, and
®(G) € {An, Dany1, Es}.

As in the previous section, we can put k = 1. Since G¢ is non-trivial, the centralizer Cg((g) is as
well; hence the subgroup K¢, too, is non-trivial. Therefore Z(K) N Kg # {e}. Consider an element
z € Z(K)N Kg of prime order. Then K € Ca(z) = (Cg, Cc:(z)). Now Cx(2)? = C is a connected o-stable
reductive subgroup of maximal rank in G. Moreover, C is a characteristic subgroup of Cz(z) and Cx(z)/C
is isomorphic to a subgroup of A (see [22, Prop. 2.10]). Thus K is contained in (K, C), where C = C' N G.
Moreover, by Lemma 3.1, the subgroup C = C NG = T(G1 * ... * Gy,) is normal in Cs(x) and KgC/C is
isomorphic to a subgroup of A. Assume that |K¢| is not divisible by 2.

If m =0, then C =T = Z(C) is a maximal torus. Consequently 7T is (g-stable. In view of Lemma 3.7,
Na(Ca(z)) # Ca(x). Since C4(z) is solvable in this instance, we arrive at a contradiction with Lemma 1.5.

If m > 1, then Z(C) and Gy *. .. * Gy, are normal subgroups of (K, C). Hence G = (K, Gy ... % G, *
Z(C))/Z(C) < (K,C)/Z(C). 1t follows that G = K(PGy x...xPG,,), where K = K Z(C)/Z(C) is a Carter
subgroup of G (cf. Lemma 1.4) and Z(PG,) is trivial. Now K acts by conjugation on {PGy, ..., PG}, and
without lost of generality, we may assume that {PG1,...,PG,,} isa K-orbit. Thus we are in the conditions
of Lemma 1.8 and Aut;(PG1) is a Carter subgroup of Autg(PGy). Moreover, |IKNPGy x ... x PGy
is not divisible by the characteristic. By induction, either Autz(PG1) contains a Sylow 2-subgroup of
Aut (PG ), or Auts(PG1) satisfies the conditions of Theorem 5.1 and Autz (PG1) N PG is a non-trivial
2-group; in particular, p is odd. In any case |K N G| is divisible by 2, which contradicts our assumption.
Therefore the order |K¢| is even, and we may conceive of x € Z(K) N K¢ as an involution.

We write (g = (291 - (2rg2, where (ag1 is a 2-part, and (argo is a 2'-part, of (¢g. By Lemma 3.3, the
element (o centralizes a Sylow 2-subgroup Q¢ of G, and so we may assume that the order of g is odd.
Up to conjugation in GG, we can suppose that (o centralizes a Sylow 2-subgroup of Kg. In particular,
(o centralizes z. Let @ be a Sylow 2-subgroup in Cg(x). Then there exists y € G such that Q¥ < Qg.
Replacing the subgroup K by its conjugate KY, we may think of (o as centralizing a Sylow 2-subgroup
of Cg(x). Since (argo centralizes 2, we obtain g» € Cg_(x). Moreover, g € Cg(z)? by Lemma 2.1. In
particular, g2 normalizes each G; and centralizes Z(C') and Z(Cg(x)).

Note that (ar normalizes each G; and centralizes a Sylow 2-subgroup of Z(Cg(z)). (Recall that (o
centralizes a Sylow 2-subgroup of Cg(x).) Indeed, (zr normalizes C; hence it normalizes characteristic
subgroups Op/(C) =G1*...x Gy and Z(C) of C. We may so consider an induced automorphism o/ of

O (C)/(Z(C)NOP (C) = PGy x ... x PGy,.
Since each group PG; has trivial center and is not representable as a direct product of proper subgroups,

the corollary to the Krull-Remak-Schmidt theorem [37, 3.3.10] implies that (2 permutes distinct PG;.
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Since (o centralizes a Sylow 2-subgroup of Cg(z) and C < Cg(x), (o centralizes a Sylow 2-subgroup of
C; hence it centralizes the Sylow 2-subgroup @1 X ... X @, of PGy x ... x PG,,, where Q; is a Sylow
2-subgroup in PG;. If {» induced a non-trivial permutation on the set {PGy,...,PG,,}, then it would
induce one on {Q1,...,Qm,}. This is impossible since each Q); is non-trivial. Thus every element of odd
order in (K, C) centralizes a Sylow 2-subgroup of Z(C) and normalizes each G;.

If ®(G) = Fg, then centralizer of every involution of G in G is connected by Lemma 2.1. In view of
Lemma 2.8, every involution of G is contained in a maximal torus T such that N(G,T)/T ~ W, where
W is a Weyl group of G. It is well known that C is generated by the torus T and by T-root subgroups.
We write C = T(Gy * ... * G},). Since T, either is obtained from a maximal split torus H by twisting
with an element wgy of order 2 or coincides with H,, and each field automorphism acts trivially on the
factor group Ng(H)/H, we conclude that (> normalizes every subgroup G;. Hence if ®(G;) = Dy, then
Cy induces a field (but not graph or graph-field) automorphism of G;. Moreover, since o acts trivially on
the factor group Ng(T)/T (see Lemma 3.3), [23, Prop. 6] implies that o normalizes each G;. Therefore
no one of G; is isomorphic to 3Dy4(¢?). If ®(G) coincides with A,, or D,,, then no one of G; is isomorphic
to 3Dy (q®) by [15, Props. 7, 8, 10]. Therefore none of the groups G; are isomorphic to 2Dy (¢%) in any
case. Moreover, Lemma 2.1 implies that |K¢ : (K¢ N C)| divides |Cz(z)/Cq(z)?| and Cx(z)/Cx(z)° is
a 2-group. In [16] it was proved that if the root system ® has type D,, and ¥ is its subsystem of type
Dy, then no element of Ny ()(W(¥)) induces an order 3 symmetry of the Dynkin diagram of W. Since
¢? is a field automorphism, the lack of order 3 symmetry, together with [23, Prop. 6], implies that (o is a
field (but not graph or graph-field) automorphism, for any G;. Therefore the induced automorphism group
(Aut - (PG;), PG;) satisfies the conditions of Theorem 6.1, for all i.

Now consider G = K (PG x...xPG,,) < (K,C)/Z(C) (possibly with m = 0), where K = K Z(C)/Z(C)
is a Carter subgroup of G (see Lemma 1.4), PG; does not factor into a direct product of proper subgroups
for all i, and Z(PG;) = {e}. By Lemma 1.8, Aut;(PG}) is a Carter subgroup of Autg(PGy). Since PGy
is a finite group of Lie type and Auts (PG ) satisfies the conditions of Theorem 6.1, by induction we derive
that Aut(PG) satisfies (ESyl2). Similarly, Auts(PG;) satisfies (ESyl2) for all i. We have

AUt<K,C>/Z(C) (PGl) > Auté(PGi);

so Aut g,y /z(0) (PG;) satisfies (ESyl2) by Lemmas 2.6 and 3.5. Since C(k cy/z(c)(PG1 x ... x PGy,) =
{e}, Lemma 1.7 (with normal subgroups O(K,C)/Z(C) (PG1)N N(K7C)/Z(C) (PGy),..., O(K,C)/Z(C) (PGp)N
N(K7C)/Z(C) (PG4)) implies that N(K,C)/Z(C) (PG,) satisfies (ESyl2). Now

(K,C)/Z(C) : Nik.cy/z(0)(PGr)| =27,

and each element of odd order in (K,C)/Z(C) normalizes PGy; hence the factor group (K,C)/Z(C)
satisfies (ESyl2) by Lemma 1.9, and so does (K, C) by Lemma 1.7. Since |PG;| < Cmin for all i, (K, C)
satisfies (C). By Lemma 1.6, there exists a Carter subgroup F of (K,C) containing a Sylow 2-subgroup
of (K,C). By Theorem 1.1, the subgroups F' and K are conjugate in (K,C), and so K contains a Sylow
2-subgroup @ of (K, C). Since |Cg(x) : C| is a power of 2 and (K, C) normalizes Cg(x), we conclude that
(K, Cq(z)) : (K,C)| is a power of 2. Moreover, by construction, each element of odd order in (K, Cg(z))
is in (K, C). By Lemma 1.9, therefore, (K, Cq(x)) satisfies (ESyl2) and K contains a Sylow 2-subgroup
Q of (K, Cq(x)).

Let I'Q be a Sylow 2-subgroup of (G, (g) containing @ and let t € Z(I'Q) N G. Then t € Cx(x), hence
te Z(Q), and so t € Z(K). Thus if we replace x by ¢ in the above argument we obtain @ = I'Q), that is,
K contains a Sylow 2-subgroup of (G, (g), which completes the proof of Theorem 6.1. O
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9. PROOF OF THE MAIN THEOREM

Before we formulate the main theorem, we point out a consequence of Theorem 6.1.

COROLLARY 9.1. Cmin = oo, that is, A = @.

Proof. In fact, let A # @ and A € A be such that |[F*(A)| = Cmin. Since F*(4) = O (G,) for
some adjoint simple connected algebraic group G and some Frobenius map o, we denote the intersection
ANG, by G. As noted at the beginning of Sec. 4, we may assume that A = KF*(A) = KG. Therefore
the group A satisfies the conditions of Theorem 5.1, or of Theorem 6.1. In both of the cases, however,
Carter subgroups of A have been proven to be conjugate, and we are therefore led to a contradiction with
the choice of A. O

In order to state the main theorem not appealing to the classification of finite simple groups, we couch
the following definition: A finite group is a K -group if all of its non-Abelian composition factors are known
simple groups.

THEOREM 9.2 (Main Theorem). Let G be a finite K-group. Then Carter subgroups of G are
conjugate.

Proof. By [6, Thm. 1.1; 9, Table; 10, Thms. 3.3-3.5] and Theorems 4.1, 5.1, and 6.1 above, for every
known simple group S and every nilpotent subgroup IV of its automorphism group, Carter subgroups of
(N, S) are conjugate. Thus G satisfies (C). Hence Carter subgroups of G are conjugate by Theorem 1.1. O

By Lemma 1.4 and Theorem 9.2, a homomorphic image of a Carter subgroup is a Carter subgroup.

THEOREM 9.3. Let G be a finite K-group, H be a Carter subgroup of G, and N be a normal
subgroup of G. Then HN/N is a Carter subgroup of G/N.
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