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I'naBa 1. BBeaenue

B macrogieil rjiaBe Mbl KpaTKO OXapaKTepu3yeM o0Iue pe3yabTaThl paboThl, & TAKYKe HAIOM-
HUM OCHOBHBIE OIPEJICJICHUS U TEOPEMBI, UCIOJb3yeMbIe B JAJTbLHEHTIIEM.

§1 O6masg xapaKTepucTuka pe3yJbTaToOB pabOThI

HamoMHmM, 9TO MOATrpyNa KOHETHOMH TPYINBI HA3BIBAETCH Kapmeposol nodzpynnot, ecam oHa
HUJIBIIOTEHTHA U caMOHOpMasu3yeMa. Beumy xoporro msBecTHOro pesyiabTaTta P. Kaprepa, robas
KOHEYHAs Pa3pelnInMas I'PYIIa COAEPKAT B TOUHOCTU OJUH COMPIZKEHHBIH KJIaCC KAPTEPOBBIX O
rpymn (em. [10]). Ecoin He npennosarars, 910 rpynna KOHEYHa, TO KAPTEPOBBI MOAPY Il MOTYT
ObITh Jazke HemzoMmopdubiMu. /leiictBurenbuo, ecin Ny, Ny — nBe nen3oMopdHble HUILIOTEHT-
HbIE TPYIIBI, TO OHU SBJISIIOTCST KAPTEPOBBIMHU MOATPYIIAME B CBOEM ¢BOOOIHOM nipon3Betennn. C
JIPYTOi CTOPOHBI, KOHETHAS Hepa3pelmMas TPYINa MOYKeT He COJlePKATh KapTePOBBIX MOATPYIII
MUHAMAJIBHBIM MPUMEPOM dBJISeTcs 3HaKOlepeMeHHasd Tpymma crenenn 5. OJHAKO, 10 CHX TOP
HEU3BECTHO HU OJHON KOHEYHOH TPYIIIbI, COjeprKaIeil HeCOnPsKEHHbIe KAPTEPOBDI MOATPY b U
n3pecTHa Bocxojsmias kK P. Kaprepy npobJema.

IIpobrema. ConpsizKeHbl JI1 KapTEPOBBI MOAIPYIILI KOHEUHBIX TPy’

3y4ennio gannoil mpoGaemMbl i Pa3JUIHbIX KJIACCOB KOHEIHBIX I'PYIIT OJIU3KHX TPOCTHIM
MOCBAIIEHO MHOTO PAbOT PasJIMYHBIX aBTOPOB. B CMMMETPHYECKMX U 3HAKOIEPEMEHHBIX TPYIINax
KapTepoBbl moArpymnel kKiaaccudunuposanu JI. Tu Mapruno u M. K. TamGypunu (cm. [22]). B
6ot Takoit rpymnme G, uro SL,(¢) < G < GL,(¢), KapTepoBBl HOATPYIIIBI KJIACCUDUTTPOBATH
JI. In Mapruno u M. K. Tambypunu, u, B cayaae G = GL,(¢), H. A. Basuion (cm. [23] u [2]
COOTBETCTBEHHO). [Ist CUMILIEKTHYECKUX TPy Sps,,(q), mosubix yaurapabix rpynn GU,(q) u,
KOIJIa ¢ HeYéTHO, TOMHBIX oproronanbubix rpynn GOF (¢) kiraccudukammus KapTepoBbiX TOArDY I
ObL1a moaydena JI. Jlu Mapruno, A. E. Banecckum u M. K. TamOypunu (cm. [24]). g zHekoTopbix
CIOPAJNIECKIX TPOCTHIX TPYII KAPTEPOBBI HOArPYIIbI HajieHbl B [18]. B mepeduncieHHbIX BbIIIe
Hepa3pelmnMbIX IPYIIAaX KApTepOBHl MOArPYIIIBI COBIAJAIOT ¢ HOPMAIX3ATOPAMHA CHJIOBCKHX 2-
HOATPYII ¥ HOTOMY COIPSAZKEHBDI.

Hazosém koreunyio rpynny G MUunuMaisbhblM KOHMPIPUMEDPOM K TPOOAEME CONPANCEHHOCTIU
WK TIPOCTO MUHUMAALHBLM KOHMPNPUMEPOM, eCTi rpynna G COTepKAT HECONPSKEHHBIE KapTe-
POBBI MOArPYIIbL, U B J1060i rpynmne H, ynosjaersBopsionieii HepasenctBy |H| < |G|, kapTepoBbr
noArpymnbl conpsizkensl. B pabore [19] ®@. Tamia Boabra, A. Jlykkuaun u M. K. Tambypunu
JTOKA3a/11, 9TO MUHAMAJILHBIH KOHTPIIPAMED JOJIZKEH ObITH HOYTH MPOCTLIM. JTOT Pe3y/abTaT M03-
BOJIET HAIEAThCA Ha PeIleHre IPOOIeMbl CONPSZKEHHOCTH ¢ IOMOMIBIO KIACCH(MUKAIMYE KOHEYHBIX
IPOCTBIX I'PYIIIL.

BamernM, uTo ucnoab3oBanne pesyabrara @. lamna Boabrer, A. JIykkuan u M. K. TaMmOypusau
JUI KJIACCH(DUKAIIMKA KAPTEPOBLIX IOAIPYII B II0YTH IPOCTBIX IPYHIIAX CYIICCTBEHHO 3ABUCHT OT
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KJIacCHUKATIN KOHETHBIX TPOCTHIX Ipymi. JleficTBUTETbHO, YTOOBI HCIIOIB30BATH WHIYKITHOHHOE
YTBEPKJIEHUE O TOM, YTO KapTE€POBbI HOJATPYIIIbI B JII000H COOCTBEHHON MOJTPYIIe MUHUMAJIHLHOTO
KOHTPIPUMEPA COMPAZKEHBI, HEOOXOMMO 3HATH, YTO U3YUYEHbI BCE TIOYTH ITPOCTHIE IPY LI TOPSTKA
MEHBIIETr0, YeM MOPSI0K MHHUMAJIBHOIO KOHTPIpUMepa. To0bl n30ekarTh NCMOIb30BaHU KJIaC-
cubuKaI KOHEIHBIX ITPOCTHIX I'PYII, Mbl yeuausaeM pesysabrar @. Jamia Boasrer, A. JIykkunn
n M. K. TamGypunu, 1oKa3piBas, YTO €CJU KapTepOBHI MOATPYNIH B IPYNIAX WHIYIIMPOBAHHBIX
aBTOMOPGU3MOB JI000I0 HeabejiIeBa KOMIIO3UIIMOHHOI'O (paKTOpa COLPIKEHbI, TO OHU CONPIZKEHbI
U BO BCeil rpyure.

JL1s MHJIYKIIMOHHOI'O OLMCAHUS KaPTEPOBBIX LHOJAPYIIIL B HOYTH IIPOCTHIX I'PYIIIAX HEOOXOMMa
undopMaImg 0 TOM, KakK BeAyT ce0sd KapTepoBbl MOATPYIIILI DU rOMOMOP(pU3MAaxX U 1pu 1mepece-
YEeHUW ¢ HOPMAJILHBIMY MOJAIPYIIAMU, T. €. OTBETHI HA CJEIYIONIUE TTPOOIEMBI.

Ipobsema. Byner u romoMopdubiii 00pa3 KapTepoBoil MOATIPYIIbL BHOBL KAPTEPOBOI TOATDYII-
moii?

Ipobsema. Byner jin nepecedenne KapTepoBOil TOATPYIIIBI ¢ HOPMAJILHO TOArPY IOl BHOBD Kap-
TepOBON MOArPYNHOii (HOPMATBbHON TOArPYIITH)?

[TepBast npobjiema TeCHO CBsi3aHa C MPOOJIEMO CONPSKEHHOCTH, a8 UMEHHO, B CJy4ae MOJIOXKU-
TEeJILHOTO OTBETa Ha MPOOJIEMY CONPAKEHHOCTH, OTBET HA MEPBYIO MPOOJIEMY TaKKe OYIeT MOJI0KH-
TeJbHBIM. [109TOMY, N3ydass KapTepoBbI MOJATPYIIIB B MOYTH MPOCTHIX TPYNIAX, MBI Oy/IeM pelaTh
00e 3Tu mpobJeMbl BMecTe. .JIerko MoHATH, 9TO OTBET Ha BTOPYIO TPOOIeMy OTpuTaTebHblH. leii-
CTBHUTEJILHO, PACCMOTPHM PA3PEIUMYIO TPYIIY Symg U €€ HOPMaJIbHYIO TOJATPYINY UHIEKCA 2 —
Alts. Torja kapreposa nojArpynia Ipymnsl Sym, COBIAJAET C €€ CHJIOBCKON 2-IOArPYIIOil, B TO
BpeMs KaK KapTepoBa moArpymma rpymnmnsl Alts coBmagaer ¢ e cuoBekoit 3-moarpynmoit. Bessisu ¢
TUM B paboTe MBI MCCJIelyeM PsJT CBOUCTB, KOTOPBIE CBA3BIBAIOT KaPTEPOBBI MOJATPYIIIBI B I'PYIITIE
1 HEKOTOPBIX e€ HOPMAJbHBIX MOJAIPYIITAX.

Hacrogamaga pabora pa3dbura Ha 7 T71aB, BKJIOYad BBeeHne. Bo BBeeHUN MBI TPUBOIUM ODIITHE
pe3yAbTaThl pabOThI, a TaKyKe HeoOXOJUMBIe ONpeJieIeHsT U Pe3yJIbTaThl, UCIOJIb3YeMbIe JTalee.

Bo BTOpOIiI T71aBe MBI TOKa3bIBAE€M, YTO KAPTEPOBBI TOATPYIITHl KOHETHON I'PYIIIBI COMPIAKEHHI,
€CJIM OHH CONPsZKEHbl B WHAYIHPOBAHHOU Tpymnme aBTOMOPMU3MOB JOO0TO eé HeabeleBa KOM-
MO3UIMOHHOrO (haKTOpa, TeM CaMbIM ycmanBas pesyabrarsl @. damra Boawsrer, A. JIykkuawm u
M. K. Tambypunu. Kpome Toro, B0 Bropoil rjase mojydeH psij CBORCTB KapTEPOBBIX MOAIPYIII.
Pesynbrarsl gamnoil riasel omyOsankoBanbl B paborax [48] u [51]; mokmaapiBainch Ha MeKIyHa-
poaubix KoHbepennusax B Exarepunbypre (Mexayuapoaaas kondepenius, nocamentas 100-
aeruto [1.I.Konroposuua u 70-neruto JI.H.Illeppuna, 29 aBrycra—3 cenrstpsi, 2005), B HoBocu-
oupcke («ManbueBckue urenusi», 15-17 wostbps, 2005), B Hanbunke (MexkayHapoaHas IMKOJIa-
koHepeHImst 10 Teopun rpyun, nocssimennas 75-aeruio A.M.Crapocruna, 10-15 uious, 2006),
B [Tagye (ramus) («Teoria dei gruppi ed applicazionis 27-29 cenrsiopst, 2006), Ha cemmuHApax
«Teopust rpynms u «Anrebpa u jjorukay B HoBocubupcke u cemunape «Teopust rpymms M.

B Tperneil ritaBe Mbl u3ydaeM npobsieMy CONPSKEHHOCTH 3/IeMEHTOB MPOCTOrO MOPSIKA B KO-
HEYHBIX I'PYTIAX JUEBa TUIA. B KOHIIE TPeTheil IIaBbl, C MTOMOIILIO PE3Y/IHTATOB O CONPSIKEHHOCTH,
MBI TTOJTYy9aeM KJIacCuMUKAINIO KapTePOBBIX MOJATPYII B IMAPOKOM KJIacce MOYTH MPOCTHIX TPYIIIL.
Pe3yapTaThl JaHHOI TJIABBI HOJIYUYEHBI B HEPA3PBIBHOM COABTOPCTBE C UTATHIHCKIUM MAaTEeMAaTUKOM
M. K. TamGypunu u onybsukoBanbl B pabore [46]. Ouu J0K/IaAbIBATNCH HA MEZK Ly HAPOIHBIX KOH-
dbepentusx B Bpermmu (Mranus) («Teoria dei gruppi ed applicazionis, 24-26 okrsibps, 2001) u B
Horocubupcke («Masbiiepckue arennsi», 17-19 Hositpst, 2003), Ha cemunapax «Teopust rpymiy u
«Aunredpa u sjorukay B HoBocubupceke u Ha ceMuHape Kadeapbl aJredpsl B yHuepcurete I. [laxysa
(Uranus).
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B uérBeproii TyIaBe, HCIOIB3YST KAHOHUYECKOE TPEICTaBIeHHe KJIACCHIECKUX IPYIII, MBI KJaC-
cuunupyemM KapTepoBbl MOAIPYIIIB B IPOU3BOILHOI rpyie (G, yI0BAETBOPAIOINIEH HepaBEHCTBAM
OP(S) < G < S, rae S — NPOM3BOILHAA MOJIHAS KJIACCHYCCKAS IPYIIA. Pesy/iprarsl Jammoii
TJIABBI TIOJIYI€HBI B HEPA3PBIBHOM COABTOPCTBE ¢ UTAJbSHCKUMEU Maremarunkamu A. [Ipesuranu u
M. K. TamGypunu u ony6aukoBanbl B [47]. OHE TOKIAIBIBATHCH HA MEK LY HAPOJAHBIX KOH(MDePeHIIH-
sx B Cankr-Ilerepbypre (Mex xyHnapoaaas anrebpandeckast Kondepenrust namsitu 3.11.Bopesuua,
17-23 cenrsiopst, 2002), na Vckue (Mramus) («Teoria dei gruppi ed applicazionis, 22-25 oxrs0ps,
2002), 8 HoBocubupcke («Masbiesckne arennsi», 17-19 wosiopsi, 2003) u B Mpkyrcke (Mexxyna-
ponHast anrebpandeckasi Koundepennns, nocesinertas 7H-itetnto A. M. Kokopuna, 25—-28 aprycra,
2004), n Ha cemuHape kadeapbl aarebpsl B yHuBepcutere r. [agys (Mramus).

B nsgroii rotaBe Mbl BBOJIUM ITOJTYJIMHEHHBIE IPYIIIBI JIUEBA TUIIA U COOTBETCTBYIONIAE UM IIOJIY-
JINHEHHBIE ajredpandeckue IPYIIbl U IePEeHOCUM Ha 9TH I'PYIIbI PE3yIbTaThl O HOPMAJIH3aTOPax
P-TIOATPYII U HMEHTPAJIN3ATOPAX MOJIYIPOCTHIX JEMEHTOB B T'PyINax JueBa THIA. Kpome Toro,
MBI TIOJIy9aeM PsiJi IOTIOTHUTEBHBIX PE3YIbTATOB O COMPSZKEHHOCTH IJIEMEHTOB ITPOCTOrO TOPSII-
Ka B 3THX rpynmnax. /lanubie pesyabrarThl onybiamkoBanbl B paborax [49] u [51], nokranbiBaauch
Ha MeXKyHapoIHbIX KoHbepennuax B Exarepunbypre (Mexaynapontas KoHbepeHIUs, MOCBs-
mentas 100-nerutro I1.I. Konroposuua u 70-seruto JI.H.Illepuna, 29 arycra—3 cenrsatpsi, 2005),
B HoBocubupcke («Mambuesckue uarenusis, 15-17 HosOpst, 2005), B Hansuuke (MekayHapoatas
MIKOJIAa-KOH(MEPEHIUs 110 TeOPHH rpyii, nocssimerras 7H-jgeruto A.M.Crapocruna, 10-15 wmros,
2006), B [Tanye («Teoria dei gruppi ed applicazioni», 27-29 cenrsbpsi, 2006), B Upkyrcke (O6bean-
HEHHBIH POCCHICKO-KUTAlCKuii cemMuHap 1o anrebpe u jgoruke, 6-11 asrycra, 2007), Ha ceMuHapax
«Teopus rpynmn» u «Anrebpa u siorukas B HoBocubupcke, u Ha cemuHape «Teopus rpymms MITY.

B 1mrecroii rimaBe Mbl 3aBepliaeM KJIaCCHMPUKAIMIO KapTEPOBLIX HOJATPYII B HOYTH IPOCTHIX
IpyHax M JOKa3bIBaeM, YTO KapTEPOBBI MOJArPYIIBI B HOYTH IPOCTHIX IPYIIAX CONpsizKeHbl. B
Ka4vecTBe CJAEJCTBUS MBI IOJyYaeM MOJOKHUTEIbHOE pellleHne MpoOJaeMbl CONPAXKEHHOCTH H J0-
Ka3bIBaeM, 9TO rOMOMOP(DHBIH 00pa3 KapTepOBOi MOAIPYIIB BHOBL ABJISETCS KaPTEPOBOU TO-
rpymnoii. Tanueie pesyiabrarsl onybaukoBanbl B paborax [49] m [51]; noksiaapiBaauch Ha MerK-
JyHapoHbIX KoH(epeniusx B ExarepunOypre (MexayHapoaas KoH(bDEPeHIUs, TOCBSIIEeHHAs
100-seruto I1.I"Kouroposuva u 70-neruto JI.H.Illespuna, 29 aBrycra—3 centsopsi, 2005), HoBocu-
oupcke («MasbieBckue arenusi», 1517 wosabps, 2005), 8 Hopocubupcke HoBocubupeke («Masrb-
neBckue yrenusi», 15-17 Hosi6psi, 2005), B Hanbunke (Mexkynapoanas mkoa-KoHGEPeHIus 110
Teopuu rpyii, noceamennas 7h-teruio A.JM.Crapocruna, 10-15 urons, 2006), B [Tanye («Teoria
dei gruppi ed applicazioni», 27-29 cenrsa6ps, 2006), B Upkyrcke (O6beauHeHHBIH pOCCHIiCKO-
KuTaifickuii cemMuHap o ajarebpe u Jjoruke, 611 aBrycra, 2007), Ha cemunapax «Teopusi rpymms
u «Anrebpa u norukay B HoBocubupceke, n Ha cemunape «Teopust rpymms MITY.

B cenpMoit TyiaBe MBI H3yYaeM BOIPOC O CYIIECTBOBAHUHM KaPTEPOBOM HMOATPYIIILI B KOHEYHOMN
rpyiime, IpUBOJIUM KPHUTEPHii CYIIeCTBOBAHUS U CTPOUM IIPUMED, IMOKA3BIBAIOIIHII, UTO CBOWCTBO
COZIEPZKATh KapTepOBY HOJATPYIILY HE HACIEAYETCs MPHU paciiupeHusix. Kpome TOro, B MocjieHeM
naparpade ceabMOil TJIaBbl Mbl TPUBOANM TaOJUTBI ¢ KIaccupukanueit KapTepoBbIX MOATPYIII
B IOYTH MPOCTHIX I'pyniax. /laHHbIe pe3yabraThl omybgnkoBaHbl B pabore [50|; mokTaabiBaauch
Ha MexKIyHapoiHOil KoHbepernun B Hanpauke (Mexk 1yHapoaHast NTKOIa-KOHMEPEHIHsI IO TeOpUH
rpyi, nocssiennas 75-neruto A.V.Crapoctuna, 10-15 utosst, 2006), B [Tajgye («Teoria dei gruppi
ed applicazioni» 27-29 cenrsiopst, 2006), 8 HoBocubupcke («MasibiieBckue qrenusi», 14-16 nHosiOpsi,
2006), B Npkyrcke (OObeauHeHHBIH DOCCHIACKO-KUTARCKHIT ceMuHAp 1O aarebpe n joruke, 6-11
asrycra, 2007), na cemunapax «Teopus rpymns u «Asrebpa u jorukas B HoBocubupcke, u Ha
cemuHape «Teopug rpymmy MIY.

¢l 6maromapes cBoeMmy Hay9IHOMY KOHCYIbTaHTY wi.-kKopp. PAH B. /1. Masyposy. Ero Bkiaz B
MOE Pa3sBUTHE KaK MAaTeMaTHKa, & TAKzKe IMOCTOSHHAS OIEePKKA HEOIEHUMBI. £l TaKKe UCKpeHHe
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61aromapio nmpodeccopa M. K. TamMOypunn, HHEIITHPOBABIIYIO MOIO pabOTy HaJI JaHHOH MpobIeMa-
THKOI1, & TaKzKe OKa3aBIIyI0 moMoIb B padbore. ¢l ocobo npuznarenen a.¢.-m.u. A. B. Bacunbesy,
k.p.-m.H. M. A. I'peuroceesoii, k.d.-m.u. A. B. SaBapuuruny n x.dp.-m.u. /1. O.Pepuny 3a nojes-
HOe 00CyZKJieHne PaboTHI, MO3BOJIUBIINEE YIIPOCTUTH P/l JOKA3ATEIbCTB U UCIIPABATH HETOTHOCTH
n omubku. ¢ Takxke Omarogapen mpodeccopy A. C. KonmparbeBy 3a psii IEHHBIX 3aMeYaHMIA,
VIYUITUBITHX OKOHYATETbHBI TeKCT paboThl. ¢ mpu3HaTeseH U XoTeJa Obl TMOYTHTH CBETIVIO IMa-
MsTh podeccopa FO. 1. MepaiisikoBa, npoOyauBiiero Bo Mue HHTEPEC K ajirebpe u TeOpUH IPYIIIL.
¢l Takrke mpu3HATE/NEH BCEM COTpPyAHWKAM Jjaboparopuu Teopuu rpymn VHCTHTYTA MaTeMaTuKn
CO PAH wu xadeapsr anaredOpsl u mMaremMarndeckoit jornkn HoBoCHOMPCKOTO TOCYHWBEPCHUTETA.
[pucyrmmas 9TuM KOJJIEKTHBAM TBOpUecKas 1 OJaroxkenaTebHasd aTMocdepa pacrnoiaraeT K mao-
JOTBOPHOW HAYYHON JedTesIbHOCTH.

Pabora Bbinosinena mpu nojgepzxke Poccuiickoro donjia GyHIaMeHTaJIbHbIX UCC/IEI0BaHUT
(koB1 poekToB 99-01-00550, 01-01-06184, 02-01-00495, 02-01-06226 u 05-01-00797), rpanTOB
[Mpesunenta PO nas momoapix yuénbx Kauanmaros Hayk (MK-1455.2005.1 » MK-3036.2007.1),
CO PAH (rpant Ne 29 1t MoJtozbix yaensix u Varerpanuonnsiit mpoekt 2006.1.2) u mporpammbl
«Yuupepcurersl Poccuuy» (kox mpoekta YP.04.01.202). YacTh paboThl ObLTa BBIOJHEHA BO BPEMs
MOeil cTayKUpoBKU B yHUBepcuTeTe I. [laxys (rtanus) u s 61arofaper 5ToMy YHUBEPCUTETY, BCEM
coTpyaHuKaM Kadeapbl aaredbpbl 3TOro yHuBepcureTa, u, ocobenno, npodeccopy @. Menerario
3a MOJJIEPIKKY.

§2 (O06o3HaYeHNd M pPe3yJIbTAaThl 13 TEOPUN TPy

O6o3HaueHnst, UCIOAbL3yeMble B HacTosell pabore, craggaptabl. Ecin G — rpynma, 10 3a-
muct H < G m H < G 03Ha4al0T COOTBETCTBEHHO, 9TO H sBASIeTCS MOArPYNIOR W HOPMAJIHLHOM
noarpymnmnoii rpynmsl G. Yepes |G : H| ob6o3naden uniekc noarpynnbt H B rpynne G, Ng(H) —
HopManu3aTop noarpynnsl H B rpynme G. Ecan noarpynna H wopmasnbsia B G, 1o uepe3 G/H
obo3uauaercsa dbaxkToprpynna rpynnsl G mo H. Eciu M — noamuoxKecTBO Tpynmbl (G, TO CHMBO-
aom (M) obozHadaeTcs HOArPyMa, HOPOXKAEHHAsS MHOKecTBoM M, cumposom | M| — mMomiaOCTh
MHO)KecTBa M (M TIOPSIIOK 3JIEMEHTa, eCJH BMEeCTO MHOYKeCTBAa CTOUT OJMH 3jeMeHT). Uepes
Cq(M) obosnauaercs neHTpanuzarop Muoxectsa M B rpynne G, yepe3 Z((G) — 1meHTp TPYIIbL
G. ConpsazKkenne 3JeMeHTa T ¢ IIOMOIIBIO 31eMeHTa y B rpynie G 3aluchiBaeTcd Kak ¥ = y loy
(Yz = yxy™ '), wepes [z,y] = v 'z o0bozHAueH KOMMYTATOD 3JeMeHTOB 7, y. CumBon [A, B] o3na-
qaer B3auMHBINH KOMMyTaHT noarpynn A uw B rpynner G. s rpynn A u B Beipaxenns A X B,
Ax Bu A X B 00603Ha9ai0T COOTBETCTBEHHO TIPSAMOE, MEHTPAIBHOE W MOJIYIPIMOe MTPOU3BeIeHU
rpynn A u B ¢ HopmasbHoi noarpynmoit B. Eciun A u B takue noarpymms: rpynnsl G, ato A< B,
to dakroprpynna B/A HasbiBaercs cexyued rpynnbl G. Iloarpynma @urruara rpynnst G obo-
snavena depe3 F(G), obobménnas nonrpynna @urtunra — depes F*(G). Yepes $(G) oboznatena
noarpyuua Pparrunu rpynns G.

MHOKeCTBO CHIOBCKUX P-TIOATPY NI KoHewHoil rpynnst G 6ygem oboznadars Syl,(G). Ecan ¢ —
romomopdusm rpynmsl G, g — smement rpynnsl G, o G¥, g¥ — 06pas3sr rpymnisl G U 3JeMeHTa
g OTHOCUTEJIbHO roMoMopdusMa ¢ coorsercTenno. CuMbosioMm Gy, 0003HaU€HO MHOXKECTBO HEIIO-
JMBHZKHBIX TOUYeK Ipynisl G oTHOCHTETbHO sHm0MOpdu3Ma ¢. Yepes Aut(G), Out(G) u Inn(G)
0003HAYEHDbI TPYIIIBI BCEX aBTOMOP(MU3MOB, BHEINTHUX ABTOMOP(MU3MOB U BHYTPEHHUX ABTOMOP-
¢uzmos rpynns G coorBercTBenno. Ko G — rpynmna, mbl ob6o3uaunm vepe3 PG dakroprpymiry
G/Z(G). Xoporo uzsecren nzomopdusm PG ~ Inn(G), B wactrocTH, ecin Z(G) TpuBmnasieH, To
G ~ Inn(G) u Mbl MOxkeM Tpeanosarath, uro G < Aut(G). ToBopsat, uyTo KoneuHas rpymnmna G
nOYMU NPocmas, €Cu CyIMeCcTByeT NpocTas rpymma S, yaosiaersopsiomas S < G < Aut(9), . e.,
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F*(G) = S — mpocrasg rpynmna. [lnst 1060ro HaTypagbHoro t aepes3 Z; 0603HATEHA TTHKINICCKAST
rpynna nopaiaka t.

Ecin T — MHOXKECTBO NMPOCTBIX YHCEJ, TO Mbl 0003HAYMM 4epe3 7 ero JIONOJHEHHE B MHO-
JKeCTBe BCeX MPOCTHIX quces. [Tns oboro guciaa n depes 7(n) 0603HAYEHO MHOKECTBO MPOCTHIX
JIeJTATeIel Tucsa n, a 9epes N, — TAKOH MAKCHMAJIbHBIH JleuTeib Jucia n, 9ro m(n,) C m. Kak
06brano, Mel obo3ragaeM depe3 O, (G) MaKCHMATBHYIO HOPMAJBLHYIO T-HOATPYHIY rpynnbl G u
MBI 0603Hauaem 4depes O™ (G) moArpyIy, TOPOXKAGHHYIO BCeMu T-3/1eMentamu rpymmsi (. Ee-
m = {2} — muOoxKecTBO BCex He4éTHLIX NpOCThIX unces, T0 O (G) = Oy (G) obosnagaercs
gepes O(G). Ecm g € G, To MBI 0603HAMMM Hepe3 ¢, T-9acTh 3JIeMeHTa g, T. €., gr = gl

[Iycts G — rpynma, A, B, H — noarpyumnst rpynnsl G u B wHopmanbha B A. Torna Ny(A/B) =
Ny (A) N Nyg(B). Ecm @ € Ny(A/B), to x wanynupyer asromopbusm Ba — Bz 'az rpyn-
ubl A/B. Takum obpasom, cymecrsyer romomopdusm rpyiis Ny(A/B) B Aut(A/B). O6pas
9TOr0 romomopdusma oboznadaercs depes Auty(A/B) n HazbiBaeTcs 2pynnol uHIYyuposaHHOLL
asmomoppusmos toarpynnsl H wna cexiun A/B. B uwactaoctn, ecim S = A/B — xommosunu-
oHHBIH dakTop rpymnbl G, To ais 6ot noarpynnsl H < G onpenesnena rpymma Auty(S) =
Auty(A/B). Ormernm, uro crpoerne rpyiisl Auty(S) 3aBHCHT 0T TOro, Kakoii BEIOpaH KOMIIO-
surnonubiii pan. Ecan A, H — noxrpynnst rpynnsl G, o Auty(A) = Auty(A/{e}) mo ompenene-
HUIO.
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§3 Jlumeiinble ajrebpamdeckmne rpymnmnbl

Heobxomnmyto nadopMaluio 0 CTpoeHnN U CBOWCTBAX JIMHEHHBIX ajredpandeckKux rPyIl MOXK-
HO HaiiTh B [8]. [lockoJIbKY B JasbHelinemM OyayT pacCMaTpPUBATHCS JIUITH JINHEHbIEe anrebpande-
CKHe T'PYIIbI, CJIOBO JIUHEHHBIE, JIJId KPATKOCTH, OYJIeM OIYCKaTh.

Ecsiu G — airebpaudeckas IpyIiia, TO Yepes G 0Bosmauena KoMIOHeHTA e uHuIpB rpy s G.
AnreGpameckas TpyNITa Ha3bIBaeTCss noaynpocmoti, ecim eé paankan R(G) Tpusnaien, n anre6-
pamdecKas IPYIIa Ha3bIBaeTcs pedykmuenoti, ecan eé yHIIOTeHTHBI paqukan R, (G) Tpusnaten
(B 0BouX cJIydasiX MpernoIaraeTcs, 9To ajarebpandeckast IpyIna CBsA3HA). XOPOIIO U3BECTHO (CM.,
HanpuMep |8, Teopema 27.5]), 4T CBsI3HAS MOJYIPOCTAs anredpanveckas TPyIIa — 3TO MeHTPAb-
HOE HPOU3BEJIEHNE CBSI3HBIX MPOCTHIX aaredpamvecKux rpyIlll, a CBI3HAs PEAYKTHBHAS ajredpan-
"eckag rpynma G — 3T0 Tmpomssejenue Topa S u moaynpoctoii rpynmnel M, npuuém S = Z(G)°,
M [G m u rpymma S N M KonedHa.

ECJH/I G — cBsA3HAsS pejlyKTHBHAS ajareGpamdecKas IPyIa, TO MycTh 1 — €8 MaKCHMAJIbHBIIT
Top (IO, Mopom Beeria TIOHUMAETCsl CBsI3Has auaroHanusupyemas (d-) rpymnma). Panzom CBSI3HOI
anre6pamIecKoil IPYIIIHI HA3BIBAETCSA PA3MEePHOCTH eé MaKcHMaIbHoro Topa. Yepes ®(G) obosna-
YeHa KOpHeBas cucTeMa rpylibl G OTHOCHTEIHHO MaKCHMaJbHOTO Topa 1 (OHa He 3aBHCHT OT
BRIGOpa MakcuMaabioro Topa) u W (G) ~ Ng(T)/T — epynna Betias rpynmet G. Ecim G — pe-
JIYKTUBHAST TPYIIA PAHTA N, TO PA3MEPHOCTH MEHTPAJN3ATOPa J00TO €€ IeMeHTa He MeHbIIe,
9eM 1. DJIEMEHTBI, pa3MEPHOCTD IEHTPAIN3aTOPa KOTOPBIX PaBHA M, HA3BIBAIOTCI PE2YAADHBLMU.
B 49acTHOCTH, MOJYIIPOCTOM 3JEMEHT § SBJIsIeTCs Pery sipabiM, ecan Cg(s)? — MakcHMAaIbHbIH TOD
rpymms G.

HanomuuMm, aro ajs jiro6oit KopHeBoit cucteMbl ¢ cyliecTByeT Takoit HADOp KOpPHEH 71, . .., Ty,
9TO Kazk bl KOpeHb 13 $ e IMHCTBeHHBIM 06PA30M IPEJCTABUM B BIIE » . | (4T, Te Bee Kodhdu-
IIAEHTHI (v; EeJOUNCICHHBI H JTUO0 BCe HEOTPHUIATETbHBI, TUOO BCe HEMOMOKHUTEIbHB. Takoit Habop
KOpHEIl Ha3bIBAETCs (PyHIAMEHMAALHOU cucmemoli KOpHEBOH cucTteMbl @, a 3JIeMEHTBI, BXOISIINE
B QyHIAMEHTAJBHYIO CUCTEMY, — (PYyHlaMEHMANbHOMU KOpHAMU. 1Ipn 3TOM dyHIaAMEHTATbHAS
cucreMa siBjsercda basucoM npocrpancTBa ZP ®z R. Pazmeprocts npocrpancrsa ZP ®z R nHazosém
parzom KopHeBoii cicrembl ®. OTMeruM, uTo panrd rpynnsl G i eé KopHesoil cuctemsl ®(G) cob-
nazaoT. Jagee Oyaem cauTarh, 9TO Bee (pyHIaMeHTaIbHbIE KOPHE MOJOKUATEIbHBI. Torna KopeHb
T NOAOHCUMENEH B TOM U TOJBKO B TOM CJIydae, KOIJia OH IPeJICTaBUM B BU/IE JTUHEHHOW KOMOWHA~
nuu QyHIaAMEeHTATbHBIX KOPHEil ¢ HeoTpunareabHbiMu Ko3dduimentamu. /[ KOpHeBoil cucTeMbl
¢ gepes O (P7) 0603HAUEHO MHOKECTBO MOJOKHUTEIBHBIX (OTPUIATENBHBIX) KOPHER. Buicomod
KOpHA 17 = Z?Zl a;r; Ha3pIBaeTcs aucyio h(r) = ZLI a;. B 1060t HenmprBoAnMOit KOpHEBOI cHCTe-
Me ¢ cymecTByeT eUHCTBEHHBIA KOPEHb MAKCHMAJILHON BBICOTHI, KOTOPBINA B majbHeiiem Oymer
06o3HauaThCs To. 3amerum, uro rpyuna Beius W(P) kopuesoit cucrembr ® nopoxpaercs orpa-
KEHUSAMU B QYHIAMEHTATBHBIX KOPHIX — (pyHIaMEHMarbHuMY ompasiceruamu. Ecnn gepes [(w)
0003HAYNTH MUHUMAJIbHOE KOJMIECTBO MHOKHUTEIEH B PA3J/IOKEHUN JJIEMEHTa W B MPOU3BEIeHNEe
dbyHIaMeHTATBHBIX OTpazkeHul (dAuHY), TO CYIIECTBYET eJINHCTBEHHBIN 97IeMEHT MaKCHMAJIbHOI
JJITHHBI, 0003HAYaeMbIil B JaJIbHERIIIEeM Wy, KOTOPBIA SBJISETCS €IUHCTBEHHBIM JIEMEHTOM TPYII-
bl Beiljist, nepeBousiium Bee M0JI0KUTe/IbHbIE KODHU B OTpULaTe/bHble. B obiem ciyudae [(w)
paguo &~ N (PT)¥|, 1. e. KOIMIECTBY OJOKHUTENBHBIX KOPHEH, KOTOPBIE SJIEMEHT W TIEePEBOJUT B
OTpHUIATETHHBIE.

[Tycrs G — cBsa3nas npocTas ajarebpandecKas IpyIiia, T — ed HeKOTOPOe TOUYHOE PAIHOHAIBHOE
nupejicrasiaenue, [, — pemérka, nopoxkaénnas Becamu mmpejacrasiaenusd m. depes 'y oboznagaercs
peméTKa, nmopoxkjaéuHas Kopusamu cucrembl P, gepes [y, — pemérka, mopoxkaénnas pyHaMeH-
TaabHbIMU Becamu. Pemérku 'y, I'; n ['yy He 3aBHUCAT OT KOHKPETHOTO Ipe/ICTaBIeHUs TPYIIIbI
G, ¥ cupaBeIIHBHI caepyiomue BKmodenns Lyg < I < Ty, (em. [8, 31.1]). Ussectno, uro mis
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KOPHEBO# CHCTEeMBI JaHHOTO THUIA CYIIECTBYET HECKOJbKO PA3IUYHBIX IMPOCTHIX AJIreOpamdecKux
IPYII, KOTOPbIE HA3BIBAIOTCH u302eHusmy. OHE PA3JIMIAOTCs CTPOEHHEeM Tpyminbl [ u mopsii-
KOM KOHEYHOTO IeHTpa. B ToMm ciydae, Korga pemérka 1 coBnamaer ¢ ['y., ToBopgaT, 9To rpyimna
G onnocBsizHa, U OHa obo3Hawaercst depe3 Gy Ecan pemérka I, cosnagaer ¢ I'yy, TO roBopsT,
uro rpymna G EMeeT IPHCOEIMHEHHBIH TUIl, 1 OHA obo3Hadaercs depe3 Guq. Jlobas nuHeiiHAs
asirebpanyeckas TPYIIIa ¢ KOpHEBOii cucremoit & moaydaercs Kak hakToprpynma rpymnsl Gy, 0o
nojarpyiie u3 eé neurpa. Lentp rpymist Gog TPUBHAIEH, U OHA 1IPOCTa, KAK a0CTPAKTHAS I'PYIIA.
®akroprpynma ['y./T'; o6oznagaerca A(G) n naswsBaetrca dyndamenmanvhoti 2pynnot rpymms G.
®akroprpynmna [y /T, 3aBucuT Jaumb ot KopHeBoil cucrembl ® u oboznauaercst yepes A(P). Xo-
potio u3BecTHO, 9T0 A(P) ABIAETCS MUKINICCKON, 38 HCKIIOUCHIEM KOPHEBOii cucteMbl O = Dy,
korna A(Dsy,) = Zy X Zy BIASETCS 37I€MEHTapHOi abesieBoil rpynioii mopsaka 4.

I[Iyctes B — moarpymmna Bopens, T < B — MakcuMasbasii Top 1 U = R, (E) — MaKCcHMaJbHAas
CBSI3HAS YHUIIOTEHTHAS OArpymna rpymnmsl G. CyImecTByeT eqnHCTBeHHAS TOArPyIna Bopeast B
takas, uto BN B =T, oboznaunm uepes U = R, (B ). Ecan mbl 3adbuKCHpyeM TPOX3BOILHBIH

nopanok Ha ®(G), To moboit u € U (cooTBercTBenHHO t € U ) MOMKHO €IHHCTBEHHBIM 0ODPA30M

3alluCaTb B BUJE
IT =) (1.1)
red+

(coorsercrBenno u = [] .4 2,(t;)), Loe kopuu 6epyTcs B 33 JAHHOM IIOPSIKE, SJICMEHTDI £, JIeZKaT
B mos1e onpenenenus rpymnsl G u {X,,r € ®} — MHOKeCTBO 0dnomephvs T-uneapuarnmmsz noo-
epynn (MHOKECTBO KOPHEGHLT N002PYnn). Y MHOKEHHE 3JIEMEHTOB PA3IMIHBIX KODHEBBIX IIOJATPYIII
onpegensercsa kommymamopnot gopmyaoti Illesanre.

JIEMMA 1.3.1. [11, 5.2.2| ITycmo z,(t), z5(u) — aaemenmol, npuxadiescauiue KOPHESbIM NO0-
epynnam X, u X, coomsememeenno u r # —s. Tozda

e 2s@] = [ #irss(Cigna(=0)'w),

ir4js€®;i >0
ede xoncmanmue Cijrs He 3asucam om t u u.

ConepxareibHo, Jannast (POpMyJia 03HAYAET, UTO B3AUMHBIH KOMMYTAHT OArpymir X, u X JeKuT
B TDYTIIe, HOPOKAEHHON KOPHEBBIMHU HOATPyNNaMu X,y s, tae 4,7 > 0 m ir + js € ®.

Ilycth ¢; — Koadpbunuent, ¢ KOTOPbIM (PYyHIAMEHTAJBHBI KOPEHb I'; BXOJAUT B Pa3JI0KEHUE
KOpH4 7. [IpocTeie uncia, nensnue KodddOUITUEHTH ¢;, HA3BIBAIOTCH NAOLUMY TPOCTHIMA IUC-
gamu. Pacwupennot duazpammoti /Ivinkura Ha3bIBaeTcsd ararpaMMa, HoJgydaeMas U3 OObITHOM
nuarpaMmbl JIpiHKIHA 106aBIEHIEM KODHS —7( U COeIMHEHnEM ero ¢ (byHIaMeHTAJIbHBIMU KO-
HAMH 110 OOBIKHOBeHHOMY Tpasuiay. Ilycth R — (cBa3Hast) pelyKTHBHAs MOArPYINA MAKCAMA/Th-
HOTO paHra CBA3HOM MPOCTOil ajredpandecKkoil rpymmbl G. Kax mbr y2Ke OTMe4YaJId, B 3TOM CIyvae
R=G*...xGr+ Z(R)°, rae G; — cBasnbie MPOCTHIe aarebpamdecKie TPYTITHI PaHTa MeHbIITero,
geM panr rpyunsl G. Bosee Toro, ecoin @4, ..., ®, — KopreBble cucrembl rpyui G, . .., G coor-
BeTcTBeHHO, TO ®1U. . . UP), — noacucrema KopHeBoit cuctemsl ©. CylecTByeT IPOCTOH aIrOPUTM,
npunaexamuii Bopesio u e Subenrasnio |9] u, nezaBucumo, Apiakuny [3], onpeenenus nojacu-
cTeM KOpHEeBOIi cucTeMbl. HyKHO pacmupuTh guarpaMmy /IbIHKUHA 10 paCIIUPEeHHO quarpaMMbl
JIbIHKUHA ¥ BHIOPOCUTH M3 HEE HECKOJIHLKO BEPIIUH, 3aT€M TTOBTOPUTH ITPOLEAYPY S MOy IUB-
MUXCSA CBA3HBIX KOMIOHEHT. /lnarpamMmbl, morydaeMble TAKHM 00Pa30M, SBJIAIOTCA JTHarpaMMaMu
HOJICUCTeM U JII00asd JuarpaMMa MOJICUCTEMBI MOYKeT ObITh MOTYy4YeHa TAKUM CIIOCOOOM.
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J1ns1 jabHeRInero uemoIb30Banus MpuBeIeM B Tab uie 1.3.2 pacmupeHHbie JuarpaMMbl JIbiH-
KUHA J/Is BCEX HEHPHUBOIUMbBIX KOPHEBBIX CUCTEM U KOIPMOUITUEHTHI, C KOTOPBIME (DY H/IaMEHTAIb-

Hble KOPHU BXOJAT B Pa3JjioyKeHue KopHsd ro. Hymepamug B Tabsune 1.3.2 Boibpana B COOTBETCTBUHT
¢ [20].

Tabauna 1.3.2. KopHeBble cucTeMbl U pacIIupeHHbIe AuarpamMMbl /IsiHKHA

Tun ¢ Pacmupennas auarpamma JIpiaknna,
A
By,
Cn
D,
Ee
-1 -To
-To ™ 3 Ty 5 T6 r7
E [ ° ° ° 2 °
7 -1 2 3 I4 3 2 1
2 T9
T T3 T4 T's T'e r7 T8 -To
[ ° ° ° ° ° )
Eg 2 4 IG D 4 3 2 -1
3 T
-To 1 T2 T3 T4
F, ° o T —
-1 2 3 4 2
-To 1 T2
Go 01 ;:,\:g

XopoIo u3BeCTHO, 9T JJIst J1I000r0 TMOJIyIIPOCTOro sjiementa s € G, rue G — CBsi3HAst PeJyK-
THBHAd rpynna, KommnonenTa exquaunpl Cg(s)? ABIgeTcs pelyKTHBHOM TOArPYHIOl MaKCHMATb-
noro panra u Cg(s)/Cq(s)? ~ D < A(G) (em. nmemmy 1.5.2 mmxe).
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§4 CrTpoeHne KOHEYHBIX T'PYIIII JINEBa THUIIA

HaH_H/I 0603HaquI/IH n onpeaeseHnd KOHEYHBIX T'DYIIl JIMeBa TUIla B OCHOBHOM COIIaCYIOTCA
¢ [11] (xkpome, cobeTBEHHO, OPe/ieIeH s] KOHEYHBIX TPYIIIL JTHeBa THIA, 06 3TOM 4yTh HuKe). Ecau
(G — KOHeuYHas IpyIa JHeBa THMA ¢ TPUBUATBHBIM HEHTPOM (MBI He HCKJTI0YAeM HEIPOCThIe IPyTI-
TIbI JIKEBA THIIA, Takue Kak A;(2), Bce uckiaovuenus nausl B [11, Teopemsr 11.1.2 u 14.4.1] u npuse-
Jenbl B Tabaune 1.4.1 Huzke), TO G obosnataer IPYHIly BHYTPEHHE-TUAaroHaJbLHbIX aBTOMOP(hU3MOB
rpymnel G. B Buny [40, 3.2] mbr nmeem, ato Aut(G) mopoKaercs BHYTpeHHe-THATOHATBHBIMH,
OJIeBBIME U I'padoBbIME aBTOMOpdu3MamMu. OTMETUM, YTO OINpeJieJIeHIe MOJIeBOro u rpadoBo-
ro aBTOMOPQU3MOB, HCIOIL3YEMOe B HACTOAIIEH paboTe, HECKOIbKO OTIMYACTCS OT OIpeIeIeHui
pa6otsl [40], Tounble onpenesnenust gansl B § 1 roasbl 5. ITocKoJIbKY MBI mpefnoaaraem, uro Z(G)
TpuBHaJIeH, T0 G n30MOpdHa rpylIe CBONX BHYTPEHHUX aBTOMOP(MOU3MOB 1, 3HATUT, MOKHO IIPe/1-
nosiarath, 9To G < G < Aut(G).

Tabauna 1.4.1. I'pynnsel jimeBa Tuia, He ABJIAIONINECS TPOCTHIMA

I'pynma | CeoiicTBa
A;(2) | Ppynna paspernmma

Ay(3) | Ipynma paspemmma

By(2) | Ba(2) ~ Sym,

G(2) | [G2(2), Ga(2)] = *A2(3)

2A5(2) | I'pynma paspemmuma

2By(2) | I'pynna paspentuma

G(3) | PG2(3),2Ga(3)] = Ai(8)

2Fy(2) | [PF4(2),%2F4(2)] — upocrag rpyuna Tutca

Ilycts G — npocras cBa3HAsA JHHeliHas ajredpamdeckas IPYIIIa HaJl aArebpamdecKuM 3aMbl-
kanmeM [, KOHETHOTO TI0JIst IOJOKHTEILHON XapakTepiucTuky p. 3iech Z((G) MoxeT 6HTh HeTpH-
BHAJIBHBIM. DHIOMOpGHU3M o rpymmsl G HazbiBaeTcs omobpasicenuem Ppobenuyca, ecan TPYIIIa
G, xoneuna. Ipymmer OF (G,) HABBIBAIOTCS KAHOMUMECKUMU KOHEUHDLMU 2DYNNAMU AUESA TUNG,
u mobas rpynna G, ynosiersopsiomas nepasenctsam OP (G,) < G < G, naspiBaercs Komet-
noti epynnoti suesa muna. Eciu G apageTcd IpocToil aarebpandecKoil IpyIIof IpHcoemHEHHOrO
THUIA, TO OyIeM TOBOPHUTH, 4T0 (G TakKe UMeeT npucoedunénubid mun. 3amernm, 4to B [11] Tosrb-
ko rpymmbsl OF (G) maseBaroTcs rpynmamu gmesa THma. Ho mosxe B [15] P. Kaprep rosopur,
4TO J100as rpymnia G, SBJISETCSH KOHEYHO IpyLIoil jguesa THLA AJId TPOU3BOJILHON CBA3HON pe-
aykrueHoit rpynmnel G. Bosee toro, B [14] u [20] 6e3 xakux-mu60 mosicHennit mobas rpymma G,
yaosaersopgiomas yeaosuio OF (G,) < G < G,, HasbiBaercs KOHEUHOII IPYIIOL JHeBa THIIA.
Takum o6pazom, MPUBOJ ONpe/ieieHre KOHEUHBIX T'PYII JUeBa THIIA U KAHOHMYECKUX KOHETHBIX
IPYIII JIHEBA THIIA, MBI HAMEPEHBI TPOSICHATD CUTYAIuio 31ech. Hanpumep, PSLy(3) asasgercs ka-
HOHMYECKOi KoHewHOH rpynmnoi juesa tuna 1 PGLy(3) sBisiercst KoHeUHO Ipynioii jinesa Tuma.
BameTuM, 9To 3JEeMEHT TOPsAJKa 3 He COUpsakKeH co cBouM o0parHbiM B PSLo(3) u conpsizkén co
conM obparabiM B PGLy(3). Tlockonbky Takast mHMOPMAIHsT O CONPSZKEHNN BaykKHA BO MHOTHX
caydagx (M OueHb BazKHA W TOJE3HA B JAaHHOI pabore), Mbl HAXOIUM DA3yMHBIM HCIOJIb30BAThH
Takue 0O03HATEHUS.

B o61em corydae jyist JaHHOI KOHEYHOM rpy1ibl inesa Tuina G (ecm Mbl DACCMATPHBAEM eé Kak
abCTPaKTHYIO TPYIILY) COOTBETCTBYIOMAs ajgrebpamdeckasi IpyIia onpe/IeJeHa Hee HHCTBeHHbIM
o6pasom. Hampumep, ecin G = PSLy(5) ~ SLy(4), To G Moxkuo noayunts 1160 kax (SLa(Fz))s,
60 kax O (PGLy(F5)),) (a1 momxoqsamux o). 3Ha4uT, 11 M060ii KOHeIHO{l IPYIIIB JIHeBa
tuna G, MBI bUKCHpPyeM (HEKOTOPBIM CIIOCOGOM) COOTBETCTBYIONIYIO aarebpamdecKyio rpymmy G
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u otobpazenne Opobennyca o takue, uro O (G,) < G < G,.

Mbi rosopum, uto rpymist 2A,(¢%), 2D, (¢%), 2F¢(q*) oupenenennt najg GF(q?), rpynnst 3Dy(q?)
onpesenensl Hajg GF(q®) u ocranbubie rpymis onpeesens nan GF(q). Tlone GF(q) Bo Beex
cTydasx HasbIBaeTCa 6a306vLM nosem. B Bumy [28, memma 2.5.8], ecim G — rpymnma mpucoen-
nénnoro Tuma, To G, — IpyIa BHYTpPEHHe-IHATOHAILHLIX aToMopduzmos rpymus OF (G,).
Ecm G omnocsssma, o G, = O (G,) (em. [41, 12.4]). B mo6om caydae, BBy [28, Teope-
va 2.2.6(g)] G, = T,O"(G,) past mo6Oro o-MHBAPHAHTHOIO MAKCHMAJIBLHOIO TOpa 1 IDYyI-
met G. Tlyers U < (X,|r € ®F) = U — makcumasibHasg yHHTOTEHTHAS TOATDYTA TDYIIIH
G (mpm sTom U — MakcuMasbHas CBA3HAs O-WHBAPHAHTHASA YHUTOTEHTHAs MOATDYITA TPyT-
ne G). Torna mo6oit w € U eIuHCTBEHHBIM 06pa3oM 3amuchibaerca B buge (1.1) rae saeMeHTSHI
t, nexar B moJe onpenenenus rpymus G. Ecim OF (G) coBmamaer ¢ ommoit u3 rpymn 2A,(q¢?),
2By(22"1) 2D, (q%), 3Dy(q?), 2Es(q?), 2Go(32"Y), num 2Fy(22"1), ro Gyem roBoputh, 4T0 Ipyll-
na G aBasgercs cxpyuerHotll, B OCTAJIBHBIX caydasx rpynna G HaswsiBaeTcsa pacuienasérnot. Femn
O" (G,) < G < G, — ckpyuennas rpynna juesa tuna u r € ®(G), To uepes 7 Bceraa obo3naueH
00pa3 KOpHs I OTHOCUTEJbHO CUMMETPUH KOPHEBOH CHCTEMbI, COOTBETCTBYIOMIEH Ipad>oBOMY aB-
ToMOpdU3MY, UCIOIB3YEMOMY IIPU HOCTPOeHUH Tpynnbl G. VIHOrIa MBI HCIOIB3YeM 00O3HAaYeHHe
P°(q), tne € € {+,—}, u P*(q) = P(q) sABIsIETCST PACHICIUIEHHON IPYIIION JIHeBa THIA ¢ 6A30BBIM
nonem GF(q ) O (q) = 2®(¢?) aBastleTcd CKpyHYeHHOl IPYINIIO JiMeBa THIA, ONpPeJe EHHON Hajl
nonem GF(g*) (¢ 6asoneiv moiem GF(q)).

Ilycts R — 3aMKHYTag O-MHBADHAHTHAsd IOJAIDYIIA IPYIIIbI G. Torna MBI MOMKEM PaCCMOT-
petb R =GN R u N(G,R) = G N Ng(R). 3ametnm, ato N(G, R) # Ng(R) B obmem ciaydae n
Mbl HazpiBaeM rpynny N (G, R) aazebpauveckum nopmasuzamopom tpyunsl R. Hampuwmep, ecm
mbl pacemorpum G = SL,(2), To noarpyuia jguaroHaibubix Marpun, H rpynnsl G TpuBHaJibHA,
snaunt, Ng(H) = G. Ho G = (SLy(F2)),, tie 0 — orobpaxkenne ®pobennyca o : (a;;) — (al,).
Torma H = H,, e H sBasercs HOJTPYIIION IMArOHAJIBHBIX MAaTPHIL B S L, (Fg). Takum obpazom,
N(G, H) saBagercst Tpymnmoil MOHOMHAIBLHBIX MATpuIl B (G. MBI HCIOIB3yeM TepMUH «aredpam-
YeCKUl HOPpMAaJIM3aToOP» JIjIg TOro, 4ToObl m30erarh Mmojgo0HbIX TPYAHOCTEH U 4TOOLI CJeIaTh Ha-
K JIOKa3aTeabCTBa yHUBepcaabubivMu. ['pynna R HazbiBaeTcss mopom (COOTB. pedykmuenol noo-
epynnot, napabosuueckots nodepynnot, MAKCUMAALHBM MOPOM, PEOYKMUESHOT N0d2pynnotl Mak-
CUMAABHO20 par2a) ecTH R — Top (COOTB. pelIyKTHBHAS HOATPYIIIa, NapaboamaecKas MOArPYIIA,
MaKCHMAIBHBIN TOP, PeIyKTHBHAS MOArPYIIIA MAKCAMAIBHOTO Panra) Tpynnsl G. MakcuMaTbHbi
o-uuBapuantubiii Top 1 rpyumst G, ast kotoporo 1, sasiercs noarpynnoit Kaprana rpyumst G,
HA3BIBACTCS MAKCUMAALHYM PACUENAEHHBM Mopom Tpyisl G.

[IpeamonoxkuM, 9TO peIyKTHBHAS MOATPYIIIA R aBiisieTcsl 0-HHBAPHAHTHOIL. BBI/I,ZLy |41, 10.10]
CYIIECTBYeT o-HHBAPHAHTHBIN MaKCHMaIbHbI Top 1 rpymnsl R. Ilyers Gy, .. ., Gin o-opbuTa

rpynnsr Gy, . PaceMoTpiuM uEyIupoBanuoe aeiictsue oTobparkenus o Ha (GakTOprpyIie
(Eil X ... *E%)/Z(E“ ... *Ezh) ~ Pa“ X ... X Pa%

[ockonbky PG, ~ ... ~ PGiji SBJISIFOTCST TPOCTBIMEU (KaK aOCTPAKTHBIE IPYIIIB), TO 0 WH/LY M-
pyeT HUKJIMYECKYIO OACTaHOBKY MHOKecTBa PGy, ..., PGy, , 1 MOXKHO CUMTATh, YTO HYMEPAIMS
1

. _ _U o
BhiOpana Tak, urto PG, = PG, ..., PGij, = PG,,. Takum obpazom, cripasejinBo PaBEHCTBO
K2

(P@u X ... X Pai].i)a- =

{x|x=g-¢°-...-¢°"  nans mexoroporo g € PG}, ~ (PGy,), .
Beumy [41, 10.15] rpymma PG, xoneuna, suaunt, OF ((PG;,),4,) fBISeTCS KaHOHHIECKOH KO-

HEYHON I'PYIIION JIMeBa THIIA, BO3MOXKHO, ¢ OGIBLIIEM 06a30BBIM 110JIeM, YeM 0a30BO€ I0JIe I'PYIIILI

0"'(G,).
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[lycts B;, — npoobpas aji—I/IHBapI/IaHTHOI?I_Ho;LrpynHH Bopena rpynnst PG, B rpynne G;, o1-
HOCHTEJIBHO eCTECTBEHHOTO snnMopdusma, u 1';, — o/*-nuHBapuaHTHBIII MaKCUMAJbHBIH TOD I'PYyII-
ubl Gy, nexkammii 8 By, (ux cymecrBoanue caenyer u3 [41, 10.10]). Toraa, kak ciaeayer u3 3ame-
yaHus B Hadase naparpada 11 u3 [41], moarpynns U, u U. i » TOpOXKI€HHbIE T'; -NHBAPUAHTHBIMH
KOPHEBBIMU HOJI'PYIIIAME, B3STHIMU 110 BCEM HOJIOKUTEJIbHBIM U OTPUIATEIbHBIM KOPHSIM COOT-
BETCTBEHHO, TAKKe ABJISIOTCS 0/-naBapuanTHbiMu. [1ockoabKy G, — mpocras ajirebpamuecKas

i1

rpymna, To G;, nopoxaaercs noarpynmnamu U, u Uil. Hautee, Z(GZ-1 ...k @< ) COCTOUT U3 TO-
JIVIIPOCTHIX 9JIEMEHTOB, ITOTOMY OTPAaHHYEHHE eCTeCTBEHHOTO SMUMOpdu3Ma GZ1 — PG, ma Uj,
u U, ecrb nzomopdusm. Ciienosaresbno, s o60ro k moarpymsl (U;,)°" u (U U, )" apasorcs
MaKCHUIMaJIbHBIMHA O'JZ -UHBAPUAHTHBIMU CBA3HBIMH YHHIIOTCHTHBIMH IMOJAIPYIIIaMH I'DYIIIIBI le n
MOPOYK AT TPYIIITY sz

Taknym obpasoM, Us, x (U3,)7 % ... x (U,)7 U, x (U, )7 x ... x (U;)7”"" avasorcs
MAKCHMAJTBHBIMH O-HHBAPHAHTHBIME CBS3HBIMH YHATOTEHTHBIME TIOAPYIIAME TPYIILl Gy, * . . . *
Giji 1 nopoxkaaroT rpyumny Gy, % ... * G . B enny |41, caencrsue 12.3(a)|, Mbr umeem

—1

Of"/((G’Z-1 % ... % @i].i)g) = | |
(Tiy x ([T3)7 %o x (Ti)”" oy (T, x (UL)° % x (T)7)g) =
<(Ui1)aji’ (Uz_l)oh> Op ((G )011)

B cuaty [41, 11.6 u caeacrsue 12.3], rpyuua ((Us,) i, (U, )i ) sABISETCS KAHOHUYECKOH KOHEUHOI
rpymmnoii jnepa Tumna. Boslee TOro, W3 MPUBEJEHHBIX BBIIIE DACCYKIACHUI CJI€AYeT, 4TO TPYIIbI

(U3)oii, (U, )071>/Z(<( it s (U_)U]J) u OP (PG,,),s ) usomopdusr. Oboszuagas OF (G, *

Gij_)g) gepe3 G, Mbl ojrydaeM, 910 (G; gBIsIeTCsl KAHOHUYECKOW KOHEYHOH I'PYIIIOi JimeBa TUIa
K2

-1

st Beex 4. [loarpynmer G; rpymmsr OF (G ), BOBHUKAIOIIME TAKHM 00pa30M, HA3BIBAIOTCS Nodcu-
CMEMHHLMU no@epynna,/vzu rpymmst OF (G,).

[ockoubky G, . G, SIBJISIETCS O-MHBAPUAHTHON TOArpyTToi, 10 Gy, * ... x G, N'T sBys-
eTcst O'—I/IHBapI/IaHTHbIM MaKCHMaJIbLHBIM TOPOM TpyTibl G * ... x G, CJIe;LOBaTeJIbHO, MBI MOYKEM
npeanosaraTh, 9To st Jboi a-opoutsl {Gy, . . ., G, }, mepecedenne T NG, *. . -+ Gy, ABagercs

T K2

MAKCHMAJIbLHBIM O-HHBAPHAHTHBIM TOPOM I'pymnbl Gy, * ... * aiu' Torna R, = To(Gy* ... % Gy)
u T, HOpMaJIU3yeT Kaziyio u3 rpymn Gj.

JHra c-opoutsr {Gj,, .. "Giu} rpymmsl Gy, tie Gy = O ((Gy, * ... * Eih)g), PACCMOTPUM
Auty (G;). [lockompky Grx.. %G1 %Giyr*. .. x Gy, x 2, < Cg, (Gj), mer nveen, aro Autg (Gy) ~
(T G-) /Z (T G ) 13 [28, npemioxkenue 2.6.2| ciemyer, 9r0 aBTOMOPMOUIMBL, WHIYIHPYEMbIE
Topom Ty na Gy, smasmorcs auaronaabusnm. Cres0BaTe sno, cupasemesl srmosenns PGy <
Auty (G;) < PG;, b uactHoCTH AUty 7. (G;) gBasgerca KOHeYHOl IPYNION JHeBa THIIA.

Paccyorpum Teneps cutyarmio, Korna L < H < G, riae L w H o-NHBAPHAHTHBI M 3aMKHYTHI.
OueBuiHO, 410 0 MHYUUpYeT Aeiicreue Ha H /L u, eciiu L cBsi3na, 10 Teopema Jlenra-CreiinGepra
(mevma 1.5.3) Baewér (H/L), = H,/L,. llycts R — o-unBapuanTHAS CBA3HAS DelyKTHBHAS TO/I-
TpyTTa MaKCHMATLHOTO panra (B 9acTHOCTH, R MOYKeT GBITh MaKCHMATILHBIM TOPOM) Tpymmhl G.
[ockombky Tpymmnsl Ng(R)/R u Ny (Wg)/Wx nsomopdmbl, rae W — rpynma Beitaa rpymmb:
G, Wg — rpynma Beiing rpynnet R (1 oHa siBsieTcst TIOATPYTION rpynmsr W), MBI HoTydaem
unaynuposannoe geiicrsue apromopbusma o na Ny (Wg)/Wgp 1 Mbl roBopuM, 410 w; = ws,
aia wy, we € Ny (Wg)/Wg ecan cymecTByer ajieMenT w € NW( W) /W, yaoBaerBopsiomimii
PaBEHCTBY W = W~ wgw [ycrs C’l(GU, R) — MHOKeCTBO G ,-CONMPAKERHBIX KJIACCOB O-WHBA-
PUAHTHBIX HMOJTPYIII R’ . tae g € G. Torna C’l(GU,R) HAXOJUTCSI BO B3aMMHOOTHO3HAYHOM CO-
OTBETCTBUH C MHOXKEeCTBOM o-conpsikéHHBIX KiaccoB Cl(Ny (Wg)/Wg,0). Ecan w — snement
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rpymmst Ny (Wg) /W, 1 (R’), cOOTBETCTBYeT 0-CONPSAYKEHHOMY KIACCY SIEMEHTA W, TO TOBO-
pAT, 9TO (Fg)a II0/Iy4eHa «CKPydYMBaHHEM» IPyHnbel R 3aementom wo. Ipu 3rom (E )U ~ Ry
KOHCprKHI/IH «CKPY4YHMBaHHA» XOPOIITO U3BECTHa 1 BMECTe C HeO6XO,ZLI/IMbIMI/I pe3yjabTaTaMu IIpuBe-
JeHa, HarpuMmep, B pabore [13]. Korma H =T sgBisiercst o-MHBAPHAHTHBIM MAKCHMAILHBIM TOPOM
u W = Ng(T)/T, To no |15, npeyoxenue 3.3.6]

(NGI(LJTW))U = (N(G:IEMT)Z))G ~ Cwo(w) ={x € W | o(z)wr™ = w}. (1.2)

IIpe/moozKuM Tenepp, 4To Ipynna R apideTca o-HHBAPHAHTHOIN ITapaboImdecKoil Iorpy-
noii rpynnsl G u U — eé yHumoTenTHBIH pajnka1. Torma oHa coaep:KuT TaKyIo CBA3HYIO PeLyKTHB-
nyio noarpyuny L, uro R/U ~ L. oxrpynna L nassisaerca gaxmopom Jlesu rpynnst R. Bosee
toro, ecin Z = Z(L)°, o L = C5(Z) (cm. [8, 30.2]). Tycrs Rad(R) — pagukan rpynnst R. Torma
OH SIBJISIETCS O-WHBAPUAHTHON CBSI3HON paspermuMoil moArpymnmoi, 3uaqut, mo [41, 10.10], ox co-
JPKUT O-UHBAPUAHTHBLH MaKCHUMAJIBHBIA TOD 7. Hanee, Cg(Z) = Cx(Z) ecTb o-nHBAPHAHTHBIH
dakrop Jlesn rpymmel R. Takum o6pazom, obas o- MHBADHAHTHAS HapabO/IMIecKast IOAIPyI-
na rpymusl G cojepxur o-nusapuantabiii gakrop Jlesu L n L siBisiercs: CBSI3HON PeLyKTHBHOM
IO/rPYIIION MAKCHMAIHLHOIO panra rpymisl G.

§5 I3BecTHBIE PE3yJILTATHI

B nannom maparpade Mbl HAIIOMHHM psi/l CTPYKTYPHBIX PE3Y/JIbTAaTOB, KOTOPbie OYIYT HEOIHO-
KPAaTHO HCIOJb30BATHCA B JAJbHEHTIIEM.

JIEMMA 1.5.1. |31, teopema 2.2| ITycmo G — ceasnasn pedykmusnasn ar2ebpauieckas pynna,
s € G — noaynpocmoti anemenm zpynno G u T — makcumanrvroti mop epynnv G, codepacauiud
INEMEHM, S.

Tozda Cg(s) — pedykmusnan nodepynna epynmno G MAKCUMANDHOZ0 PAHEA (xoma u ne 06s-
zameavho ceasnas). Ona nopootcdaemes mopom T, memu T-kopresvmu nodepynnamu X,, 0t
Komopuix 8T = e U npedcmasumerimu n,, aremenmos w € W, xomopwie KomMmymupyom ¢ s.
Ipu amom Cx(s)° nopostcdaemea mopom T, memu T-rwopresvimu nodepynnamu X,, 0as xomo-
pox s" = e u A000T YHUNOMEHMHBLT IAEMEHM, UEHMPAAUSYOWUT S, NEHCUM 8 Cg(s)o.

JIEMMA 1.5.2. |31, npenioxkenne 2.10| ITycmo G — npocmas arzebpaurecka 2pynna u s — €€
NOAYNPOCNOT INEMERM KOHEUHO20 NOPAJKG.

Tozda gaxmopepynna Cz(s)/Ca(s)° usomopgdina nodepynne dyndamenmanvrioti epynnv A(G).
B wacmmocmu, ecau epynna G odnoceasna, mo C(s) ceasen.

JIEMMA 1.5.3. [41, reopema 10.1] Iycmv G — ceashas arzebpauneckasn epynna v o — omob-
pasicerue Ppobenuyca. Tozda omobpascenue x — x 12 cropsexmueno.

Caemyiommas JileMMa XOPOIIIO U3BecTHA Kak TeopeMa Bopeng-Turca.

JIEMMA 1.5.4. ITycmv X — makas nodepynna xoneunot epynnu, auesa muna G, wmo nodepynna
Op(X ) nempusuasvha. Tozda cywecmsyem makas o-uHEAPUGHMHAA NAPAOOAULECKAA NODZPYNNG
P epynno G, wmo X < P u O,(X) < R,(P).

Hoxazamenvemeo. Oupenenum Uy = O,(X), Ny = Ng(Up). Torga U; = U - R,(N;—1) u N; =
Ng(Ui). Ouesnano U;, N; spagiorest o-nHBapUAHTHBIMM JI71s BeeX 4. Beuay [8, mpeaoxenne 30.3],
nens noarpymnn Nog < Ny < ... < N < ... koHeuna u P = U;N; gBiigercsa cobcTBeHHON mapabo-
Judeckoil moarpynnoii. OdeBuano, 9ro P sgB/IgeTCd o-HHBAPHAHTHOM. ]
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JIEMMA 1.5.5. (Jlemma Xaprmu-IlyTa [30, qemma 2.2]) Hycmo G = OY (G,) — konewnas wa-
HOHUYECKAA NPUCOCOUHEHHAA 2pynna auesa muna ¢ nosem onpedesenus GF(q). Hyemv H —
nodepynna Kapmana epynnw G u s € GF(q). Ecaur =T u epynna G ckpyuennas, mo npedno-
AOAHCUM MaKIAce, wmo S aesxcum 6 bazosom noae 2pynno. G. Tozda cywecmeyem makot sremenm
h(x) € H, wmo x(r) = s, 3a uckatouenuem caredyowus cayyaes, 6 xomopux h(x) moocem Gumo
eulOpar max, wmobv, X(r) umen Yyka3aHHve 3HAUEHUA:

a) G = Ai(q), x(r) = s%

6) G = Colq), 7 — daunnents xopens, x(r) = s%;
) G=24(¢"), r #7, x()
r) G =2A3(¢°), r #7, x(r)
) G =
)

53 :

82,'

Do), 7 # 7, x(r) = %

wopru, x(r) = 2.



I'naBa 2. Kpurepuii conpsizKkEHHOCTH
KapTepPOBbLIX HOAIPYIIII

§1 Kparkuii 0630p pe3yabTaToB TJIaBhI

Omnpepenenne 2.1.1. Korneunas rpynna G yaosiersopsier ycsaosuio (C), ecam jyist mo6oro nea-
OesteBa, KOMIO3UIMOHHOTO (pakTopa S JIF0OOTr0 KOMIIO3UITMOHHOTO psijia rpynibl G u J000# HIIb-
moTeHTHOH moarpynel N rpynnbl G KapTepoBbI MOATPYINBI TPYIITHI WHLY THPOBAHHBIX aBTOMOP-
dbuzmos (Auty(S),S) conpsizensl (B YACTHOCTH, OHH MOT'YT He CYIIECTBOBATD).

JIEMMA 2.1.2. Ilyecmv G — woneunasn epynna, H — nopmasvran nodepynna epynnot G, S =
(A/H)/(B/H) — womnosuyuonnwui gaxmop epynnw G/H u L — nodepynna epynnw G. Tozda
Autp(A/B) ~ Autpy/u((A/H)/(B/H)).

Jlokasamenvemso. Tockoapky H < B, 10 H < Cg(A/B), ciaenoBarejbHO, MOKHO CYUTATH, YTO
L = LH. Kpowme roro, moxHO npeamnonararsb, 410 L < Ng(A)NNg(B) u G = LA. Torga neiicraue,
3aj1aBaemMoe Ha A/B no npasuiy x : Ba — Bx lax cosuanaer c jeiicrsuem na (A/H)/(B/H),
3aj1aBaeMoM 110 npasuiy o H @ BaH — Bx~laxH, oTKyna cieyer jeMMa. O

Chemyiomas JieMMa XOPOIIIO U3BECTHA.

JIEMMA 2.1.3. IIycme G — xonewnaa epynna, H — nopmanvhas nodepynna epynno G u N —
Huavnomenmuas nodepynna epynnu,. G- = G/H. Tozda cywecmesyem makas HUABNOMEHMHAA
nodepynna N epynno. G, wmo NH/H = N.

Joxasamenvcmeo. OHeBniHO, MOXKHO canTaTh, uto G/ H = N. Cymectsyer Takas noarpymnma U
rpynmsl G, ato UH = (. Beibepem cpepu Takux MOATPYIIT TOACPYIITY MAHUMAJILHOTO MOPSIIKA.
Torma UNH < ®(U), tae ®(U) — moarpynna @parruru rpynnst U. JleilcTBUTEIBHO, ecu CyTiie-
CTByeT MakcuMaJibHasd nojarpymnna M rpynnst U, neconepzkamas U N H, To, ouesunno, M H = G,
YTO MPOTUBOPEUUT MuHUMATbHOCTH rpynnbl U. Takum obpasom, rpynna U/P(U) HEABIOTEHTHA,
ciesioBaresibo, rpyumna U auiabnorentna u N = U. ]

13 nemm 2.1.2 u 2.1.3 corepyer, uro ecau kKoHewnasi rpynna G ynosierBopsier yeaosuio (C),
TO /7151 JII00O# €€ HopMmastbHOI toarpynsl N u paspentumoit noarpymnmst H, rpynnet G/N uw HN
ynosserBopstor (C).

B nanHoil T1aBe MBI JOKazKeM, 4To ecau rpynna G yaosiersopsier yeiaosuio (C), To eé kapTe-
POBbI HOAIPYIIIIBI CONPsizKEeHbl. BoJiee TOUHO, Oy/eT JoKa3aHa CJeAyolas TeopeMa.

TEOPEMA 2.1.4. Ecau konewnas epynna G ydosaemeopaem ycaosuro (C), mo kapmeposs, nod-
epynnot epynnot G conpatcerl.
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Hasee B §§ 1, 2 MBI IpeanoaraeM, 9To X — 3T0 KOHTpHIpHMEp K Teopeme 2.1.4 MEHUMAILHOTO
HOpsAJIKa, T. €. 910 X sIBJIsieTcsl KOHEYHOi Tpynoil, yaosrersopsioreii yeaosuo (C), u X co-
JIEPZKHUT HECOTPSAXKEHHBIE KAPTEPOBBI MOATIPYIIIIbI, HO KAPTEPOBBI MOAIPYIILL B J11000i rpyrme M
nopsiika MenbIiero, uem |X |, yaosaersopstioreii yeaosuo (C), conpsizKeHHb.

§2 Hpe,Z[BapI/ITe.TII)HI)Ie PE3YJIAbTAaTbI
Hanomuum, uto X — 310 KOHTpripuMep K Teopeme 2.1.4 MUHUMAJIBLHOTO MOPSJIKA.

JIEMMA 2.2.1. [Tycmo G — xoneuwnasn epynna, ydosaemeoparouwas yeaosuto (C), u |G| < | X]|.
ITyems H — xapmepoea nodepynna epynno. G. FEeau N — nopmanvhas nodepynna epynno. G, mo
HN/N asasemesa xapmeposots nodzpynnot daxmopepynno, G/N.

Jloxazamenvecmeo. ockoabky HN/N HEIBNOTEHTHA, HAM HYKHO JIHIIb TOKA3aTh, 9TO OHA Ca-
monopmasiuzyema B G/N. Zcho, uro 3ro Bepuo, ecsiu G = HN. 3HauuT, HPeIIOJI0KUM, ITO
M = HN < G. Beugy munumaabaoctu rpymnmnel X pasenctso M* = M, x € G, Bneuér H* = H™
nuis mekoroporo m € M. Orciona zm™ € Ng(H) = H n x € M. Oro nokaswisaet, uro HN/N
SBJIsIeTC HUJIBIOTEHTHOH H caMoHOpMasin3yemoit B G/N. [

JIEMMA 2.2.2. IIycmv B — munumanrvhas nopmarohas nodepynna epynnvt X, u H, K — neco-
NPAHCERHBIE KAPMEPOBDL NOd2pYynnvl 2pynnvs X .

(1) B wuepaspewuma.
(2) X = BH = BK.
(3) B asasemcea eQuncmsennot MUHUMAALHOT HOPMAALHOT nodepynnot epynno, X .

Jlokasamenvcmso. (1) Mbl gaaum JgoKazaTeabcTBo 0T npotuBHOro. IIpeamonoxum, aro B pas-
permuma, u myctb ™ @ X — X/B — kanonudeckuit romomopdusm. [o semme 2.2.1, H™ u K™
SIBJIAIOTCS KAPTEPOBBIME Hoarpymmavu rpynnsl X /B. Beugy MHHEMAILHOCTH TPpynnbl X, cyIie-
crByer Takoil T = Bz, uro (K™)* = H™. Orciona K* < BH. Tlockonwky BH paspemmma, K*
conpsizkena ¢ H 8 BH, cienoarenbuo K conpsizkena ¢ H B X; mporuBopeune.

(2) Tpeamonoxkum, uro BH < X. Tlo nemme 2.2.1 BBUY MUHUMAJIBHOCTH TPYIIIHI X MOATPYII-
ust BH/B w BK/B coupsizkenbl B X/B. 3uauut, cymecryer © € X rakoii, uro K* < BH. 13
MHUHUMAJIbLHOCTH Tpymnbl X ciaeayer, uro K* coupsizkena ¢ H B BH, tem cambiM K compsizkena
¢ H B X; nuporupopeune.

(3) TIpeanonozxkum, ato M sBIsSETCS MHUHUMATBHON HOPMAJbBHOI MOArpyImoi rpymmnsl X, or-
mwaroii ot B. Tlo (1) M uepaspermma. C apyroii cropons, M B/B ~ M sipjisiercst moArpymnmoii
HUIBIIOTeHTHOH rpynnsl X/B ~ H/H N B; nporuBopeune. ]

JIEMMA 2.2.3. IIycmv K — wapmeposa nodepynna xoneunol epynno. G. Ilpednoaosicum, wmo
cywecmeyem wopmarvraa nodepynna B = Ty x ... x T}, epynnee G makas, vmo G = KB,
Z(T;) = {e} u T; ne pasaoosrcuma 6 npamoe npoussedenue cobemeennur nodzpynn 0ii 6cex i.
Tozda Autk (T;) asasemes kapmeposoti nodepynnot epynnu (Auty (T;), T;).

oxazameavemeo. TlpenmomoKum, 9T0 Halle yTBEP:KAEHHE JOXKHO U (G ABASETCS KOHTPIPHMe-
pOM C MUHUMAJBHBIM k, Toryia k > 1. TlockonbKy Kaxkjas rpymmna 1; uMeer TPUBHAJILHBINA EHTP
U Hepa3JIoKHMa B MPAMOe MPOU3BE/IEHHEe COOCTBEHHBIX IOJArPYIII, CJICJICTBHE U3 TeopeMbl Kpyii-
ns-Pemaka-IlIvuara [37, 3.3.10| Baeuér, uro jgeiicTBue conpsizkeHueM Tpynnbl G HA MHOMKECTBe
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{T1,..., Ty} uEAYIHPYET MOACTAHOBKH 9TOTO MHOXKeCTBA. flcHO, uT0 (G JIeHiCTBYeT TPAH3UTUBHO
coupszkennem ua Mmuoxkectse ) = {T7,...,T;}. Mbr MoxeMm npegmnonarars, 9To rpyunsl 1) 3a-
HHIECKCHPOBAHBI Tak, 4To (G meficTByeT HpuMuUTHBHO Ha Muoxkectse {Aq, ..., Ay}, p > 1, rue aua
Ka>KJI0TO ¢

Ai = {Tl—‘r(i—l)l) cee 71—;!}’ k= pl

OGosnauum uepes ¢ : G — Sym,, MHJYIUPOBAHHOE MOJACTAHOBOYHOE mpejcTapienne. OveBu/-
o, B < ker ¢, tak uro G¥ = (BK)¥ = K¥ — NpuMHUTHBHAS HUJILIOTEHTHAS TOATPYINA IPYI-
bl Sym,,. Cie10BaTeIbHo, p ABJIgeTcd NPOCTHIM 1 ¥ — NUKJIMYecKasg Tpynna nopsaaka p. B qacr-
noctu, Y := ker ¢ coBnajiaer co crabmam3aropoM Jioboro A;, Tak 9T0  MOJICTAHOBOYHO SKBUBA~
JIEHTHO NPeACTaBIeHN0 rpynnbl (G HA IPaBBIX CMEXKHBIX Kaaccax mo Y. s moboro i =1,...,p
myctb S; = Ty X -+ X Ty Torma Y = Ng(S;) m B = 51 x -+ x S),. Pacemorpum € 1Y —
Auty (Sy), nyets A = Y4, S = Sf. OueBuynO, S sBJIAETCS HOPMAJIBHON MOATPYIIONH rpynnbl A;
6osee Toro, S m3omopdHa S, MOCKOABKY S MMeeT TpuBHaIbHBINA meHTp. C Apyroit CTOPOHHI,
S; < ker & mirs Kaxkaoro ¢ # 1, MOCKOIBKY S; meHTpaausyer Si.

O6o3naunm depe3s A C, ciuterenne rpynnsl A u mukamdeckoit rpymmst Cp, u mycrs {zp =
e,...,Tp} — IPEeICTABUTEIH IPAaBBIX CMEXKHBIX KjaccoB 1o moarpymme Y. Torma orobparkenne
n:G — AVC, Takoe, 4T0 1 KaxJoro x € G

T ((xlxx;tlw)fj e (mpxx;jw)g)xw

siByisieTcst Tomomopdguzmom. OueBnao, Y — noanpsiMoe mpou3Begenue 0a30Boi mogrpymnbr AP
u

ST =A{(s,1,...,1) | s€ S}, B"={(s1,...,8p) | s € S} <Y"

Bousee Toro, kern = C(B) = {e}, nosromy mbl Mozkem oTokaecTButh G ¢ G". Boibepem h € K\Y'.
Torma
G=(Y,h), eV, K=(nK)h)

U MBI MOKeM TIpeJIoJaraTb, 4To
h=(a1,a9,...,a,)m, a; € A, 7m=(1,2,...,p) € C,

Jns moboro 4, 1 < i < p, myers ¢ : AP — A — kanoHHUecKas Ipoexnust, u mycTs K; := (KNY)%i.
dcno, aro Y¥ = A. Bonee toro, K; = KI'"' = K" s mo6oro i > 2, MOCKOMbKY h
HopMmasuzyer Y N K. llycts

N:= (K x---xK,)NY.

N nopmanusyercs rpymioit K, tak kak K = (NN K)(h) u K" = K; 11 (mod p). MBI yTBepxIaeM,
qTo K siBasieTcst KaprepoBoil noarpymnmoii rpynmnst A. [Ipeamonoxum, aro ny € Nu(Kq) \ Hy. U3
Y = (Y N K)B cueayer pasencrso ny = hys, hy € Ky, s € Ng(K7) \ K;. [ycrs
b:=(s,s",..., s 1) B.
Torma b nopmauzyer N, MOCKOJIbKY
I Ly O

Teneps [b,h™1] := b~'hbh~! € Y Takos, 4o

b,h Y =1, ecom i #£p,  [b,h Y =[5, (ar - a,) Lo,
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TIe ap -« - a, = (h?)¥* € K. Ilockombky s € Ng(K), orcioma ciemyer, 9To
[S, (al ----- ap)_l] E K17 [S, (al . ap)—l]al ----- ap—1 e Kp‘

Mostomy [b,h™'] € Nub € Ng(N(h)). Ho K < N{(h) Breuér Ng(N(h)) = N(h). TeiicTBureabHo,
eciim g € Ng(N(h)), to K9 asnsierca kapreposoit moarpymmnoit rpymmnst N(h). Ho N(h) paspe-
muma, 3Ha9uT, cymecrsyer y € N(h), mis koroporo K9 = KY. Jlanee, K sBsieTcss KapTepoBoii
noarpynmoii rpynnsl G, Takum obpasom, gyt € K u g € N(h). Cnenosarensno, b € N, s € K,
T. €. n; € Kj; uporuBopeune.

Tenepp A = K1(T7 X -+ x T}) u | < k. TTo unayknuu umveem, aro Auty, (7)) sBasercs xkapre-
poBoii moarpymmoit rpymnsl (Autg, (71),71). BBuay Hammero nocTpoeHust

Autg(Th) = Autg, (Th),

OTKYJIa CJeJIyeT JeMMa. (]

§3 Jloka3areancTBO Teopemsbl 2.1.4

Hamomuaum, aro B = T X -+ X T}, rae T; ~ T — neabenepa mpocras rpynmna. Ocramoch
JloKa3aTh, 9To k = 1. B obo3Havenndax U3 JI0Ka3aTeJbCTBA JeMMBI 2.2.3 MBI HOKa3a/aud, 4ro Hy
SIBJIIETCST KapTepoBoit moarpynnoit rpymmnst A. Ecow &k > 1, to |A| < |X| u A yaoBrersopsier
yeaosuio (C). IMosromy kaxgas H; conpsikena ¢ Hy B A u Na(H;) = H;, i = 1,...,p. Orciona
7erko cienyer, uro N sBagercsa Kapreposoil moarpynnoii rpymmet Y. Ilycrs y == (yi,...,y,) €
Ny (N). Uz N¥ = H; umeem y; € No(H;) = H; nis Beex i, 3aunt, y € N

MpI yeTaHOBHIH, YTO KaxK10# KapTepoBoil mojarpynmne H rpynnbl X MOKHO COIIOCTaBHTD TaKyIO
kaprepoBy noarpyniny N = Ny rpynust Y, uro H wopmasnusyer Ny. Ouesunno, Ny # {e}, B mpo-
TUBHOM cJjiydae X umesia 6ol n1opsiiok p. [losromy nycrs K — kapreposa nojrpyuua rpyiibst X,
Heconpsizkénnaga ¢ H, u nyctb N — KapTepoBa mnoirpynna rpyumst Y, coorsercrsyiomas K. Ec-
mn k> 1, o Y aBaserca coberBenHoi noarpymmoii rpynmnst X u Y ynosaeropsier (C). B cuity
MWHUMAJBHOCTH TPYHIB X MBI ToaydaeM, 9T0 Ny u Ng conpszkeHbl B Y 1 MOXKHO CIUTATh, 9TO
Ny = Ng. Torna HNy = KNy paspemuMa, caegoBaTe/bHO, TOATpYNIbl H u K conpsKeHbI.
[TonyuenHnoe MpoOTUBOpeUNe 3aBepIIaeT T0Ka3aTeIbCTBO TeopeMbl 2.1.4.

§4 HexkoTophle cBoiicTBa KapTEePOBBIX IOJATPYIIII

3/1ech MBI TOKaXKeM HECKOJIBKO JIEMM, KOTOPBIE TOJIE3HBI MPH W3y I€HNN KAPTEPOBBIX MOATPY I
B KOHEYHBIX I'PYNIAX, B YACTHOCTH B IIOYTH IPOCTBLIX IPYNIAX.

JIEMMA 2.4.1. Ilycmv G — xoueunaa epynna, K — xapmeposa nodepynna epynnet G u N —
Hopmanvran nodepynna epynno, G. Ilpednosostcum, wmo KN ydosaemsopaem (C) (amo ycaosue
asmomamuiecky eunosneno, ecau G ydosaemeopaem (C) uau N paspewuma) uru KN = G.
Tozda KN/N ssasemca kapmeposots nodepynnot epynno, G/N.

Joxazamenvemeso. Ecin KN = G, To yrBepkaenue ouesuano. llpeanonoxum, aro KN # G,
1. e. KN ynosnersopser (C). Pacemorpum x € G u npeanonoxum, uro tN < Ng/n(KN/N).
Caenosaresbio, © € Ng(KN). Umeem, uro K* ectb kapreposa noarpynna rpynnsl K N. TTo-
ckobky KN ymosaersopsier (C), Mbl mojydaeM, 9To €8 KapTepOBbI MOATPYIIEI COMPSIZKEHbI.
Taxum obpaszom, cymecrByeT Takoit y € KN, uto KY = K7, [lockoiibky K sBiseTcs KapTepoBOit
noarpynmoit rpynmnsl G, orciona caeayer, uto 2y € Ng(K) =K nx € KN. O
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JIEMMA 2.4.2. IIpednosooscum, wmo G — koneunas epynna. Illycmo K — xapmeposa nodepynna
epynno, G ¢ yenmpom Z(K). I[Ipednonrostcum makorce, wmo e # z € Z(K) u Cg(z) ydosaemsopsem
yeaosuro (C).

(1) Jhobas nodepynna Y, codepocawasn K u ydosaemsoparowasn ycrosuo (C), camonopmanu-
syema 6 G.

(2) Hukaxol ssemenm, conpascénnui ¢ z 6 G, xpome z, ne aeacum 6 Z(G).

(3) Ecau H — xapmeposa nodepynna epynnos G, neconpasicénnan ¢ K, mo z ne conpascén mu
¢ KAGKUM IAEMEHMOM U3 yenmpa 2pynnv, H .

B wacmnocmu, yenmpanusamop Cg(z) camonopmasusyem ¢ G, u z ne conpasicén mu ¢ Kaxot
cmenenvio 2F # 2.

Joxazameavemeo. (1) Bospmem x € Ng(Y). Torna K* apisercs KaprepoBoil moarpymmoit B Y.
ITo Teopeme 2.1.4 KapTepoBbI MOArPYHIBI IPYNNbl Y compszkensl. ClenoBaTesIbHO, CYIIECTBYeT
y € Y, nus koroporo K* = KY. 3uaqur,

vy ' ENg(K)=K<Yuxcy.

(2) Tlpenmonozxkum, 910 2 e Z(K) pas vekoroporo x € G. Torna z npuHaIeskKuT HEHTPY
rpynnbl (K, K*) < Cg(2). HMockonbky Cg(2) yaosrersopsier yeaosuo (C), cymecTByer Takoif
y € Ca(z), ato K* = K¥. N3 2y~ ' € Cg(z) noayaaem 2% = z, 3nadur,

BakogaeM, uro 2% = z.

(3) Ecotn Halite yTBep2K IeHIe JI0KHO, TO, 3aMeHsist H HeKOTOpOIi conpsizkéHHoit noarpynnoi H*
(ecim meoOXOAMMO), MBI MOZKeM npeanonarate z € Z(K)NZ(H), 1. e. z € Z((K,H)) < Cg(2).
Buosb, nockonbky Cg(z) ynosrerBopsier yeaosuio (C), cymecrsyer takoit y € Cg(z), uro H =
KY; nporusopeune. [

Bamernm, 9T0 Ji71s1 J11000i H3BECTHOI KOHEUHOiT ipocToii rpynnbl G (1, 3HAYAT, TOYTH TPOCTOIT,
HOCKOJIbKY I'DYTIIa BHENTHUX aBTOMOPGhU3MOB JI000 MPOCTON TPYNIbl paspernmma) U JJIsd Beex
9JIEMEHTOB z € (G mPOoCcTOro mopsaka KoMmno3uiunonubie haktopbl Cg(z) SBIASIOTCS U3BECTHBIME
IPOCTBHIMH I'pymiiaMu. elicTBUTEIbHO, JJId CIIOPAUYecKUX T'PYIIL 9TO YTBEPIK/IeHHe MOXKHO ITPO-
BepuTh, ucnoab3ys [17]. Komnosunuonnsie dakropsl rpymimbt Cy, (z) ABIAIOTCS 3HAKOIEPEMEH-
upiMu rpynnamvu. Ecin G — koHedHas mpocTas rpyuia JueBa THIIA Ha/l [10JIeM XapaKTePUCTUKH D
u (|z|,p) = 1, To z mosynpocr u KomnosunuoHHbie dhakTopsl rpyunbl Cg(z) SBASIOTCS KOHEUHBI-
MH IpyIIaMu JineBa Tuna. Eciau |z| = p u p sBisiercsa xopommumM mpocThiM st () TO COTIACHO
teopemam 1.2 u 1.4 u3 [39] Bce komnosurmonnsie daktopsl rpymibl Cg(2z) ABIAIOTCI KOHEIHBI-
MH TDyNIaMHu JineBa Tumna. M3 padbor pasguaabIX aBTOPOB CJIEIyeT, 9YTO U B TOM CJIydae, KOrjaa p
SABJISIETCH [JIOXMM IPOCTBIM /IS KOHEYHO IIPUCOeMHEHHOI Ipy1bl jueBa tuna (G, BCe KOMIIO-
3UIHOHHBIE (DAKTOPHI MEHTPATH3ATOPA dJEMEHTA TMOPSAIKA P ABISIOTCS W3BECTHBIMU KOHEYHBIMHA
npocThiMu rpymmnamu. CregoBaTebHo, eCu Mbl KJIacCuMUIUpyeM KapTepOoBbI MOATPYIIBI TTOYTH
IPOCTOH KOHETHOH IPYIITBl A, TO MO MHIYKIMH MOXKeM mnpejnoaratb, 4to C'4(z) yaoBaeTBopser
yeaouio (C) 11t Beex 971eMeHToB z € A mpocToro mopsijika.

JIEMMA 2.4.3. ITycmo G — xoneunas epynna u () — cunosckas 2-nodzpynna epynno, G. Tozda G
codeporcum kapmeposy nodepynny K, ydosaemsoparowyro nepasencmey QQ < K, 6 mom u moavko

6 mom cayuae, ecau Ng(Q) = QCq(Q).
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Jloxaszamenvemeo. Tlpeanongoxum, ato G COmEP:KUT KapTepoBy HOArpynmy K, yIoBIeTBOPSIO-
myio HepapenctBy () < K. Ilockosibky K HUIbIOTEHTHA, OTCIOAA CIeayer, 9T0o () HOpMajbHA B
K un K <QCs(Q) < Ng(Q). o Teopeme Deiira-Tommncona (cm. [26]), mbr momydaem, uro Ng(Q)
pazpermmm. Takum o6pazom, Mbl umeem, ato QC(Q) camonopmannsyema B Ng(Q), 3HauuT, 110
aemme 2.4.2(1), Ng(Q) = QCs(Q).

[Ipennonoxkum Teneps, uto Ng(Q) = QC(Q), T. e, Na(Q) = Q x O(Cg(Q)). Iockonn-
Ky O(Cg(S)) — rpyuna HedérHOro mopsijka, oHa paspemuma. CjejgoBaTe/IbHO, OHA COJAEPIKUT
kaprepoBy noarpymnmy K;. Paccmorpum mHmabnorentTHyo noarpynmny K = () X K rpynnsr G.
[Mpeanonoxum, ato © € Ng(K), torna x € Ng(Q). Ho K ectb KaprepoBa MOATpYIIa IPYIIb!
N (@), snaunt, x € K u K ectb KaprepoBa noarpyimna rpymmst G. O

Onpenenenune 2.4.4. Mur Gyjgem roBopuTh, 9T0 KOHEYHas rpynmna (G yI0BJETBOPSIET YCIOBUIO
(ESyl2), ecau jqis eé cuaoBCKoil 2-moarpynmbl () BbimodHeHO paBeHcTBO Ng(Q) = QCq(Q).
Wubivu ciosamu, rpynmna G yaosiaersopsier (ESyl2), ecin m060ii 31eMeHT HEYETHOTO MOPSIIKA,
HOPMAU3YIONIMI CUTOBCKYIO 2-toarpynny () rpynnsl G, neHTpaaunsyer ().

JIEMMA 2.4.5. IIycmov G — koneunas epynna, () — cunosckas 2-nodepynna 2pynnv G u x —
anemenm newémnozo nopadka u3 Ng(Q). Ilpednonosicum, wmo cyuecmeyom maxue HOPMAALHBLE
nodepynno, G, ..., Gy epynnoe G, wmo G1N...NGyNQ < Z(Ng(Q)) u = yenmpaausyem @ no
modyaro G; das ecex i.

Tozda x yenmpanusyem Q. B wacmuocmu, ecau G |G, ydosaemeopaem ycaosuro (ESyl2) das
scex i, mo G ydosaemsopsaem ycaosuto (ESyl2).

Jlokasamenvecmso. Pacemorpum HOpMasbHbIl psifi Q > Q1 > ... B> Q > Qpy1 = {e}, tne Q; =
QN (G N...NG;). YenoBus JleMMbl BIEKYT, 9TO T TEHTPAJN3yeT Kaxkapiii dakrop (Q;_1/Q;.
[ToCKOIBKY  — 3JIeMEHT HeYETHOrO IIOPSAJIKA, STO BJIEYET, 4TO & HeHTpaIu3yeT (). O

JIEMMA 2.4.6. [Tycmo H — makas nodepynna koneunot epynno. G, wmo |G : H| = 2!, H ydo-
saemesopsaem yeaosuro (ESyl2), u awboi anemenm newémmnozo nopadka epynno G aescum ¢ H
(amo ycaosue, 04e8UIHO, IKBUBAACHMHO cYOHOPMasvrocmu nodzpynnv H ). Tozda G ydosaemeo-
paem ycaosuto (ESyl2).

Zoxaszamenavemeso. Ilycts () — Takas cuaoBcKas 2-noarpymnna rpymunbl G, aro QN H — cuyioBckast
2-moarpymma rpymmsl H. Pacemorpum astement © € Ng(Q) meuérnoro nopsiika. [lockonrbky = €
H,10x € Ng(Q) < Ng(QNH) = (N H) x ONg(QNH)), ez € OWNg(QnNH)).
Takum 06pa3zoM, MHOKECTBO 37I€MEHTOB HedéTHOro nopsaka u3 Ng((Q)) obpasyer noarpyumny R =
O(Ny(Q N H)) N Ng(Q) rpynnst Ng(Q). fcno, aro R mopmanbaa B Ng(Q), crenoBaresbHo,
R = O(Ng(Q)). C apyroii ctoponsi, () Hopmasibha B Ng(Q) no onpegesenuio u QQ N R = {e},
oryna Na(Q) = Q x O(Ne(Q). 0

I/ICHOJIBSyH Pe3yJIbTaThI ,ZLaHHOIU/I rJIaBbl, Mbl YTOYHHUM OIIpeJejieHne MUHUMAJIbHOTO KOHTPIIPU-
Mepa.

Onpenenenune 2.4.7. Koneunas nmoutu npocras rpynmna A Ha3bIBAETCS MUHUMAAOHLLM KOHMP-
NPUMEPOM, €CJIN OHA COMAEPIKUT HECONMPSIKEHHBIE KAPTEPOBHI MOJATPYIIBI, HO B JIFOOOM TTOYTH TTPO-
CTOi TPYIIIIe MOPSIKA MEHBIIEro, YeM |A|, IpocToil IOKOIb KOTOPO# SIBJISIeTCs] H3BECTHOMH MPOCTOi
TPYIIOH, KAPTEPOBBI MOATPYIIBI COMPAKEHBI.



I'naBa 3. ConpsizKEHHOCTb B KOHEUYHbIX
IPOCTBHIX I'PyHIIax

§1 Kparkuii 0630p pe3yIbTaTOB IJIaBbI

HanomunM, 9To BB JeMMbl 2.4.2 HUKAKOH 3JIEMEHT W3 IIeHTPa KapTepOBOH MOArPYIILI He
MOZKeT ObITh COMPSIZKEH CO CBOEil HETPUBUAJBHOI CTEeHbIO (€CIH €ro MEeHTPATH3ATOD YI0BIETBO-
psier (C)). Takum 06pa3oM, ecid Mbl CyMeeM JIOKA3aTh, YTO JIOOOH 3JIEMEHT MPOCTOrO MOpPsiIKa
r rpymnbl G CONPSAXKEH €O CBOEH HEeTPHBHANBLHON CTEICHLIO ¥ MPH 3TOM €r0 HEeHTPATH3ATOP YI0-
BaerBopsier (C), TO MOKHO yTBEDKAATH, YTO HOPSIO0K KAPTEPOBOH MOArPYIIbl (eC/M OHA CyTie-
CTBYyeT) He JeJUTCS Ha T

B namnoii riase Mbl mosyduM THGOPMAIHMIO O COIPAKEHHOCTH 3JIEMEHTOB IIPOCTOTO MOPSIKA,
B KOHEYHBIX IIPOCTHIX IPYIIAX U, HCHOIL3Ys €€, MOJy4YNM OIMCAHIE KAPTEPOBLIX MOAIPYIII B IIH-
POKOM KJIACCE TOYTH TMPOCTHIX Ipymir. Ha camMom Jiesie, B IPOCTBIX IPyNax, OTIAIHBIX 0T AS ()
(¢ = 4), KApTEPOBBI MOArPYIIBI JOJKHBI ObITH 2-IpylIamMu, Kak OyjeT $ICHO U3 JaibHEeHIero
U3JI0KeHns. Pe3yabraThl MOKHO C(POPMYJIUPOBATL B BHJE CIIMCKA MOYTH IIPOCTHIX Tpynn A, Ko-
TOpBIE HE MOI'YT ObITh MUHUMATBHBIM KOHTPIPUMEPOM (cM. Teopemy 3.3.5). JlaHHbIi cuCOK mpu-
Benén B Tabsmne 3.1.1, rie Field(S) o6osHauaeT rpymiy, mopoKIEHHYO MOJEBBIMU U BHYTDEHHE-
JUArOHAIBLHBIMH ABTOMOP(MH3MAMH KOHEYHO IPOCTOI IPYHIBI JIHeBa THHA, S.

Tabaumna 3.1.1. Koneunble IpocThie I'PYIIILI, HEe ABISIONUAECS MUHAMAIbHBIM KOHTPIPUMEPOM.

Soc(A)=G YenoBug g A

SHaKOHepeMeHHbIe, CIIOpA T IeCKIE;
Ai(ph), Be(ph), Co(p'), t aérro ecu p = 3;

2B (22n+1) GQ( ) ( t) 2F (22n+1)
E:(p"), p # 3; Es(p'), p # 3,5 HUKAKHX

3D4(p3t), D%(pt), 2D2e(]92t);
t 4€THO ecJid p = 3 B MOCAEJIHUX 2 CaAydadX H,

ecan G = Dy(ph), |(Field(G) N A) : (G N A)|y > 1

By(3Y), Cy(3), Doy(3), 3D4(33t) 2Dogy(3%),
Daga(r'), *Daera (r?), 2Go(3%"*1), A=G
Es(p"), *Es(p™), Ex(3"), Es(3"), Es(5")

B gactrocTH, rpymnmna A He MOXKeT OBITh IPOCTOM, 38 UCKIIOYEHHEM, BOSMOXKHO, CJIyYaeB, KO

A= Aj(g).
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§2 IIpeaBapurenabHbIe PE3yIbTaThI

JIEMMA 3.2.1. ITycmo G — npocmas c6A3HAA AUNETINGA GA2E0PAUNECKAA 2PYNNG HAO NOAEM
Tapaxmepucmury p, t — sanemenm nopadka r epynnv G, ne deaswezoca na p. Tozda Cx(t)/Cx(t)°
asasemca 7(r)-epynnod.

Jorazamenvcmeo. TlockombKy p ue meaut r, 1o t noaynpoct. [o msemme 1.5.1, Cx(¢)? ectnb cBas-
Hasl PeYKTHBHAS MOAIPYIINA MAKCUMAILHOIO PAHTa Ipyibl G 1 JiI060# P-3/1€MEeHT IPYIIIbl Cx(t)
conepxurcss B C(t)?. TIpeanosoxkum, 9To HEKOTOPOE MPOCToe YuCao § & m(r) JAeauT mopsgok
|C=()/(Cxz(t)°)|. Torna s # p u Cx(t) conep:Kut Takoii neMent x nopsaxa s, uro z ¢ Cx(t)°.
I10CKOIBKY Z,t KOMMYTHPYIOT, MBI IM€€eM, 9TO & -t — MOJIYyIpPOCTOi v1ement rpyuusl G. Corenosa-
TeJIbHO, CYTIIeCTBYET MaKCUMAJIbHBI I TOD T TPYIITBI G, cogepmaumn x-t. Torma (zt)" = 2" € T. Io-
cKoMbKY (s,7) = 1, cymectsyer Takoe m, ato rm = 1 (mod s*), Takum obpaszom, (z")" =x € T.
Tak xax at,z € T, o t € T, nosromy T < Cz(t)°, smaunt, v € Cx(t)°; nporusopeune. ]

JIEMMA 3.2.2. ITycmv s € G — maxoti noaynpocmoti snemenm nopadxa r, wmo (r, A(G)) = 1.
Tozda Cq(s) ceasen. B wacmmnocmu, omeioda c./Ledyem wmo das 4106020 asmomopghusma Ppobe-
nuyca o epynnon G, dea noaynpocmuir saemenma s, s € G, conpasicenv, 6 G, 6 MOM U MOAVKO 6
mom cayuae, ecau onu conpasicens 6 G.

Joxazameavemeo. Crenyer u3 u jgemm 1.5.2 u 3.2.1. ]

Crenyiomas JeMMa UIpaeT BaxkKHYIO POJib, TAK KaK MOKA3bIBAET, YTO MOJYIPOCTOH SJI€MEHT
HEYETHOIO MPOCTOrO MOPSIAKA, KaK IMPABUIO CONPAKEH, CO CBOUM OOPATHBIM.

' = — . .

JIEMMA 3.2.3. Ilyemv G = O" (G,), G umeem npucoedunérunvlil mun u KOpHESas CUCTEMA
epynno, G umeem mun omavunod om Ag (0 > 1), Dagyq, Eg. Toeda awboti nosynpocmoti snemenm
HEYEMHO020 NOPAdKa S € G CONPANHCEH cO C80UM 00PAMHBIM HEKOMOPBIM 24emeHmom u3 G.

Aoxasamenvcmeo. CymecTByeT o-HHBAPUAHTHBI MaKCUMAJbHBIN TOp T rpymnst G, 11t KOTOPO-
ro s € T. Top T nopoxaén MuoxectBoM {ha(A) | @ € &\ € F, o} 1 daxroprpymna Ng(T)/T
uzomopdua rpyume Beitis W rpynmst G. Ecan w € W u n,, — 1poobpas s1eMeHTa W OTHOCH-
TeabHo ecrectsennoro romMomopbuzya Ng(T) — W, 10 ho(A)™ = hae()). Hamee mycts wy —
eJIMHCTBEHHAS MHBOJIIOIMs rpy1ibl W, takas aro wo(P1) = &~ u nycrs ng — npoobpas sjiemenra

wo. Tockonbky Mbl npeanonaraem ® # Ay (0 > 1), Doprq u Eg, Mbl uMeeM o"° = —q JiJIsl BCex
a € @, snauut, ho(N\)™ = h_o(A) = ho(N) 7L Baxmouaem, uro s™ = s~ 1. e. uTo s coups-
xkeéH ¢ 571 B G. Takum 06pa3oM, o IpeabLIyIIei JemMe, s 1 s conpazxkensl B G,. Hakonern, n3

pasencTBa G, = T,G, MBI JesaeM BBIBOJ, 9TO s U S| conpsazKensl B (. ]

JIEMMA 3.2.4. ITycmo C — c6asnan pedysmuenas nodepynna MakcuMaibrozo panea 2pynno G.
Obosnawum wepes W u Wx epynno Betina epynn G u C coomseememeenno, wepes VVL nodepynny

epynnvt W, noposcoEHHYy0 ompasrcenuamy 6 KOPHAL, OPMO20HAALHBIT KOPHAM U3 CID(C) U uepes
Az duazpammy dwrxuna epynno C. Tozda:

(a) Nw(Wg)/(Wg x W) =~ Autw (Ag);
(6) Ng(C)/C ~ Nw(Wg)/We.

IMycmoy G = OY (G,) aubo pacueniénnasn, aubo cosnadaem c epynnamu > Ag(p?), 2Dagyr (p?),
uau *Eg(p*'). Ecau s € G — makoti noaynpocmoti aaemenm, wmo Cx(s) ceasen u Ng(Cg(s)) >

Ca(s), mo Ng(Ca(s)) > Ca(s).
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Jlokasamenvemso. Tlyukr (a) npusenén B [13, npenioxkenue 4|. lns nokasarenscrsa (6), mpes-
NOMOKUM, 9TO 1 — MaKCHMaJbHbIil Top rpymmsl G, copepxamuiica B C, TaK 9TO MBI MOZKEM
npeanonarath W = Ng(T) /T u W = Ng(T)/T. Bee Maxcnmababie TOpb rpytibl C' cOnpsizke-
mer B O, mockonbky C ceasna. OTciona Jerko ciaenyer, uto Nz(C) = CN N (T) (C). Bomee Toro,

B [13, npeanoxenne 5| pokasano, aro Ny (C)=N N1 (Ne(T T)). CaemoBaTenbo,
Nz(C)  CNy_y(Na(T))  N_ovo@) Ny (We)

CASPAN. At ~ ¢ ~ . 3.1
C C N&(T) We (3.1

Janee, nycts G = OP (G,) ymoBieTsopsaeT yciosuaM jgemmbl, n mojoxnm O = Cg(s). Ba-
numeM 0 = T, e T — rpadoBblil aBToMopdu3M rpynnsl G, WHIYIEPOBAHHBIH CHMMeTpHel p
amarpaMMbl JIpIHKHHEA KopHeBoil cucteMbl ® = ®(G) u ¢ — nozesoit aproMopdusm. OGo3HATMM
TAKZKe Yepe3 T M30METPHIO, 1IPOJIOJIZKAIONLYIO p Ha eBKJIH/I0BO IPocTpancTso R @z Z®. Ecau T —
o- I/IHBapI/IaHTHbII/I MAKCHMATBHBIH PacTIen éHnbiil Top rpynms G, 1o mis moboro € Ng(Th) /Ty,
Mbr umeem 17 = "z (pacemarpubas Ng(T1)/T) = W) kax rpymniy msomeTpuii TPOCTPaHCTBA
R ®z Z®P). Takum o6pa30M, ecau G paciieniénuas, T. €. p = 7 = €, TO 0 JefCTByeT TPUBUAJIBLHO
na Wi. Eciin G gBisiercst CKpydeHHO#, cienoBatenbio, Tuma Ay, Dop 1 win Eg, MOXKHO MOKa3aTh
HenocpecTenno, uro —7 € Wi, Takum o6pa3om, Mbl MOKEM <CKPYTUTL» TOp 1] 3/1eMeHTOM —T,
nosyuns o-nasapuantabiii Top (T1)_,. U3 pasencrsa (1.2):

(Ni((Tl)—T)))U ~ _ Tl -1 _ —
(CETl)—T))U ~ Cwo(—7)={z e Wy |Tx(—7)z" = -1} = W.

Mycts {X, | @ € ®} — muowectso Ti-kopHesbix moarpynm u mogoxum O = (11, X, |
a € ®(C)). Iockoabky ®(C) aBasgerca o-MHBAPHAHTHOM, oTcioa ciaeiayer, 4o C) Takwxe o-
wHBapHanTHa. Bosee Toro, mockombky 7(®(C)) = ®(C), Mbl nomydaem, 410 —7 € NWl(Wol)
U3 [13, mpesnoxenns 1 u 2|, cieayer, aro cymectsyer noarpynma (C)_,, momyuennasg us C
CprqHBaHI/IeM snementom —7. C TOYHOCTBIO 70 compsazenus B (G MOXKHO TPeIIONAraTh, UTO
(Tl) < (C1)_r. Onpegemmm Ty = Ty u Cy = C; ecm G pacmennénasa, u Ty = (T1)_,

Cy = (C’l)_T ecan G CKpy4deHa.

[ockombky ®(C) = ®(Cy), cymectsyer Takoit g € G, aro 9Cy = C n 9Ty = T. Crenona-
TembHo, 1 = g lo(g) € Ng(Co) N Ng(Ty). Bnauut, 06pas w snementa 1w 8 Wy = Ng(To) /T
npunagyieskut Ny, (We,).

Us G, = T,G cnenyer (Ng(C)), = Ng_(C) = T,Ng(C). 3naunT, Mbl 3aBeplInM 10Ka3aTe b

(Ng(@)s _ ToNg(C) ~, Na(C)

€ _
CTBO, eCJTH CMOZKEM TOKA3ATh, 4TO CJIEJLyIoIas IPYIa HeTPUBHANIbHA ~—F—> = 7250 &~ 7o,
Ng(Ca(s))

Ca(s)
Ucnonssys pasencrso (3.1) MBI mostydaeM, 910

(N&(C)s (Ny_y(N&(T))/T)s N Ny (Ne(T))/T 0 (Ng(T)/T),

KOTOpad ABJIAETCH MOATPYIIONH TPYIIIBI

¢, — (Na(D)/T);,  Ng(D)/TN(Ng(T)/T),
Buny Hamero Bsi6opa Topa T Mbl HMeeM N%(ZO) = <N5?(OT°) ) , T. €. 0 JefCTBYeT TPUBHAILHO Ha
KOHETHOIl Tpymme % Hanee, ectn w € W, , o [13, npeaoxenne 1] MoxHO TIpenonaraTh

w=e, T =T, C=Cy. Crenosarensno, N5(T)/T = (Ng(T)/T),, 3uauur,

(Nz(©)s _ Nw(Wg) o Ne(C)

c, W C
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KOTOpas HeTpUBHAIbLHA 10 Ipeanoaozxkenuio. Haxonen, npeamnonoxum, uto w & W, T. e. ) =

g 'o(g9) & Co. Crenosatenso, 9w = o(g)g™t & C, 7. e. 9T & Ng(T)/T. C apyroit cTOPOHHI,

9 € Ng(C) N Ng(T). Bosee Toro, mockomibKy o feiictsyer Tpusnaibio za Ng(To)/To, Mbl 10-

ayuaem, uro o(wTo) = T, r. e. o(g) 'go(g) " 02(g9) = to € Ty. Buaunur, 9ty =t € T u 799 't =

(%) Lo (%) € T. Orcrona caemyet, aro o(9wT) = 9T . 3raunt, ecin w & Wi, , MBI 3aKTI09aEM,

Ny ) (Jjé(z“))/Tﬂ(iVaiT)/T)a =
No () /TN (N (D) T)s

qyro w1 oTobpazkaeTcsd Ha HETPUBUAJIBHBINA 3JI€MEHT I'PYIIILI

Ocrarok nanroro naparpada OyaeT MOCBAMEH N3y YeHUIO YHUITOTEHTHBIX 3JIEMEHTOB B IPYIIIAX
JMeBa THUIIA.

JIEMMA 3.2.5. Ilycmv G = O (G,) — wonewnas epynna auesa muna ¢ 6asosvim nosem GE(p'),
npuwém p wewémmo. Eeau p = 3, npednososicum, wmo t wémmno. lpednoroosrcum maroice, 4mo
®(G) # Ga, Fy, B, E7,Eg ecaup = 3, u ®(G) # Ey ecau p = 5. Toeda ao60ti yrunomenmwid
anemenm u nopadka p conpasicén e G ¢ nexomopoti cmenenvio ub # u.

Joxaszameavecmeo. 1lpu HaMMX NPEJNONOKEHUAX P SABISETCA XOPOIIUM TPOCTHIM Yucjaom. [1o

nyHKTY () m3 [39, Teopema 1.4|, cymecTByeT Takas 3aMKHyTas o-uHBapuanTHas noarpynna A ()

rpymier G, uro u € Ay (F,). Ouesumno, O ((A,(F,)),) msomopdna mmbo SLo(p'™), mubo

PSLy(p'™), ans nexkoroporo narypasnsuoro m > 0. C rounocrsio 10 conpsizkenns B A;(F,), MozHO

NG
0 1
¢ € GF(p'™). Tlpu Hamux HopejalojoKeHusx cyuecrpyer takoit 1 € GF(p'), uro 1 # n? =

-1
k € GF(p). llycts © — marpuna < g

npeJrojgararb, 9ro u = ) (Wi TPOEKTUBHOMY 00pasy 3TOH MATPHUILHI) JIJIsi HEKOTOPOTO

0

u® = ( (1) kf ) = u* conpsaxens B G. O

JIEMMA 3.2.6. ITycmo u € G = G5(3") — anemenm nopadka 3. Tozda u conpascén ¢ u™' 6 G.

) nin eé mpoekTuBHBIH 00pa3. Torma v € G, n wu,

Jlokasameavcmso. Beuny [25, npemioxkenue 6.4] cymectsyer 9 conpsizKEHHBIX KJIACCOB YHUIIO-
TEHTHBIX 371eMeHTOB B (G. Bee onu npuBeiensl B Tabauie 3.2.7, r1ae «,  0603HaYa0T COOTBETCTBEH-
HO KOPOTKW U JIMHHBIH (dyHIaMeHTaIbHbIe KOPHU KOPHEBO# cucrembl (o, ( — TaKOi 3j1€MEHT
nosist GF(3), uro muorounen x® — x + ¢ menpusopum B GF(3")[x] u n — neksaupar B GF(3').
Mockombky |z1] = 9 m 9, o3 conpsxens ¢ o1 B Go(Fs), HAM Hy»KHO TPOBEPHTH JIHIITH, UTO

2(or,8)
T4, T5, Tg, T7, Tg CONMPSZKEHbI cO cBoMME obpaTHbME. Ucnonssys dopmyiy zs(u)® = x4(t @ y)

Jutst J00bIX o, 3 €  (em. [11, npeamoxkenne 6.4.1]), Mbr osrygaem: :pga(_l) = x5!, :pgﬁ(_l) =23,

2 =t w2l = 20 Hakonen, [C(27)| # |Cre ()| a1st Beex i # T: Takum obpason, 27

TaKzKe COIPSZKEH CO CBOMM OOPATHDBIM. O

Tabmmna 3.2.7. Kitacchl yHUTIOTEHTHBIX 3JaeMeHTOB B Ga(q), q = 3.

IIPEJICTABUTEND T |Ck ()]

o =1, ¢°(¢* = 1)(¢* = 1),
11 = z4(1)z5(1), 3q¢°,

To = xa(l)xﬂ(l)xi’)a-‘rﬁ(C)v 3(]27

xr3 = xa(l)xﬁ(1)$3a+ﬁ(_C)a 3q2,

T4 = Ta+p(1)230+5(1), 2q*,

5 = Tatp(1)T3015(n), 2q*,

Te = I2a+ﬁ(1>’ q6(q2 - 1)7

T7 = T2a+4(1)T30+24(1), q°,

Ty = T3a425(1), ¢°(¢* - 1).
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JIEMMA 3.2.8. Ilycmv u € G = Fy(3") — anemenm nopadra 3. Tozda u conpascén c u™' 6 G.

Jlokasamenvemso. Beuny |38, Tabnuna 6], cymecrByer 28 KIacCOB CONPSZKEHHOCTH YHUIIOTEHT-
HBIX 3JeMeHTOB rpynnnsl G. Bee onu nmpusesiens B Tabuuie 3.2.9. HamomauMm, 410 B 4eThIpéxXMep-
HOM €BKJIHJOBOM MPOCTPAHCTBE ¢ OPTOHOPMUPOBAHHBIM 0A3UCOM £1, €9, €3, £4, BCE KOPHU KOPHEBOM
cucremsl Fy MoxKHO 3anmucars B Buge {+e;+¢e;, £¢;, %(:l:é“l +eoteztey)}. B rabuune 3.2.9 cumBosibt
+it+j, i, n £1+2+34+4 obo3nauaior kopun *e;+¢;, +e;, n %(igl +eyte3£ey) COOTBETCTBEHHO,
n — dukcupoBanublii HekBajapar noss GF(3"), £ — raxoii pukcuposanubiii saement noss GF(3%),
aro x? + x4+ 1 — HenpuBoguMbIi MHOTOWIeH B GF(3')[z], ¢ — Takoil hbUKCMpPOBAHHBIH SJEeMEHT
nons GF(3'), uro x® —z+( — menpusomumbiii Muorowien 8 GF(3!)[x]. Vicnonnsys [38, Tabrumna 7|
JIETKO TIPOBEPHUTh, 9TO |To| = |x19| > 3, |z;| > 3 anst Beex i > 12. [eiicrBurensno, BBuy |38, Tad-
Juna 7|, MBI HMeeM, 4TO 3JeMeHTHl Tg U T1o conpszkennl B Fy(F3). Onm TakxKe compszKenbl c
JIEMEHTOM ¢7 = Xy, (1), (1)2,, (1), Tae KOpHE 71,79 ¥ T3 ABAAIOTCS (DYHIAMEHTATLHBIMH KOPHSI-
MH B KopHeBoii cucteme Aj. Ho odesunmo, arto |c7| > 3. Bo Bcex caydvasx, korga |z;| > 3, Mol
JeffcTByeM 110 TOii ke cxeMe. B oCTaJbHBIX ciIydasx Jierko npoBeputs, uto |Cx(z;)| # |Ck(x;)]
upu i # j. Suauur, eciu |x;| =3, 101 =1,2,3,4,5,6,7,8, 11, u x; coupsizkén co cBOUM 0OPATHBIM
B (. O

Tabauna 3.2.9. Kiiacchl yHUTIOTEHTHBIX 3J€MeHTOB B Fy(q), ¢ = 3.

IpeJICTABUTED T |Ck ()]

rg=1 | K|

x1 = T149(1) ¢*(¢* = D(g" = 1)(¢° = 1)
T = 21_9(1)z142(—1) 2¢°'(¢* = 1)(¢® = )(¢" = 1)
T3 = $1_2(1)$1+2(_77) 2q21<q2 - 1)((]3 + 1)(q4 - 1)
24 = 22(1)23:4(1) (> — 1)

x5 = xa—3(1)z4(1)2243(1) 2¢"(¢* = 1)(¢° — 1)

z6 = To-3(1)74(1)z243(n) 2¢"(¢* = 1)(¢* + 1)

r7 = 2(1)T1-94344(1) q14(q2 1)(q6 —1)

rs = xa—3(1)xa(1)a1-2(1) q16(q2 1)

Tg = To—g(1)w3-4(1)T344(—1) 2¢"(¢* — 1)°

r10 = To—3(1)w3_4(1)T344(—1) 2¢"%(q" — 1)

r11 = Tot3(1)@142-3-4(1)T1-24344(1) q"“(¢* = 1)

T1g = To—g(1)wa(1)z1-4(1) 2q12(q2 1)

T13 = Ta—3(1)wa(1)21-4(n) 2‘112(‘12 1)

T14 — I2_4(1)$3+4(1>ZE1_2(—].)]31_3(—1) 24(]12

215 = To—a(1)@gra(l)@1_o(—n)21-3(—1) 86112

T16 = To—a(1)@opa(—n)T1—24314(1)z1-3(—1) 4q"

T17 = To—a(1)@s3a(1)x1_0-314(1)T1-2(—1)21-3(§) 4q"

T1s = 2(1)z344(1)21-243-4(1)21-2(—1)21-53(C) 3¢
T1922—3(1)x3_4(1)24(1) (> —1)

T = T2(1)@34a(1)T1-9-3-4(1) qg(qz -1)

To1 = To-4(1)23(1)To4a(1)21-9-314(1) 2¢°

Toy = To-4(1)3(1)To44(1n)T12-314(1) 2¢°

T3 = o 3(1)w3_4(1)xy(1)xy_o(1) 2q°

Tog = $2—3(1)I3—4(1)I4(1)$1—2(7]) 2q6

To5 = $2—3(1)I3—4(1)$4(1)$1—2—3—4(1) 3q4

Tog = Ta—3(1)ws_s(1)@a(1)21_0-3-4(1)21-243+4(C) 3q*

To7 = To_g(1)as_a(1)2s(1)21_9_3-4(1)z1_24314(—C) || 3¢*
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JIEMMA 3.2.10. IIycmv uw € G — aaemenm nopadka 3, 2de G = Eg(3') uau G = ?Eg(3%*) —
Karonuueckas npocmas epynna auesa muna. Toeda u conpsoicén ¢ u™t 6 G.

Joxazamenvcmeo. Ilyers G u o takosw, uto G = O (G). IlockoIbKY XapaKTepHCTHKA PaBHA
3, MBI morydaeM, uT0 Z(Gy.) = 1. BHAUUT, MOXKHO TIpenonarars, 4to G = G, ABIdeTcs yHH-
Bepcasbioit. Takum obpasom, G opnocsasaa u G = G,. Undopmamus us |35, semmbr 4.2, 4.3,
4.4, u Teopema 4.13] 0 conpsizKEHHBIX KJIaccaX yHHUIIOTEHTHBIX 3JIeMEHTOB rpyinbl G cobpaHa B
tabauie 3.2.11. B Tabsume 3.2.11 KopeHb aqry + qore + aigrg + aury + asrs + agrg, T1€ KOPHU
T1,72,73,T4, 75, ¢ 00PA3YIOT PYHIAMEHTAJBHYIO CUCTEMY KODHEBOH cucTeMbl Fjg, 3aMeHseTca Ha
MIECTEPKY (] (o (300450 CBOUX KO DUIIUEHTOB.

Tabaunoa 3.2.11. YHHIIOTEHTHBIE KJIACCHI B EG(F),).

IPEJICTABUTEND T C = Cg(z)
|C: CY
T1 = Z10000(1) 1
T2 = 2100000(1)Z001000(1) 2
3 = Z100000(1)Z000100(1) 1
T4 = 100000 (1)Z001000(1)Zooo100(1) 1
5 = 2100000(1)Z001000(1)Zo00010(1) 1
26 = 2100000(1)Z000100(1)Z000001(1) 1
7 = 2100000(1)Z001000(1)Z000100(1)Z000010(1) 1
Tg = 35100000(1)35001000(1)$000100(1)9€000001(1) 1
Tg = 13100000(1) 001000(1) 000010(1> 000001(1) 1
10 = Z100000(1)Z001000(1)Z010000(1)Z000010(1) 1
211 = 100000(1)Z001000(1)Z000100 (1) Zo10000 (1) Zooo001 (1) 1
T12 = 100000 (1) 001000 (1) Z000010 (1) Zoo0001 (1) Zo10000(1) 1
T13 = 96’100000(1)95001000(1)1’000100(1)1’000010(1)1’000001(1) 1
T4 = xowooo(1)%01000(1)55000100(1)55000010(1) 1
T15 = xowooo(l)xoomoo(1)%00100(1)%10110(1) 6
T16 = 000001 (1) 000010 (1) Z001000 (1) Zo10000(1) 1
T17 = T010000(1)Z001000 (1) Zoo0010(1)Z101100(1) 1
T8 = 96’000010( )96’000100(1)1’001000(1)$100000(1)$000001(1)$111111(1) 2
T19 = 37010000( )56000100(1)56000010(1)37000001(1)$101000(1)$001110(1) 1
Too = 1’100000(1)%10000(1)%01000(1)%00100(1)%00010(1)%00001(1) 3
Bamernm, 910 ecau N = 3 W ri,Try,...,T, — QyHIAMEHTaJIbHbIE KOPHU KOPHEBOI CHCTEMBI

tuna A, 1o |z, (1)x,,(1). ..z, (1) > 3. Ucnoas3ys srot dakt, noaydaem, 910 |z4| > 3, |z7] > 3,

lzg| > 3, || > 3, toe @ > 10, i 7é 12,16. Takum o6pa3oMm, HaM HYKHO PACCMOTPETH JIHIIb

ocrasIuecs caydan. Mbl nmeeM, 9TO T firs (2 y = 27", rae A — xopenb u3 —1 B Fy. JIyst smo6oro z € G,

o6osnaunm wepes Ccl(z) ero knace compsxénnoctn B G. Tlockombky Cx(r;) = Cx(r1)?, u3 [31,
Teopema 8.5| cieayer, aro st 06010 orpazkerust Ppodbernyca o u s aroboro x € Cel(zy) NG,
9JIEMEHTB T M o' CONpszKeHbl oTHOCHTENbHO G, 3radnt, ecan x € Ccl(zy) N G, To = conpsaxen
CO CBOHUM OOPATHBIM.

Jljtst OCTaIbHBIX 9JEMEHTOB T; MOPsiJKa 3, HpU 1 # 2, Mbl JIeCTByeM TakuM Ke 00pas3oM.
Ocraercsi pacCcMOTPeTh JIMIIb 3JeMeHT To. Beumy [31, reopema 8.5] misa awo6oro orobparkenus
®pobernyca o pemomnneno, Ccl(zy) N Gy COCTONT M3 IBYX KJAACCOB COMPAKEHHOCTH TPYTIH G =
G, Ilpemnonoxum, ato G = Eg(3!). Toraa us [35, memvbr 4.2 m 4.4] ciaepyer, 4To ecam x €
Ccl(z2)NG, To = conpsizkén B G 1160 ¢ 3eMEeHTOM Y1 = T100000( 1) Z001000(1), OO ¢ 3716MEHTOM Yo =
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Ilgoogo(1>I001000(1>I000001(1>$122321 (77)7 Tae 17 — HEeKBaJApaT B GF(Bt) Uz [357 JeMMa 42] IIoJay4daeM,
aro |Calyr)| = 2¢*(¢* — 1)%(¢® — 1)%, u3 |35, semma 4.4] noayuaem, uro |Cao(yz)| = 2y%%(¢* —
1)(¢° = 1). Tna ¢ = 1,2, nycrs Celg(y;) — xaace conpsizkénnoctu sjiementa y; B G. TIocKoabKy
|Ca(y1)] # |Ca(y2)| MBI TTOIyaaeM, 94T0 y; COUPSAKEH CO CBOMM OOPATHBIM OTHOCHTENBHO G st
i = 1,2. Buaunr, eciu x € Celg(yy), wmm x € Celg(yz), T0 & conpsizkér co cBouMm o0paTHbIM B G.
[Ipennonoxum tenepb, ato G = ?E4(3%*) u obozmaunm Fg(3%*) wepes Gy. Torna G = (Gy), ana
HeKoTOpOro apromopdusma 7 rpymunbl (. CymecrByer takoe orobpazkenue Ppodbenuyca o, 4T0
G1 = G,, G =Gy (em. 29, (7-2)]). Tyers Ccly m Cely — aBa Kaacca conpszk@HHOCTH TPYITH G,
conepskanuecst B Ccl(xg) N Gy. Mui jokazanu, uro moboit © € Cel;, i = 1,2, conpsikén ¢ 271 B
G1. ockonbky Cel(xg) NG cocTOUT U3 ABYX KJIACCOB COMPSZKEHHOCTH TPYIIbL (G, MBI HOJIYy9aeM,
aro Ccly NG cocrout u3 oxnoro kiacca conpsizkéanoctu u Ccly N G cocTouT M3 0JHOrO KJjacca

conpsizkénnoctu. 3uaunt, j1060it © € Ccl; NG, i = 1,2 conupsikén co ceoum obparubim B G. ]

JIEMMA 3.2.12. ITycmo O (G,) < G < G, — wonewnas npucoedunénnas 2pynna AUeea muna
Had nosem Heuémuoti Tapaxmepucmury p u kopuesas cucmema ® 2pynno. G — odua us caedyro-
wuz: A, (n > 2), D, (n>4), B, (n>3), Gy, Fy, Es, E7 uau Eg; u G % 2Go(3*" ). ITycmo
U — makcumarvhas yrunomenwmuas nodepynna 2pynnv, G, H — nodepynna Kapmana epynnoi
G, nopmasusyrowan U, u Q) — cunosckasn 2-nodzepynna epynne, H. Tozda Cy(Q) = {e}.

Jowazamenvcmeo. OUeBUIHO, JOCTATOYHO J0Ka3aTh Jemmy 1id ciyaas G = OP (G,) = O (G),
T. €. MOXKHO CYHTATh, 9TO (G ABJIAETCS KAHOHUICCKON MPUCOETUHEHHON IPYIIION JTHeBa THIIA.

[TpeamonoxkumM cHavana, aro rpymnna G pacmieriénnast. [peanonoxnm, aro Cy(Q) # {e}
uu € Cy(Q)\ {e}. Paccmorpum paznoxenne (1.1) amementa u = [],.co+ r(t,), rae t, — 3i1e-
MeHTHI U3 mosis onpeneyaenuss GF(q) rpynmnsl G. Beuay [11, Teopema 5.3.3(ii)| s10 pasnoxkenune
ejuncrBeHHo. [lockosibky st Jjioboro h(x) € H, r € &, t € GF(q) cupasemiua hopmy.ia
h(x)z.(t)h(x)™t = z.(x(r)t) (em. [11, crp. 100]), TO MBI mOIyYdaeM, 9TO KazKAblii MHOMKHTE/Ib
z,(t,) B paznoxkennu (1.1) smementa u aexut B Cy(Q). [losromy moxuO cuntarh, 9to u = 2, (1)
Jytst HeRoTopbixX 7 € O ut € GF(q)*. B namux orpanudenusx va ¢, B cuty semmbl Xaprau-Ilyra
1.5.5, cymecrsyer h(x) € H Takoit, aro x(r) = —1. ITockombky h(x)? = h(x?) (em. [11, cTp. 98]),
10 Mbl uMeeM, u4To X2 (r) = 1, 1. e. [h(x)?| < |h(x)|. Snauur, nopsuok |h(x)| uéren u MoxkHO 3amu-
catb h(x) = ha - hy = h(x1) - h(x2) — pazmoxemnne snementa h(x) B BEAe IPOU3BEICHUS €T0 2- U
2'- qacreit. damee, x(r) = x1(r) - x2(r), caegoBarensno, x1(r) = —1 u x2(r) = 1. Takum o6pazom,
h(x1)z-(t)h(x1) ™! = z,.(—t) # z,.(t). Tax kax h(x1) € @, HOIYIEHHOE HEPABEHCTBO IPOTUBOPEYAT
BBIOODY 7, (1) € Cy(Q).

Ipenmonoxnm, uto G ~ 2A,(¢?), G ~ 2D, (¢?) nmm G ~ 2E4(¢?), Torna ®(G) pasna A, D,
n Fg coorBercTBerno. O6o3HaUUM 4epe3 7 oOpa3 KOpHs 7 KOPHEBOM cucTeMbl ® OTHOCHTEIHLHO
COOTBeTCTBYIOMeH civMMeTpui. B Tepmumax u3 [11], kopresas cuctema ®(G) mpeacTaBnva B BUIE
oObenHeHns KJacCoB dkBuBaeHTHOCTH W;, npuaém Kaxkapii u3 V; nmeer Tum jmubo Aq, aubdo
Ay x Ay, mabo Ay. Beuny [11, npemyoxenne 13.6.1|, cnpasemauso pasencrso U = [[, Xy,, rue

X, = {z,(t) [t € GF(q)},
ecim V; = {r} umeer tun A; (upu srom r = 7);
X, = (o ()17 | t € GF(¢)),
ecn W; = {r,7} umeer Tun A; x A, (mpustom r Zrur+7 & ®(Q));

Xy, = {2, ()2t 2,5 (u) | t € GF(q*), u+ u? = —N, ;#t},
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eciu W; = {r,7,r + 7} numeer Tun A, (upu arom r # 7 u r + 7 € ®(G)). Hanee, ecu h(x) —
9JieMeHT U3 rpynibl H, T0 cupaBenuBbl ciaepyomue paserctsa (cm. |11, crp. 263|):

h(x)zr(E)h(x) " = 2. (x(r)1),

ecim r =7 u V; = {r} nmeer tun Ay;

h(x)z, ()2 h(x) ™" = 2, (x(r)t)z=(x (F)t7),

ectur 7, 7 +7 ¢ ®(G) n ¥; = {r,7} nmeer Tunm A; x Ay;

h(X): ()2 ()2 (wh(x) ™ = 2 (X ()27 (X (F) )T (X (1 + F)u),

ecur #7,7+7 € O(G) uV; = {r,7,r+ 7} umeer Tun As.

[Iycth u — HerpuBnaabubiii 31eMent u3 Cy(Q). Torma u comepKuUT HETPUBHATBHBIA MHOMKH-
Tesib 13 Xy, AJIs HEKOTOporo i. B cuity eauncrsennocTu pasiozkenns B sue npoussenenns | [ X,
(em. [11, mpemnoxkenue 13.6.1]) MoxHO cumTaTh, 9T0 U € Xy

[Mpennosnoxum, aro ¥ umeer tun Ay, 1. e. u = x,.(t), t € GF(q), r = 7. BBuny jemmbl Xaprim-
Hlyra 1.5.5 as moboro s € GF(q) cymecrsyer h(x) € H Takoit, ato x(r) = s. Bospmem s = —1.
Torna cymecrsyer h(x) € H taxoit, aro x(r) = —1. Iockombky h(x)? = h(x?) (cM. dopmyry
Ha crp. 98 u3 [11]), To Mbr mmeem, ato x3(r) = 1, T. e. |h(x)?| < |h(x)|. 3uaunt, moparok |h(x)|
yéreH u MOXKHO 3anucarb h(y) = ho - hay = h(x1) - h(x2) — pasioxenue 3aeventa h(y) B BUje
npousBejierne ero 2- u 2'- wacreii. Janee, x(r) = xi1(r) - xa2(r), crenoBarenvuo, x1(r) = —1 u
X2(r) = 1. Takum obpazom, h(x1)z,(t)h(x1)™' = z,.(—t) # x.(t). Snaunr, ciyvait u = z,(t) u
U = {r} umeer Tun A; HEBO3ZMOKEH.

[Ipennosoxkum, aro ¥ = {r, 7} umeer tun A; X A;. ITo nemme Xaprau-I1lyra 1.5.5 st iro6oro
s € GF(¢*) cymecrsyer takoit h(x) € H, uaro x(r) = s?. IIoCKOIBKY CYIIECTBYeT Takoil s €

GF(q%), uro s* = —1, To cymecrsyer Takoit h(x) € H, uro x(r) = —1. Kak u paubue h(y)
npencrapuMm B Buzge h(xi) - h(xa) — mpoussemenust cpoux 2- u 2'- gacreii. Torma xi(r) = —1,
CJICJTIOBATEIBLHO

h(xD)a: @)z (t)h(x1) " = 2o (—t)as(—17) # 2, (t)z=(t7).

Takum obpazom, caydait u = x,.(t)x-(t9) u ¥ = {r, 7} umeer Tunr A; X A; HEBO3MOKEH.

[IpeanosoxkuMm, Hakorer, uto W = {r, 7, r + 7} umeer Tun Ay. Ilo memme Xaprau-Ilyra 1.5.5
g moboro s € GF(q?) eymecrsyer h(x) € H Takoit, uto x(r) = s*. Boibepem s = —1, Torma
cymecTByer Takoit h(x) € H, aro x(r) = —1. Buosb h(x) = h(x1) - h(x2) mpeacTaBuM B Bu/Ie
npousBesieHns cpoux 2- u 2'- wacreit u x;(r) # 1. Torna

h(x1)zr () (1)@, (u)h(x1) " =
T (=) 2 (1 () 2 (X2 (7 + 7)) #
(0145 (0)

upu t # 0. Ecoim t = 0, To Bbibepem s Tak, uro s = —1. Torya x1(r + 7) = —1 u, Kaxk u Bbie,
MBI TIOJIy9ae€M HEPABEHCTBO. SHAYUT, ¥ STOT MOCJACIHUA CJaydail HeBO3MOZKEH.

[peanonoxnu, raxoner, ato G ~ 3D,(¢%). B Tepmunax us [11], kopresas cucrema ®(G)
IpeJICTaBUMa B BHJIe O0beJIMHEHUs KJIACCOB dKBUBaaeHTHOCTH W;, Ipu4éMm Kaxkaplil u3 W; umeer
tun aubo Ay, mbo Ay x A; x Aj. Beumy [11, npemnoxkenune 13.6.1], cupaBeiiuBo paBeHCTBO
U =TI Xu,, tue

Xy, = {o:(t) | £ € GF(q)},
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ecu U; = {r} umeer tun A; (upum sToMm r = T);
Xu, = {a(D)ze(t)2:(t7) | € GF(¢)},

eciu W, = {r, 7,7} mmeer Tumr A; x A} x Ay (mpu srom r # 7 ur + 7 € ®(G)). B oboux ciayuasx
o slemme Xapran-ITTyra 1.5.5 cymecrByer Takoit h(y) € H, aro x(r) = —1. Kak u Bbite, MOXKHO
caurarh, 9T0 h(Y) dBasgerca 2-smementoMm, T. e. h(y) € @ u h(x) He TeHTpaiIu3yeT HUKAKOM
HeeIMHUYHBIH 3j1eMenT u3 Xy,, OTKyJa cjlelyeT yTBepKIeHne JIeMMBbl 3.2.12 B 3ToM Iocjennem
cirydae. [

JIEMMA 3.2.13. B obosnauenuax semmo, 3.2.12, ¢ newémmnvim p, nycmo K — makaa xapmeposa
nodepynna epynnv. G, wmo |K| = 2%p°. Toeda a > 0. Boaee mozo, ¢ mounocmvio 00 conpartcenu
0,(K) < Cy(Q). B wacmnocmu, 6 npednoaosicenuar semmo; 3.2.12, K ecmo 2-epynna.

Joxasamenvcmeo. Yenosue a = 0 Baeuér K = U. Ho H nerpuBnabHa, MOCKOABKY p HeIeTHO 1 G
npocta, u Hopmasuzyer U. Takum obpazom, a > 0. lpeanonoxum, uyro b > 0. [To reopeme BopeJisi-
Turca (nemma 1.5.4), K comepzkurcst B coOCTBeHHO# mapaboaudeckoit moarpymmne P rpynmnsl G u
O,(K) < O,(P). llockonbky P = LO,(P), tne L — dakrop Jlesu noarpynust P, u3 semmsr 2.4.1
caenyer, uro KO,(P)/O,(P) = Oy(K) — xapreposa noarpynma rpynnst P/O,(P) = L. Takuum
obpazom, Oy (K) asnsiercs cuytoBekoii 2-noprpynmoii rpynust L. Ho L cogepxur H, ciegoBareib-
HO, MOXKHO Tojararh, uro () < K. Orcioga caenyer, ato O,(K) < Cp(Q). O

JIEMMA 3.2.14. ITycmvs G — ussecmuan Heabeaesa npocmas epynna, He AAA0UWGACA NPOcmoT
epynnoti auesa muna. To2da A1000T snemenm z HewEMHO20 NPOCMO20 NOPATKG CONPANCEH € HEKO-
mopoti cmenenvio 2F # 2.

Hoxasamensvcmeo. Beuay kiiaccuukanum KOHETHBIX TPOCTHIX TPy, (G OO0 SBISAETCS 3HAKOTTE-
peMenHoii, Jimbo cropaudeckoil. Hare yTBepkienne Jerko NpoOBEpUTH HEMOCPEJICTBEHHO B Hep-
BOM CJIy9ae H UCHOJIb3Ysl OMUCAHNE KIACCOB CONPSZKEHHOCTH, JanHoe B [17] Bo Bropom ciyuae. [

§3 IlouTu; mpocThie TPpynnbl, KOTOpPhIe He SIBJISIOTCA MIHI-
MaJIbHBIM KOHTPIPUMEPOM

B namnoMm maparpade A o6o3HaYAET MOUTH MPOCTYIO IPYIIY, KOTOPAd ABALETCS MAHUMAIb-
HBbIM KOHTpIpuMepoM (cMm. onpezesenne 2.4.7). Ecim G — rpyuna jmesa tuna, 1o depes Field(G)
obozravena noArpynmna rpymuinsl Aut(G) TopoxKIEHHAS BHYTPEHHUMHE, THATOHAJBHBIME H [OJEBbI-
Mu aproMopdusMamu. Ecm G — mpoctas TpyTna, KOTopas He sBJIseTcsa IPYNNON JneBa THIA,
TO JUid yHupuKauun obo3nadennii moysokuM G = G. Kpome Toro, g Jjoboro x € G MbI 1oJa-
raeM, 4T0 KOMIO3UIHOHHbIE (hakTopbl neHTpain3aropa Cg(s) sSBISIOTCS U3BECTHBIMA MPOCTBIMH
rpynnamu, u noromy Cg(s) yaosnersopsier (C). Kak mbl 3amedasnu B § 4 riaBsl 2, 970 1PeJII0I0-
JKeHHUe BCerja BhIMOJHEHO. Mbl gesaeM 1moqo0HyI0 OrOBOPKY 3/€Ch, 9TO0BI MOMYEPKHYTh, 9TO BCE
Pe3yabTaThl HE 3aBUCAT OT KJIACCUMUKAINN KOHEUHBIX MTPOCTHIX TPYTIIL.

JIEMMA 3.3.1. Ilpednoaoscum, umo a10007 ssemenm z € G newémnoeo nPocmMo20 nopadka co-
npascén ¢ nexkomopum 2F # z omnocumenvno G U 6ce KOMNOZUYUOHHYIE BAKIMOPDL UEHMPAAUIA-
mopa Cg(z) AGAAIOMCA USGECTIHUMY KOHEUHUMU NPocmumu epynnamu. Tozda A we asazsemces
MUHUMGNOHBLM KOHMPNPUMEPOM, NPU YCAOBUL, YMO GHINOAHEHO 00HO U3 CACIYIOWUT YCAOBUTL:

(a) |A: G N A| asanemea cmenenvio deotinu;
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(6) |@ : (@ N A)| aeasemea cmenenvio deotivu u, ecau kopresas cucmema ®(G) umeem mun

Dy, mo |(Field(G) N A) : (GNA)|y > 1;

(B) 0aa 106020 Hewémmnoz0 npocmozo T u m060tl cusosckol r-nodepynno. R epynnw A, aubo
RN G ne umeem donoanenus 6 R, aubo sce smu donoanenus conpascens, 6 A.

Jlokasamenvcmso. 3amerum cpasy, aro u3 gemmbl 2.4.2(6) caemyer, uro K NG n HNG swasores
2-rpynnamu. Mbl JoKazkeM cHadana (B), a TOTOM ToKaxKkeM, 910 (a) u (6) caeayor u3 (B).

(B) Ilpemamonoxkum, uro K, H — HeconpszKEéHHbIe KapTepoBbl moArpynmbl rpymmst A. Torma,
BBuy Teopembl 2.1.4 u jiemmbr 2.4.1, mbl nosiyuaem, yro KG/G = HG/G = A/G. B gactHocTH,
ecJin 1 — HEeKOTOPBLIil pocToit aenurens nopaaka |A/G|, To r geaur u | K|, u |H|. TTo ntemme 2.4.2 n
3 yesoBmit namteit emmsl cireyer, 1o KNG 1 HNG e coneprkaT 91eMeHToB HeI8THOT0 TPOCTOro
HopsJiKa, T. €. ABJMIoTCd 2-rpynnamu. B Tom ciaydae, korna RN G #He uMeeT JlonoHeHus B R Mbl
cpasy moJiydaeM HPOTHBOpEeYWe, €CJIH Ke BCe STH JOMOJHEHUs] CONMPsKeHbI B A, MBI IOJIyYaeM
nporuBopeune ¢ jemmoit 2.4.2(B). Takum o6pazom, MBI mostydaeM, uro |A/G| aBisieTcst cTenenbio
nBoiikn, 3nauuT K n H aBasioTcs 2-rpynmamMu, 94T0 HEBO3MOXKHO.

Tenepsb (a) oueBnanbIM O6pazom ciaeayer u3 (B). Uro kacaercsa (6), To OH Tak:Ke CJeIyer u3
(B), HCMOJTB3YsI COMPSIZKEHHOCTD JIOMOJTHEHUIT, BBITEKAIONYIO U3 JIeMMBbI 5.2.6. O

Ormernm, 910 HeabeaeBbl KOMIO3HIIMOHHBIE (DAKTOPHI MEHTPAJIH3ATOPA JTI000r0 3JeMEHTa, U3
3HAKOIIepeMeHHOi rpynnbl Alt,, aBIgrOTCA 3HAKOIEpEeMEeHHBIMI IPYIIaMy MeHbIreii cremenn. Coe-
JIOBaTeJIbHO, JeMMBI 3.2.14 m 3.3.1 BMecTe ¢ wHAYKIHEH IO N cpa3y BAEKYT, YTO KapTePOBHI TOI-
rpymmnel B moArpymmax rpymmsl Aut(Alt,) mpu n > 5 GBASIOTCS CHAOBCKAME 2-TIOATPYTIIIAME HJIH
HE CYIIECTBYIOT. AHAJOTUYHOE YTBEPKICHNE CIIPABE/JINBO U JIId CIOPAANIeCKuX rpyir. Taknm
00pa30oM, CIpPaBEJIMBO CJEAYIONee YTBEPKICHHUE.

JIEMMA 3.3.2. llycmb S — xomneunas neabeaesa npocman epynna, AGAAOULAACH Aub0 cnopadure-
cxotl, aubo anaronepemenrots epynnoti. Tozda das mob6ot nodepynnu A epynnw Aut(S) kapmeposa
nodepynna Aub0 He cyuiecmeyem, AUbO ABAAEMCA CULOBCKOT 2-n0depynnof.

TEOPEMA 3.3.3. Ilycmv G — makas KOHEUHAA NPUCOCOUHEHHAA 2PYNNG AUEBA TMUNG, IO
_ + ¢

G = PQQ(%H)(p ), u npednoaoscum, wmo £ = 2. Toeda G He ABAAEMCA MUHUMANDHYM KOHMP-

NPUMEPOM.

Jloxazamenvemeso. [lpeanono:kum, 9o Hate yTBepKaenne Joxkuo. Torma G comepKuT KapTepoBy
noarpymiy K, koropas He siisiercst 2-rpynnoii. [Tycrs s € Z(K) — 3eMeHT HeY6THOTO TPOCTOrO
nopsika . MOXKHO TpemoIararb, 9To S MOJIYIPOCT, 38 HCKIIYEHNEeM, BO3MOYKHO, CIy4ast, KOTIa
p#2un|K|= 29p°. Ho 3T0 HeBO3MOKHO BBHAY JemM 3.2.12 u 3.2.13. 3Ha4uT, s MOJYIpOCT U
3 K < Cg(s), caenyer, uro Cg(s) camonopmanausyem B G (em. gemmy 2.4.2(a)). Hasee, mycrb
G = QQ(%H)(EU) I IIyCTh OTOOpazKeHHe 0 TaKoBO, 410 G, = Q;t(zeﬂ)(pt). Bonee Toro, nosoxum

Ky pasubiM npoobpasy rpymist K B G,. Ouesuano, K, apisiercs KaprepoBoil HOArPyHIoi rpyi-
el G, M MOYKHO OTOMKIECTBHTE S C €ro npoobpasoM B Gy, TOCKOIBKY HeHTp (I, MMeeT MOpAI0K
2 nim 4. Tlockonbky |s| weuéren, semma 3.2.1 Bieuér, uto C' = Cx(s) — cBs3HAS PEIyKTHBHAS
MOJITPYIITA MAKCAMAJIBHOTO PAHTa TPYIIILI G (em. sremmbr 1.5.1 u 1.5.2). Bouiee toro, C' aBisiercst
cobeTBerHoi ToArpyoit Tpynmbl G, mockombKy s ¢ Z(G). Io memme 3.2.4 rpymma Ny (We)/We
usomopdua rpymie Ng(C)/C. Ucnonssys ouncanue rpyun Ny (We)/We, gannoe B |14, upeo-
wkenue 10| u nemmy 3.2.4, mbi sesiaem Beisoj, uto Ng(Ca(s))/Ca(s) rpusnanen Toabko korma W
n Auty (Ac) 0b6e TpuBnanbhbl. 113 mpeanosokennst £ > 2 cjegyer, 9To TaAKOe CIydaeTcst B TOTHO-
ctu Korma my = 0 u myeyy = 1 (B oboznadennsx u3 [14]). B stom ciayqae C = Ag(F,) * S, rae
S — onuoMepHbIi Top. Ucenombsys Tor GaxT, uro G COTEPKAT B TOYHOCTH OJUH KJIACC CBAZHBIX
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PEAYKTUBHBIX MOArPYII, m30MOpdHLIX rpynne C', n mpeanoaaras, 9To G coxpaHseT OUJIHHeHHY 0

0 I
I 0
GLg¢11(F,) orHOCHTEIBHO Takoro MoHOMOPhU3MA (, UTO

4 (5 )

Beuny Teopemsbr Jlenra-CreitaGepra (nemma 1.5.3), MOXKHO TIpennosaraTh, 910 Ju60

Ca’ = SO(GL2€+1 (pt))a

dbopymy, THAYIIUPOBAHHYO MaTpuIeit J = , MOYKHO 0TOK1eCTBUTH C' ¢ 00pa30M TPYIIIIHI

aubo

Cy = ©(GUgr1(p™)).

[Tockobky K\ sBisiercss Kapreposoil moarpymmnoit rpynmsl C, u ¢ > 2, u3 [23| u [24] (a Taxxke
teopemsbl 4.1.1, goKa3anHOl B rv1aBe 4 6€3 HCIOJIB30BAHUS PE3YIBTATOB HACTOSIIEH TJIaBbI) CJeyerT,
aro K\ gBASeTCs HOPMAIM3ATOPOM CHUIOBCKOH 2-nmoarpynmuel P rpymust C,, u qu6o p' = 2 (u
Cyr = ©(GLags1(p"))), subo p weuérno. N3 s € Z(C,) caenyer, aro r = |s| meaur p' — 1 ecau
C, ~ GLap11(pt), 1 uto r gemur p'+1 eciiu C, ~ GUsgpy1(p?!). B wacTnocTn p neuérho. cnonbsys
M3BECTHOE CTPOEHHE HOPMATU3ATOPOB CHIOBCKHUX 2-MIOJAIPYII B KIaccudeckKux rpynmax (cMm. [5]
u [16]), moxxHO npejoarars, 4ro Kg gBiasgercs noarpynuoil ciaepyomeii rpy b

B 0)” —
L = {( 0 3 ) | B € GLy(p") , B € [Fq} ecmn Cy ~ GLog 1 (ph)

©
L= {< g g ) | B € GUy(p™) , " = 1} eciu Cy =~ GUggyq(p*).

Iy
0

[IocKOJIBKY Yy JIE?KUT B IIEHTPe IPYHIB L, OH TaKzKe JIEXKHUT B HeHTpe Ipyiisl K. Takum obpasom,
Ko < Coq,(s)(y) = (C’C(y))g. U3 uzomopdusma C' ~ GLyyi1(F,), crexyer, uro Co(y) — cBa3Hag

Kaxk MbI 3aMeTuIn BbIIIE, CYIIECTBYeT Takoil y € L, 910 y = ( > rJe Y IMeeT HOPAIO0K 7.

pelyKTHBHAs O-WHBapHAHTHAsA MOATPYNNA MAKCHMATLHOTO paHra rpynmsl G. Taxmm o6pasoM,
BBIJTY YIOMSIHYTOrO Bbile pesy/brara Kaprepa [14, mpemtoxenne 10], (Co(y)), apuserca camo-
ropMamsyemsiM B G, Tostbko ecm Co(y) conpsizxén ¢ C. Ho dim(Ce(y)) < dim(C), mockombky y
me jexkut B nentpe rpymnel C. Takum obpazom, noarpynma (Ceo(y)), He ABIseTcs cAaMOHOPMAIH-
syemoit B G,. Ilockombky Z(G) < Ce(y), orciona caenyet, uto dbaxroprpynna (Ce(y))s/(Z(G))s
ne apigerca camonopmasnsyemoit 8 Gy /(Z(G))y = G. Takum o6pasoM, Mbl HOLYUUIX IIPOTH-
Bopeune ¢ jeMmmoii 2.4.2(a), nockonabky K comepxurcea B (Co(y))o/(Z(G))e u (Co(y))o/(Z(G))s
ynossierBopsier ycaosuio (C). ]

—

TEOPEMA 3.3.4. ITycmwv E5(p') < G < E5(pt). Tozda G ne asasemes MUHUMAALHOM KOHIMP-
NPUMEPOM.

Jlokasamenvemso. Tlpeanonoxkum nporusaoe. B cuy gemmbt 2.4.2(8), G 10/17KHA COIEPIKATH Kap-
TepoBy noJrpyiiy K, Koropas He COAEPXKUT CUJIOBCKYIO 2-moarpyuiy rpyunst G. B gactrocTn,
K we sBasiercst 2-rpynmoii. [lycts s € Z(K) umeer HeY8THBIR MPOCTOR MOPsiioK 1. B cumy semm
3.2.5, 3.2.10 u 2.4.2, p we mennt |K|. 3naunt, s nonynpocr u K comepxurcs B Cg(S), KOTOPHIi,
BHOBbD 110 JieMMe 2.4.2(a), camonopmasusyem. Ecin |s| # 3, To mo jemme 3.2.2, caeayet, ato Cx(s)
cBazer. Ecan |s| = 3, To mo nemme 1.5.2; crenyer, uro |C : C° menmt A = 3. Henocpeacrsennbie
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BBIYHCICHNs ¢ ucnoyb3oBanueM [20] u [35] mokaseiBatot, uro Cg(s) He SBISETCS] CAMOHOPMAJTIH-
3yembiM, ecan |§| = 3. CirenoBaTe/IbHO, MOXKHO Ipeanoaarars, 9410 |s| # 3 u aro Cg(s) cBasern.
[Mockombky Cg(s) camonopmasnusyem, gemma 3.2.4 mokassiBaet, ut0 C' = Cg(s) Takzke caMOHOD-
mamusyem. TTo [35], Mbr mosywaem, uro nenrpasmsarop C gBISETCS CAMOHOPMAJIN3YEMbIM TOTJIA
u toapko Torma, korma C = Ay(F,) x Ay (F,) * S, wm C = Ds(F,) x S, tne S — 1-mepuprii Top
rpymms G.

Ecmu C = Ay(F,) * A1 (F,) * S, 10, Kak 1 NP JIOKA3aTeILCTBE TeopeMbl 3.3.3, MOKHO HaiiTh
takoit aement y € Z(K), aro |y| = r u Cg((s) X (y)) He ABIACTCA CAMOHOPMATH3YEMBIM, ITO
MPOTHBOPEYNT Jemme 2.4.2.

Buauur, npenonoxum, urto C' = Ds(F,)*S. Torna Cg(s) = CNG = HL, tne H — noarpyria
Kaprana rpynmst G u L = OP (Cg(s)) cosmagaer mGo ¢ Dy (pt) mu6o ¢ 2Ds(p*). Tlockomsky |L : L
jgemut 4, TO CHpaBeInBO PABEHCTBO

OQ/(H) = (OQ/(H) N Z(Cg(s))) X (OQ!(H) N L)

O6osHauas gepes ) cnroBckyio 2-noarpyunmy rpynisi Cg(s), Mbr yTBeprKaaeM, 9T0 Neg ) (Q) =
QZ(Cq(s)). HeitcrBurensno, mycrb & — saeMenT u3 Ney,5)(Q). Uz H = Oy(H) x Oy (H) u Cg(s) =
HL, crenyer, aro MOXKHO 3amucath & = hyzl, tae hy € Os(H), z € Oy(H) N Z(Cx(s)), | € L.
Ouesnyno, MoxuO npejnonarars, 410 Ox(H) < @, Takum obpasom | € N (Q). ockomnbky
L wopmanbra B Cg(s), orcioga caenyer, aro | € N (Q N L). B cuny [5], No(QNL) =QNL,
3HaunT, | € Q. Mur genaem BeBog, 910 Ney,(5)(Q) = Q@Z(C(s)) HUIBIOTEHTEH, 3HAUNT, SIBJISETCH
kapreposoit noarpynmnoii rpymmbt Cg(s). [Hockoibky Cg(s) < G, BCe KapTepoBbl HOArPYIIB B
Cq(s) compszkensl. CleoBaTelbHO, ¢ TOTHOCTBIO 10 conpsxkennd, K = Ne, ) (Q). Ilo dopmyme
(o] = |M,| - (Z(C)*),|, tne M, = L B mammx oboznauenuax (cm. [14]), mMbr momydaem, aTo
|G : Cq(s)| meuéren, 3naunt, () ABASETCS CHIOBCKOIT 2-moarpynmnoil rpynnsl G, nporusopedne. [

Hamm pesy/ibrarsl MOKHO OObEJUHUTD B CJIEJIYIONLYIO TE€OPEMY.

TEOPEMA 3.3.5. Iloumu npocmas 2pynna A c yokosem G He ABAAEMCA MUHUMGADHBM KOHMP-
NPUMEPOM. 8 CACOYULUL CAYHAAL:

(a) G asasemes snaxonepementotd, cnopaduueckols uau 00Hot us caedyrougus epynn: Ai(p'),
Be(ph), Co(ph), 20e t uémmo, ecau p = 3; 2Bo(22"), Go(pt), Fu(ph), 2F4(22"TY), 3Dy(q?);
E7(p'), 2de p # 3; Eg(p'), 2de p # 3,5, Dog(pt), 3Dy(p®), 2Dop(p), 20e t uémmo ecau p = 3
u, Goaee mozo, ecau G = Dy(pt), mo |(Field(G) N A) : (é NA)|y > 1;

(6) A cosnadaem ¢ 0010t us caedyrowux epynn: Be(3Y), Day(3"), 2Dgp(3%), Daprq(p'), 2D4(3%),
2D2€+1(T2t)7 202(3271—1—1)7 Eg@,t)} Eg(rt): E7(3t)7 E8(3t)7 E8(5t): C£(3t);

B wacmnocmu, nurxaxas npocmas epynna, 3G UCKAOUEHUEM, BO3MONCHO, 2PYNN, U30MOPHHOLT
A (q), ne moorcem 6umd MUHUMAALHUM Konmpnpumepom. Boaee mozo, ecau aobas nowmu npo-
cmas 2pynna ¢ useecmuoti npocmoti nopmasvrot nodepynnot ydosaemeopsem (C), mo 6o ecex
NEPEUUCAEHHBIT BHIULE 2PYNNAT KAPMEPOBE NOJZDYNNG (€CAU CYUECMEYEM,) COOEPHCUM, CUNOBCKYIO
2-nodzpynny

Jlokasamenvcmeso. (a) Mbr yrBepkaaem, 410 Jii000it sjieMent z € G neadrHoro HPOCTOTO HOPsIJIKA
conpsxén B G, ¢ HeKoTopoii crenensio 2 # z. Korga G apasgercs 3HaKoIepeMeHHO HIN CIIOPa,TH-
YeCKOI 3TO BHIMOJIHEHO 110 jieMMe 3.2.14, n korna (G IBJIsieTcss TPYIIOH JIMeBa THTIA U 2 TIOJLYIIPOCT,
5T0 BepHO 10 JiemMe 3.2.3. C Ipyroil CTOPOHBI, KOTJIa 2 ABJISETCA YHUIIOTEHTHBIM (CJIe0BATETBHO
p HEUETHO), HAIlle YTBepKIeHUe caejyer u3 jgemM 3.2.6, 3.2.8 eciu G = Go(3"), Fy(3") u u3 jgemmbl
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3.2.5 B ocTambHBIX caydaax. Hakonern, ecmun G ~ Dy (¢%), To BBUmy [42, Teopema 1.2(vi)| moGoit
sJieMeHT rpynbl G conpsizkéH co ceouM obparabiM. Takum obpasom, (a) caegyer u3 jgemmsb 3.3.1,
IOCKOMBKY JUIsl BCEX PACCMATPHBAeMBIX IPYIT Mbl nMeeM, ato 6o |G : G| aBsercs cremenbio
JIBOUKM M_TIOTOMY 1O JiemMe 5.2.6 BCe JOTIOTHEHUS HETETHOrO TMOPSIKA CONPSIKEHB, OO 4TO
|A 1 AN G| aBnserca crenensio apoiiku (cMm. [17], nampumep).

(6) Hamre yrBep:kieHue cliejlyeT U3 pe3yibTaToB, HoxydeHHbIX B [24] (1 Teopembr 4.1.1, moury-
YEHHOH HE3ABUCUMO OT PE3YyJILTATOB JIAHHON ryiaBbl B riase 4), korga G = By(3') ~ Cy(3") wim
G = Cy(3"), n u3 Teopem 3.3.3 u 3.3.4, korma G cosnajaer ¢ oanoit u3 rpynn D5, (p'), E§(p") nm

l%(p\t). [ToaTOMYy HpEANOIOAKUM, YTO BBIIOJHEH OJUH U3 OCTABIIUXC caydaen. JI1000i moaymnpo-
cToit aement z € G HEIETHOTO IPOCTOTO TMOPSIKA CONPSIKEH ¢ HEKOTOPHIM 2~ ! 1o gemme 3.2.3.
Takum obpa3oM, B XapaKTepuCTHKe 2 KapTepoba noarpymma K rpymnmsl G MoKeT OBITH JIAIIb
CHJIOBCKOM 2-TIOATPYMNIOHN, B HEUETHONU XapaKTepUCTUKe K MOKeT UMeTh MOP/I0K PaBHBIN TOJTBKO
29p°. Ecn G # 2G5 (3%, To BLImOIHEHBI yeaoBuA JeMMbl 3.2.12 U, ucmonbsys Jemmy 3.2.13,
MBI JIeJTaeéM BBIBOJL, 9TO K BHOBB SIBJISIETCS 2-TPYIIOL.

[peamonozkum Tenepb, ato G = 2Go(3*"1) (mpu stom n > 1). Torma | K| = 243°. Tlockoabky
HOPMAJHU3ATOP CHJIOBCKOM 2-TIOArPYHIbI TPY bl G COMEPIKUT dJIeMeHT nopsiaka 7 (M. [7]), To Mbr
nosydaeM, 94ro b > 0. Ilo nremme 1.5.4, noarpynna K coep:Kurcd B cOOCTBEHHOI napaboImIecKoit
noarpymme P rpynnsl (. Tak kak qmeB panr rpynnbl G paBer 1, To P gaBjiseTcs HOArpyHIoit
Bopessa, 1. e. P =U XN H, tnie H — nonrpyuna Kaprana u U — MakcuMaJjibHasi YHUIIOTEHTHAS
noarpynma rpynnbl G. Tak xak rpynma P paspermmMa, oHa yaosiaersopsier yeaosuio (C) u, mo
aemme 2.4.1, KU /U smasiercst Kapreposoit mogrpynmoit rpynmst P/U ~ H. Ho npu n > 1 noa-
rpynna H coaepKuT 3jeMeHT HeYETHOTO HMOPsJIKA, CJAeJ0BaTe/NbHO, K COIEpKUT IMOJIYyIPOCTO
3JeMEeHT HedéTHOTo IpocToro nopgaixa. [Iporusopedne ¢ Tem, uro |K| = 223°. O

SaMeTuM, 4TO MOCae J0Ka3aTeabCTBa TOro (paKkTa, dTo JJIsd JIFOOOH W3BECTHOW KOHEUHON Tpo-
croii rpymnsl S u HuIbnoTeHTHOH noarpynmnsl N < Aut(S), KapTepoBbl MOATPYIIEI TPYIIbL
(N,S) coupsizkeHbl, TOJydeHHas Teopema 3.3.5 BJIEUET, 9TO KApPTEPOBBI MOArPYIIIBI B TPYIIIAX,
MePeYNCJAeHHBIX B JJAHHON TeopeMe, 0OS3aHbl COIePKAThH CUJIOBCKYIO 2-moArpymiy. B cuwty jgem-
MBI 2.4.3 3TO BO3MOXKHO JIMIIIhL B TOM CJIy4ae, €CJAU HOPMAJM3ATODP CHJIOBCKON 2-moarpynnbl ()
B A ynoeierBopsier paBercTBY Ny(Q) = QC4(Q), T. e. Torga m ToNbKO TOrma, Korga A ymo-
prerBopser (ESyl2). B pabore [5]| u mocienyomux pesyabraTax HACTOAIEH pabOThl HOJTHOCTHIO
OIMCAHBI TPOCTHIE TPYMIbI, yaosiaeTsopsiomue yeaosnio (ESyl2). Kpome Toro, memmbr 5.3.1 u
5.3.3 mo3BOIAOT «HogHUMAThy cBoiicTBO (ESyl2) ¢ mpocroil Ha mouTH HpocTyio rpyimy. Takum
00pa30M HOJIHOCTBIO U3BECTHA KJaacCuUKaAIMs KapTEePOBBIX HMOJAIPYII B I'PYIIIAX, YKA3aHHBIX B
Teopeme 3.3.5



I'taBa 4. KapTepoBbl OArpyIIIbl
KJIACCUYECKNX TPYIIII

§1 Kparkuii 0630p pe3yabTaToB IJIaBhI

B nacrosimeil rnaBe M3y4aloTcd KApTEpOBLI IOAIPYHIBI B KOHEYHBIX rpymnax (G, yaoBJIeTBO-
patorux yeaosuo OF (L) < G < L, rie L — oA U3 TOMHBIX KJIACCHICCKUX MATPHUHBIX TPYIII:
GU,(q), Sps,(q), GO (q), tae € = £ ecsiu n 96THO W OTCYTCTBYET, €CJAH N HEYETHO. A MMEHHO,
JIOKA3aHa CJAeLYIONas TeOPeMa.

TEOPEMA 4.1.1. [lyemv q = p®, 2de p npocmoe, u npednososcum, wmo G = Sp,(q), uau
SO; (q) < G < GO;(q), 2de q newémmo uau SU,(q) < G < GU,(q). Ecau 6 G cywecmsyem xap-
meposa nodzpynna K, mo aubo K AGAAEMCA HOPMAAUIATNOPOM CUAOBCKOT 2-1002DYNNYL 2PYNILDL
G, aubo 8vinoamneno 00Ho u3 caedyrowuxr ymeepacoenu:

(a) G € {Spy(3), SL2(3), 2.5U2(3)} u K aeasemes HOPMAAUAMOPOM CUAOBCKOT 3-Nn0d2pynnb
epynnot G

(6) G = GU3(2) umeem nopadox 23 - 3%, u K umeem nopadox 2 - 3.

Bosee moeo, koeda G — opmozonasvnas 2pynna, K asasemca 2-2pynnot, 3a uckaovenuem, 603-
MootcHo, cayuas, koeda G = SO5(q).

Ha nporsxkennn mamnoii rnassl gepe3 GL,(q) (coorsercrsenno, SL,(q), Sp,(q), GO:(q),
SO: (q), GU,(q), SU,(q)) 6yaem obosHagatb 0b6uyro aunetdnyto (COOTB. CneyuaivHy0 Aunelnyio,
CUMNAEKMUMECKYI0, 00ULYI 0PMOLOHANDHYI U CNEUUAALHYIO OPMOZOHAABLHY0, U 06Uy W cne-
YuasbHyo yrumaphsie) Tpynobl Hag nogem GF(q), npudéM B OPTOTOHATBHOM CJIydae U IETHON
PasMEepHOCTH € NPUHUMAET 3HAYeHUs +, & B HEUYETHOH PasMEpHOCTH MBI € He IIHIIEM.

XoTs METOIbI JOKA3aTeIbCTBA, HCIIOAb3YEMbIe B HACTOSIIEH IJIaBe, MOIYT HPUMEHATHCI U JIIs]
moboit rpymnmel G, takoit uto SL,(¢) < G < GL,(q), Mbl He 6yZeM paccMaTpuUBaTh 371€CHh TH
IPYIIILL, 9TOOLI n36ekaTh pa3btopa JONOJTHATEIbHBIX HCKIIOYUTEILHBIX CIydaes. JIasd 3Tux rpyimn
KapTepOBbI TOJATrPYIIbl ormucanbl B [2| n [23], u Mbl Oy/eM HCIOAB30BATH PE3YIBTATHI ATHX PADOT.

§2 (O06o3HaYeHNd M NpeaBapPUTEbHbIE PE3YyJIbTAThI

[Iycrs GF(q) — KOHEYHOE 110J1€ XapaKTePUCTUKU P U LyCTh ¢ — apromopdusm uoss GF(q).
Jna xaxnoit marpunpt A = (oy;) € Mat, (q) obosmadum uwepes A? marpuuy (ay;) u uepes A
TPaHCHOHUPOBAHHYI0 K A marpuiyy. HamoMmuawmMm, 910 HEBRIPOXK IeHHAST MaTpuna J Ha3bIBAETCS pe-
Paekcusrotl ecim oHa JTUOO CUMMeTpHYecKasd, JJUO0 KOCOCUMMeTpHrIecKas, JIt0o spMuToBa. bostee
TOYHO, 9TO IPOUCXOJUT B TOYHOCTH TOTa, Koraa 6o J' = J, mbo J = A— Al nag nexoropoit A,
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mabo J' = J?, rae 7 — asromopdusm noaa GF(q) nopsaka 2. [ycts G — ofHa U3 KIACCHICCKHUX
rpymm, ynoMmsinyTeix B Teopeme 4.1.1. Xoporo nssecrno (Hampumep, cm. [21]), gro cymectByer
Takoil aBTOMOPGU3M  NopdaiKa < 2 U Takad pedUieKCHuBHAA MaTpuna J, 4ro, Jjisd MOAX0AIIero
de N:

G = {X € Mat,(q) | XJX?" = J, det(X) =1} = G%(q, J, ).

Jlo KoHIa JaHHOM TJIaBbl, /I KPaTKOCTH, Mbl 4acTo obozHadaem G4 (q, J, o) yepes G4 (q) nuu
npocto depe3 G. YMecTHO 3aMeTuTh, uTo (G paspemuMma (B YACTHOCTH, MMeeT eJIUHCTBEHHBIH
KJIaCC KapTepOBbIX HO,ZLprrIH) B TOYHOCTH KOI'Z/la OHa COAECP2KHUTCA B O,ZLHOIU/I n3 CJIeyIOoHux I'pylIlir:
GO1(q) = Oy, GUi(q) = C jg41, GO5(q) = Dogg1y, GO3(3), GOJ(3), GUy(2), GUy(3) m GU3(2).

st mroboit monrpynmsl G rpynnsl GL,(q) yepes GF(q)G obo3nadena noganarebpa aareGphl
Mat,,(q), cocrosimast u3 Bcex JUHEHHBIX KOMOmWHamwmii sementos u3 G ¢ kodddunuenramu u3
GF(q). dnsg nannoro pazbuenns n = ny+- - -+ny, IpsaMmyto cymmy aaredbp Mat,, (¢)@- - -®Mat,,, (¢q)
OyZeM OTOXKIECTBIATH OUEBHIHBIM 0Opa3oM ¢ mogaaredpoii anredpsr Mat,(q), a umenno c:

{blockdiag(A;, ... ,Ax) | A; € Mat,,(q), ¢ < k}.

JIEMMA 4.2.1. Tyemv K — wapmeposa nodzpynna epynno. G<(q, J, 7). Ipednonoscum, wmo
n=mny+- -+ n, GF(¢)K < Mat,,(¢) ® --- ® Mat,, (q) u J = blockdiag(Jy, ... ,Jg), 2de
J; € Mat,,(q). Aara waorcdozo i < k, obosnawum uepes K; npoexyuro epynno. K 6 Mat,, (q) u
noaoorcum d; = |{det(z) | x € G;}|. Toeda:

(a) ecau n; = ng, mv Mmodcem npednosaeamo, wmo J; = Jp, 30 UCKAIOUEHUEM, B03MONCHO,
cayuas, Koeda G2 (q, J,T) opmozonanvna;

(6) K; — xapmeposa nodzpynna 2pynnol G‘f;’i(q7 Ji,T);

(B) nycmo k > 1, npednosostcum, umo Ky — nopmaauzamop cunrosckot p1-nodepynnu Py epyn-
nw K3(q) (dan mexomopozo npocmozo p1) u wmo aubo Ky asasemca nopmasusamopom
cuno6ckol pa-nodepynno. Py epynne K2(q) (p2 npocmoe) aubo, wmo K& '(q) paspewuma.
Toz0a di = dy = 2 6 opmozonasvrom cayuwae u d; = dy = q + 1 6 yHumaprom ciyvae.

Jlokasameavemso. (a) YTBepKIeHHe 0YEBHIHO, TOCKOJbKY Ggii (q, J;, T) SABJASETCSA CHMILJIEKTHIE-
CKOH, YHATAPHOH! MJI OPTOrOHAJIBHON B COOTBETCTBUHU C T€M, KAKOU THUII UMeeT I'Ppylna G‘fl(q, J, 7).

(6) OueBuano, Kaxaasa K; sBjsieTcsl MOATPYIIONR IPYIIIbL Gf;’i (q¢). Bonee Toro, nockonbky K
HIJIBIOTEHTHA U CAMOHOPMAJIU3YeMa, MBI IOy YaeM:

K= (K x --- x K;)NGq).

MpbI xoTuM moKazarh, 4To K; camoHopMausyema B G’Zfi (q). Ilycth, asst mpocTorsl 0603HAUCHUIT
i =1 n nonoxum hy € N u (K7). Tlo onpenesnennio dy, 1aHHOMY B (DOPMYJIHPOBKE, CYIIECTBYET
ni

takoil x1 € Ky, uro det(x;) = det(hy). Ilyctb y € K3 X -+ X K}, Takos, 4To
. I 0
g = < 0 y ) e K.
(h 0
"= ( 0y )

UMeeT TOT YKe OIpeIeIuTe b, 9TO U MaTpuiia ¢g. Takum obpasom, h € Gfl(q), MOCKOJBKY OH $IBJISI-

ercsd u3oMerpueil mo ornonrenuio K J. Odesuano, h nopmaauzyer Ky X --- X K}, ciejgoBaresbHO,
nopMmasuzyer K. Orciona caeayer, yro h € K, u MBI 3aK/a09aeM, 910 hy € K;.

CreoBareibHO, MATPHIIA
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(B) Gzll (q) — nopmaubhas noarpyna rpyuus G4 (q). 3naunt, mpt umeem Py = EHG% (q), rue

Py aBjisiercst CUIOBCKO#M P1-1IOJATPYIIIONR TPYIIIIbI GZZI(Q). Hanomuuwm, uro orobpaxkenue det mepe-
. 1 .
BOJIUT HOPMAJIM3aTOP CHIOBCKOf pi-rpynmsl G ' (q) HAa HOPMATH3ATOP CUIOBCKOMN P1-HOAIPYIIIIEL

B & obpase GF'(q)". Takum obpasom, cymecrsyer Takoit z1 € Nga-1,) (ID:), gro | det(z1)| paBen 2 B
ny

OPTOrOHAJIBHOM CJy4dae n ¢+ 1 B yuutapuom ciaydae. 1z P, = EOG% (q), cnenyer, ato Pt = Py,
suadnt, (N a4 (q)(Pl))f‘l = N, (q)(P1) T. e. K{* = K. Ecin Ky — HOpMau3aTop noarpynmst Ps,
n1 ni

Te JKe PACCYKJIEeHHs MOKA3BIBAIOT, YTO CYIIECTBYeT Takoil zo € G2 '(g), uro det(z;) = det(xs)
u K3? = K,. Takum obpasom, marpuua blockdiag (21,25, In—pn,—n,) sexur 8 Gi(q) < Gl(q) n
nopmasmsyer K. Orciona ciemyer, uro x; € Ki, xy € Ko, u Halie yTBep:KIeHne BEPHO B STOM
ciyqae. Tenepn npeanomnoxnm, uro G4-'(¢g) paspermmma n npeanooXKuM OT NPOTHBHOIO, HTO
dy < |det(zy)]. IlockompKy oroGpazkennue det mepeBoaut KaprepoBy moarpymy rpynnst G4 ' (q)
Ha KapTepoBy moarpymiy obpasa (memma 2.4.1), Ky He MOXKeT OBITH KapTEpOBO# MOArPYIIIOii
rpynnst G2(g). Takum oGpasom, cymecrsyer rakoit yo 8 G4 1(q) \ Ka, uro K§* = K. Oue-
BUJIHO, CYIIECTBYeT TakKasi CTeleHb y; 37eMeHTa 1, 910 det(y;) = det(yz). Ucnoan3yst marpuiy
blockdiag (yl,ygl,fn,m,m), KaK W BBINIE, MBI JeJaeM BBIBOJI, 4TO Yo € Ko, nporuBopeune. Mbr
3akJouaeM, 9to de = | det(xq)| u orcrona serko caemyer, aro d; = | det(zq)]. O

0 I,
J_(i]m 0 )

L:Gg(q,J,¢>m{()§ 3) |X,YeGLm<q>}

JIEMMA 4.2.2. [Iycmb n =2m u

Tozda epynna

ne codepoicum xapmeposux nodepynn epynnv. G(q, J, ), 3a uckaonenuem cayua, xozda G (q) =
SO3 (q). B amom cayuae L = Gi(q).

Joxasamesvcmeo. HenocpecTBEHHBIME BBIYUCICHUSIME IIPOBEPACTCS, U4TO

{0 o) 1xee}

e G = GL,,(q) eciu G%(q) sBasgeTcs CHMIUIEKTHYECKO# M OPTOrOHAJBHOM, B TO BpeMs Kak
SL..(q) < G < GL,,(q) ectn G4(q) apagerca yuurapnoit. IIpeanosnoxum, yro K — Kaprepoba
noxarpynna rpymist G4(q), conep:xkamasca B L ~ G. Toraa no [23], K sBasgerca HOpMaIn3aTopoM
CHJIOBCKOf 2-moArpymel rpynnsl L, 3amernm, uto ecin p = 3 u G4(q) apaserca ynurapuoit,
TO ¢ = 9.

Eciau m weuérno, npemnonokum cuadana, aro G4(q) # SO, (¢q). (B oproromansuom ciayuae
uHgeKe BuTTa 0/17KeH GBITh MAKCHMATLHBIM U3-32 Bua MaTpuisl J.) Korma m neuérno u G4(q)

ABJIACTCA yHHTapHOﬁ, ITIOJIOZKHM
0 D
h =
( ( DT)_l 0 ) )

e D = diag(l,...1,a), npuuém a € GF(q) rakos, uro '™ = —1. B nporusHom ciyuae
nosioxkum h = J. B oboux cayuasx h € G2(q) u nopmanuzyer L. Cnegosarenvno, K" = K* s
Hekoroporo x € L. Orciofa caenyet, uro hx~! € K, 3naunt, h € L, nporusopedne.
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Haxkonen npeanonoxum, aro m ueudtno u G4(q) = SO (¢). B sTom ciyqae, eciu N o6o3Ha-
qaeT HOPMAaIU3aTOp CHIIOBCKOI 2-toarpynist rpyunbl GL,, 1(¢), no [16, reopema 1| cupase o
paBeHCTBA

G =N x GF(q)* = {blockdiag (Y,n,(Y")""',n7') | Y €N, ne€ GF(q)*}.

dcuo rakzke, uro N' ecthb HOpMaIU3aTOP CUIOBCKOI 2-moarpymubl rpynbl GL,, 1(q). Tlosromy
cymecrsyer Takad Marpuna U € GL,,_1(q), uro NV = N'. B srom ciydae Gepém

0 0O U O
- 0 1 0 0
“lwHhrto o o
0 0 0 1
Toryma h € G4(q) u nopmasmsyer K, nporusopedne mpu m > 1. O

Ecau T' — npoussoabuas noarpynna rpynnst G, to GF(q)T — moganrebpa anre6psr Mat, (q),
VOBJIETBOPSIONIAs YCJA0BHIO MUHUMaIbHOCTH. Takum obpaszom, GF(q)T MOXKHO 3amucarh ejiuH-
cTBEeHHBIM 00pa3oM B Buae A1 @ --- ® Ay, tae k > 1 u kaxkgoe ciaaraemoe A; sBIsgeTcs Hepas-
JIOZKUMBIM JIBYCTOPOHHUM ujeatoMm airebpel GF(q)T. Banumewm [, = Zle e;, Torjaa Jioboi e;
apisercd eqununeit A; = ¢ A = Ae;, uw e;ej = 0 ecm ¢ # j. DIeMeHTH e;-ble OyneT Ha3bI-
BATbCA MUHUMAALHBLMU UEHMPaIbHbMU udemnomernmamu aaredbpsl A. IIocKoJIbKY OHE MOIAPHO
KOMMYTHUPYIOT, OHA OJHOBPEMEHHO HMPUBOAATCA K AMAIOHAJBLHOMY BHY. DBojiee TOro, moCKoJbKYy
OHM MOIIAPHO OPTOTOHAIBHBI, C TOYHOCTHIO /10 comnpsizkerns B Mat, (¢) MOKHO npeanosaraTh, 9To
e; = diag(l,, 0n—ny), ... ,er = diag(0p—p,, In, ), IPUIEM Ny + -+ + Ny = N

JIEMMA 4.2.3. IIycmv K — xapmeposa nodepynna epynnw G2(q, J, ) u nyemv T — npoussonn-
nasa nodepynna epynnv. K, maxas wmo K < TCk(T). Ipednoaoorcum, wmo GF (q)T pasaoosrcuma
u nyemv E ={ey, ..., ex} — MHONMCECMBO MUHUMANDHYIT UEHMPAADHYLT UOEMNOMENMOE GAEODDI
GF(q)T, paneos ny, ..., ng coomeemcmsenno. Tozda:

(a) GF(q)K pasaoorcuma v GF(q)K < Mat,, (¢) ® - -- & Maty,, (q);

(6) omobpasicenue o, onpedeaénnoe npasuiom X — JX?'J7L nepecmasasem mmoscecmeo E
deticmsya kak (e1,€2) -+ (€an_1,€an), 044 Hewomopozo h > 0, u ocmasass HenoOGUNCHBLM

€2h+la ccy Gy

(B) noaaeas m; = ng;i_1 + no; 0as i < h um; =n; daa i > 2h, umeem mecmo moxcdecmeo

J = blockdiag(Jy, - -+, Jn, Joni1, -+, Ji) 2de J; € Mat,,, (q);

(r) cayuaii h = 1 moocem eosnurnymyv moavko ecau Ge(q, J, ) opmozonaavna. Boaee mozo,
6 amom cayuae, Mat,,, (q) = Maty(q) u npoexyua K; epynno, K cosnadaem ¢ SOF (q), daa
geex 1 < h.

Jokasameavemso. (a) Uz GF(q)T < GF(q)K caeayer, uro ujaemMnorenTsr e; jexar B GF(q) K u,
u3 npeanogoxennsa K < TCk(T), ciaeayer, 9ro uaeMnoTeHTsl e; eHTpaibibl B GF(q)G. Taknm
obpazom,

GF(9K = @ e(GF(q)K)e; < Maty,(q) ® -+ & Maty, (q). (4.1)

i=1
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B uacrnoctn (4.1) maér pasmoxenue anre6psl GF(q)K B BHIE TPSMON CYMMBI JTBYCTOPOHHUX
wieaios ¢;(GF(q)K)e;, i < k. Bnaunr, GF(q) K pasnoxuma.

(6) TTo ompeenenuio rpymmst G4(q), moboit X € T yaosnersopsier coornontenuio o(X) = X1,
3HAYNT, 0 OCTABJIsIeT HemoABHKHOIN anrebpy GF(q)T. VI3 e AMHCTBEHHOCTH TEHTPATBHBIX HIEMIIO-
TEHTOB CJIeJyeT, 9TO 0 (PUKCUPYeT TaKzKe MHOXKECTBO F, HHIAYIUPYs IMOACTAHOBKY MOPAIKa < 2.

(B) dust i < h, 0 HmepecTaBisieT €9, 1 C €. DTO IKBUBAJEHTHO TOMY, YTO J TEPECTABJISAET
COLIPSIZKEHUEM €9, 1 C €9;. [yt ¢ > 2h, 0 dbukcupyer e;. 910 IKBUBAJEHTHO TOMY, 9TO J HEHTpA-
JIN3YeT €;.

(r) s pasznoxenust n = mq+- - +myp+mMaopi1+ -+ -+ My, MBI HAXOIUMCSI B YCTIOBUSIX JIEMMBbI
4.2.1. B wactHOCTH, U151 JI000T0 i < h npoeknus K; rpynmbt K B Mat,,, (¢) sBiasgercs KapTepoBoii
HOJTPYIIIONR TPYIITHI Gﬁ;’i(q, Iy @), At Hekoroporo d;. C apyroit cToponsl, mo myHkTy (a), K;

COCTOUT U3 MaTPULl BUIA
X 0
0 Y /-

TTo semme 4.2.2 5TO MOJKET CIyduThCs Juih ecin m; = 2 u K; = SOJ (q). O
JIEMMA 4.2.4. Cnpasedausn, caedyrowue ymeepHcoenus

(1) ITycmwv P # {e} — cunosckan p-nodzpynna 2pynnee G2(q) u npednosostcum, wmo Ned (g)(P)
nuavnomenmen. Tozda q = 2 u Gi(q) ne asasemea ynumapnot, uiu ¢ = 2 u Gi(q) €

[(SUs(2), GUs(2),SUs(2)}, wan g =3 u G4(q) € {Spy(3), SUs(3), 2.5Us(3)}.

(2) IIyemv R — neabeaesa cunosexan r-nodepynna epynnv, G2 (q), 20e r newémmo u p # r. Tozda
Nea (o) (R) nusvnomenmmua moavko xoeda n = 1.

Jlokasamenvcmso. (1) 3amernm, aro P < G', tne G’ obo3nadaer KomMmyTaHT rpymmnbl G =
G171(g). Takum 06pazoM, TOCTATOMHO MOKa3aTh, 9T0 Ng/(P) He SBIsSeTCa HUIBIOTEHTHON B CIIy-
yasgx, HEYKA3aHHBIX B yTBep:KJAeHHU. OUeBUIHO, UTO JOCTATOYHO TTOKA3ATh ITO JJIs TPOEKTUB-
Horo obpaza PG’ rpynnsl G'. Korga PG’ — rpynna jsmmesa tuna panra ¢ = {(n), u3BeCTHO, 9TO
P wopmasmmusyercs nuaronasbaoil noarpymmnoii D. TTockonbky Cp(P) cogep:xkurcsa B riearpe PG,
KOTOPBIHi TpUBHAJEH, JOCTATOYHO MOKA3aTh, YTO [) HeTpHBHAJbHA B CAydasdx, HEYKA3aHHBIX B
yTBep:KAeHuu. [IJ1s1 3TOro Mbl HCHOIB3YEM HHMOOPMAINIO, COOPAHHYIO B CJIeAyIONIel Tabuie, rie
7; — COOCTBEHHbBIe 3HAUEHUS] U30METPHHU T, HHIAYINPOBAHHON cuMMeTpHell quarpaMMbl JIbIHKHHA.

PG/ Ag Bg njin Cg Dg QAg 2Dg

/ /

DI | S(q—1)" | $e=1" | s@—=0" |5 TI(g—mn) |5 T1(a—mn)

j=1 Jj=1

Eciu PG’ umeer tun Dy, mbl npeanonaraeMm £ > 4. B HeCKpy4eHHOM cJliydae SJIeMeHTApPHbBIE

BBIYUC/ICHUSI [TOKA3BIBAIOT, 9TO [) TpuBma/bHa TOJBKO ecium ¢ = 2 wim { = 1 u g = 2,3. B
CKPYYEHHOM CJIydae MOXKHO Mpejnosararb, 9to £ > 2, mockoabKy Sla(q) ~ SUs(q). B gacrao-
CTH, MBI MOYKeM TpeJrnojarats 17, = —1. BHOBb ucnob3dyem sjieMeHTapHble BHIYUCICHUS, ITOOBI

noJyuth |D| > 1.

Bemomunast, 1to SLa(q) =~ Spy(q) ~ SUs(q), rpyunst G, KOTOPBIe OCTATHCH TIOCTIE TPeIbl Iy TIe-
ro aHAJIM3a — B TOYHOCTH OPTONOHAJBHBIE IPYIIbl pa3mepHocTn < 6 (cMm., Hanpumep, |33, upe-
aoxkenne 2.9.1]). Ucnoansys uzomopdusmbr SO3(q) ~ PGLy(q), PQ; (¢) ~ PSLy(¢?), PQJ (¢) ~
PSLy(q) x PSLa(q), Q25(q) ~ PSpy(q), P (q) ~ PSL4(q), PQg (¢) ~ PSU4(q), nerko y6eamrnes,
9TO MBI He TMOJYUYaeM MCKJIUEHHI K HAIeMy YTBEpXKIeHHIO (4yTh OoJiee aKKypaTHAs MPOBEpKa
Tpebyercd, koraa G < GOj (3)).
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(2) Hamre yrep:kaenue ciaeayer u3 [34, reopema 3.3|, eciu G sIBASIeTCST CUMILIEKTHIECKO# K
OPTOTOHAJIBHON HEYETHOI pasMepHOCcTH. B octaibHbixX ciydasx B |34, Teopema 3.4| nokaszano, 4To
ecan R stBAsteTcst CUIOBCKON r-ToArpynnoil rpynmbt (G, TO CyIIECTBYeT 1’'-3JIeMeHT U3 KOMMYTaHTa,
G', nopmasmsyonmit R, vo wenenrpajn3yomuii R N G'. O

JIEMMA 4.2.5. ITycmo G,dl(q) u K — munumasrvrvie koumpnpumepv, ¥ meopeme 4.1.1, ¢ munu-
masonvm n. Toeda GF(q)K nepasaosicuma.

Jlokasamenvemso. Tlpeanonoxum nporusnoe, uro GF(q)K pasnoxuma u nycts {ey, ..., ex} —
MHOKECTBO MUHHMAJBHBIX MEHTPAJbHBIX uAeMnoTeHTOB aarebpbl GF(q)K, cooTBeTCTBYIONHX
PaHIoB Ny, . .., Ng. [lyctb h > 0 — MUHEMAIBHOE KOJTHYECTBO HETPUBHAJIBHBIX OPOUT IMOACTAHOBKHI
o na FE. Ilo qemme 4.2.3, 1 B Tex Ke 0003HAUECHUAX MBI ©MeEM

GF(q)K < Mata(q) @ - - ® Mata(q) @Matm,, ., (q) - - - ® Matn, (q).

h>0 pasz

Kaxk n panbIie st Kazxaoro 4, 06o3naduM depe3 K; npoeknuio rpyunsl K B Mat,,, (¢). Ilo 1emme
4.2.1 kaxgas K; sBasercst Kapreposoii moarpymmoi rpymst G% (¢, J;,1d), rae d; = [{det(z) | 2 €
K;}|. B Buny Teopemsi 3.3.5 MoxkHO cuutaTh, uTo (G4(q) HE ABIAETCS CHMILTEKTHYECKOH IPYTITIOii.

1) TIpeamonoxum, aro GY(q) oproronanbha. Eciu mpuseénHOe BHIE Da3IoyKeHHe WMeeT
JIMIIBL OJTHO cjaraeMoe, To h = 1 u n = 2, Uy upeanosaoxkenus k > 1. Orciona ciejgyer, 94To
G%(q) = SO3 (¢) u sroT Caydail He ABIdeTcs KOHTpIpUMepoM K Teopeme 4.1.1. Takum oGpasom,
cymecTByeT 6osiee ogHOro caaraemoro. I1o nuaykiun, Kaxaas K; aBasgeTcs HOpMaIA3aTOPOM CH-
JIOBCKOI 2-0Arpy bl P; rpytmb Gfgi(q), u o jsiemme 4.2.1(B), rpynma Gﬁz’bi(q) JIOJIZKHA COBIA/IATH
¢ mosHoft oproronamproil rpymmoit GOy (). OTciona crenyer, uto h = 0 n Kaxgas K; apnsgerca
2-rpymmoit. Mbl 3aKmodaeM, 9To caMa rpymma K apagerca 2-rpynmoit n BHob GY(¢) u K ne
ABJIAIOTCSI KOHTPIPUMepaMu K Teopeme 4.1.1.

2) TIpeanosioKum, 9To Gfl(q) saBJIsgeTcs yHuTapHoit. B atom ciaydae h = 0. Ilokaxkem, 4To
MUHUMAJ/IBHBIE HEHTPAJIbHBIE WIeMIIOTeHThl ajireOpbl G F(q) K umenor nonapHo pa3/indHble PaHIH.
JLjis1 3TOr0 MPEIIoM0KIM, U4TO €1 U €3 UMEIOT OJIMHAKOBBINA PaHT N, = Ny. Kak 3aMedeHo B jeMMe
4.2.1, moxkHO TIpegmnonarath, 4ro J; = Jo. Ilo mHAYKIME MBI MOYKEM TpeJIIojgaraTh, 9TO st
i = 1,2, noarpynna K; siBIsercs HOPMAIH3aTOPOM CUJIOBCKOH pi-noarpynnst rpynnst G% (¢), 3a
HCKJTIOUEeHHEeM, BO3MOYKHO, Cllydast Koraa ny = 3 u ¢ = 2. B nepBom cayuae mo jgemme 4.2.1(8), Mbl
umeeM dy = dy = q+1, 3naunt, K; = Ks. Bo Bropowm ciydae mbt nmeem Ky = Ko, 3a HCKJTIOY€HTEM
caydast, koryia 1 = dy < dy = 3. B atom caygae K mo/iKHA OBITH HOPMaJIM3aTOPOM CHUJIOBCKOM 2-
noarpymmsl rpynnel SUsz(2). Bamedast, uto GU3(2) paspernnva, MOKHO IpUMeHHTD JemmMy 4.2.1(B)
1 MOay9IuTh d; = do = 3, MpoTHBOpedYne. 3HAUNT, BO BCEX CAYUASIX MOXKHO IIPEIIOJararb, 9ToO
K, = K. [lanee paccMOTpUM MaTpPHUILY

0 0 [n72n1

Ouepnano, x € GL(q) < G4(q), n nopmamusyer K. 3nauur z € K, 4T0 HeBO3MOXKHO.

Jlaee MBI MOKaxKeM, 9TO ¢ HEUETHO, ¥ ITO K SBJISAETCS HOPMAJIH3ATOPOM CHJIOBCKOM 2-T10/I-
rpynmbt rpynibt G4(q), aro ne nporusopeuut Teopeme 4.1.1.

TTpeanoaoKum, 4T0 ¢ 4éTHO. 3aMeTHM, 4TO He CyIECTBYeT TAKOro muuekca i, uro G (q) =
GU3(2). [JeiicTBUTEIBHO, HEMOCPEICTBEHHbBIE BBIYHCJIEHUS MOKA3BIBAIOT, YTO B 3TOM CJIydae aj-
re6pa GF(q)K; 6bina 6b1 pasaoxumoii. Takum o6pa3oM, M0 UHAYKIUK, K; SBISETCS HOPMAaI3a-

" d; _
TOPOM CHJIOBCKOM 2-TIOATPYIILI FP; TPYIITHI ani(q). B uactaocTH, 1o jgemme 4.2.1(8), d; = ¢ + 1,
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11 Beex 1. Jasee 3adukcupyeM 0003HAUYEHHST TaK, ITOOB ny < ng < - -+ < ng. Eean P, = 1, 10
Gﬁ’;(q) = K} nomxkua ObiTh HUbnorenTHoit. Ho 1o naér ng, = 1, nuporusopeune. Eciim P # 1,
no jgemme 4.2.4, mbi gomkuel noayuuth GU, (¢) = GUy(2), snauunr, G%(q) < GU3(2), uro ne
npoTuBopednT Teopeme 4.1.1.

Octasioch paceMoTpeTh HeuéTHoe ¢. Takmm obpas3om, Mo WHAYKIWE K; SBISETCA HOPMAJIH-
3aTOPOM CHJIOBCKOH 2-mogrpynnsl P; rpynust GU,,, (¢), m1sa Beex i. BBuay crpoenust HOpMaTH-
3aTOpOB cuyoBCcKuX 2-mojrpyun B rpymmnax GU,,(¢), nomydennoro B [16], rpyumnosas anreGpa
GF(q)K; HepazyoKnma TOJBKO eciu n; — cTenenb aBoiiku. Ho Torma, mo Toii e camoit pabore,
P= Py X - -+ X Py siBasiercst cuitoBekoii 2-noarpynmoit rpynmnel GU,,(q). Takum obpasom, P spisier-
cd MOArpYIIol HopMaau3aTopa N IIOArpYIIIbL Ps G%(q). lonaraa P = Pn G?(q) Ml moTyaeM,
aro P ectb cunosekas 2-mogarpynna rpymmsl G4 (q) n K < Nga(, (P). B gactroctn, nockoasky P

~

ABJIACTCS NOATPAMBIM ITPOU3BEICHUEM TDY I P, nentp rpynmbl P coAepKUTCS B TIEHTPE IPYIIIIHI
P | koTopuiit uMeeT BUA, £ X - - + X 4}, THe KaxKJIad U3 Z; nuKkandeckasg. MoxKHO IpeanoaraTb, 9To
PaHTH N, . .., N AIAEMIOTEHTOB €3, . . . , €, 0oJibIe 1. CienoBareabno, waBosonuu Us, . . ., U, KoTo-
pbIe TTepPeBOAIT COOTBETCTBEHHO €3, . . ., €; B UX MPOTUBOIIOJOXKHBIE U OCTABJISIOT HEMOABUKHBIMHI
OCTaJIbHBIC, I/IMeIOTAOHpe,ZLeJH/ITeJIb 1. BOJIee TOro, OHU ABJAIOTCA ¢ JUMHCTBECHHbBIMHW HUHBOJJIIOIHAMMN
B IIeHTPe TPynibl P, 9b1 MOAIPOCTPAHCTBA, COCTOSIINE U3 COOCTBEHHBIX BEKTOPOB, COOTBETCTBY-

IOIMX COOCTBEHHOMY 3HAYEHHIO —1 HMEIOT COOTBETCTBEHHO PAa3MEPHOCTH My < --- < ny. asee
nycTb © € Ned(q)(P). V3 Ipepaymux paccyzKIeHuil cieiyeT, 4To ¥ HeHTPAIM3YeT KazKIyio HH-
sosmoruio Us, . .., Uy, Otciona crenyer x € Mat,, (¢) ® --- & Mat,, (¢), 3Ha4uT, © = 1 - - - Tp, T1E

z; € GU,,(q). BHOBB, mOCKOIBKY P aBIseTCS HOMNPSIMBIM MPOU3BEICHHEM TPYIIbl P, KazKblii
x; JIOJIZKeH HOpMaJim30BaTh mnpoekimio P; rpynmel P. Takum obpazom, x; € K; juia Bcex i, T. e.
r € K. Mut sakmiouaem, 910 K = Nga () (P), Te P — cujioBckas 2-TOArpyNIa rpy bl Gi(q). O

Crenyionnyio TeopeMy Mbl (DOPMYIUPYEM B T€X 0DO3HAUEHUSX, B KOTOPBIX OHA OY/IET HCIOJTh-
30BaThCA 1IPH JOKazaTeabcTse Teopembl 4.1.1. Hamommmm, uto orobpazkenme o : Mat,,(¢") —
Mat,,(q") HazbiBaeTCS URGOAOYUET, €CITH OHO ABIACTCS aHTHI30MOPGbI3MOM Topsitka 2. J s nH-
BOJIIOIMN 0 00pa3 37eMeHTa T OTHOCHTEIHHO o yJI00Hee 3alliMchiBaTh Kak o(x), 4eM Mbl U Oyaem
M0JTB30BATHCH.

JIEMMA 4.2.6. [Tycmv 0 — uneoaoyus arzebpv, Mat,,(¢") u noarosicum
GU% (¢") = {X € Mat,,(¢")| X o(X) = I,,,}.

Tozda cywecmeyem asmomopdusm 1 noas GF(q"), nopadka < 2, u pedaexcusnan mampuua
Ji € Mat,,(¢") maxue, wmo o asaaemca omobpasicernuem X — Jy X' J71. Bonee mozo:

h__ o
(a) GU? (¢") = G4 ~Y(q", J1, ¢1) cosnadaem ¢ 00noti us paccmampueaemvis KAGCCUNECKUT 2PYNT

uAU

(6) q wémmo, 1 = id, Jy aAsaaemea cummempuieckot, a He KOCOCUMMEMPUYECKOT U BOINOAHEHO
0010 U3 caedyrowur ymeepocoenudi:

(1) m=20+1 u GU7 (q) =~ Spyl(q);

(2) m = 20 + 2 u GUY (q) asasemea pacweniérunvim pacwupenuem N - Spyy(q), 2de N
aeasemes 2-epynnoti (mo, noaseaem Spy(q) = {e}).

Joxasamenavcmeo. Llentp Z anre6per Mat,,(¢") unsapuanten ornocurensno o. CienoBaTe/abHo,
o neiicTByer Ha Z Kak aBToMopdusM p; nopaika < 2. OroxgecrsuM Z ¢ GF(¢") u pacemorpum
orobpazkenue Mat,,(¢") — Mat,,(¢"), onpenenénnoe npasuiom:

X = g(X?).
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9T0 oToOpazKeHue sBJseTcss aBTOMOpdU3MOM Z-aarebpnl. 3HaunT, o TeopeMme Hérep-Ckole-
ma (em. [36, 12.6]), cymecrsyer taxkas J; € GL,,(¢"), uro o(X#") = Jy, X J; !, s seex X €
Mat,,(¢"). Orciona crenyer, uro o(X) = J; X%1'J; 1. Ocranoch mokazarh, ato J; pedaekcubra.

Mz X =0%X) = Jljflt_lXJfltJfl, Mbl oryaaem JP = +.J;, npuaém v € GF(q"). Tpue-
HeAs Q11 K HOCaeHeMY PaBeHCTBY, JejJaeM BeBoJ, uTo ¥¥1 T = 1. Ecin @1 = id, 1o v = %1 u 6o
J1 BJIIeTC CHMMETPUIECKOH, Jubo ¢ HeYETHO U J; ABJSETCA KOCOCHMMeTpUudecKoi. I[losromy
npeanoaoKuM ¢, # id. Torma cymectsyer Taxoit u € GF(q"), uro v = -£7. B srom caryuae Mbr
samensieM J; Ha p.Jp, KOTOpas 9BJsSeTCA 3PMHTOBOI, 9TO 3aBepuIaeT PacCyzKIeHHe.

(a) Crhemyromie yTBepzK/IeHHsT XOPOIIO W3BecTHBI (cM., Hanpumep, [21]). Ecan ¢ = id, J;
ABJIFTC CHMMeTpUuUeckoit u g neuérno, o GU? (¢") = GO,,(¢"). Eciu ¢y = id u J; asngerca

kococummerpuyaeckoit, o GU? (¢") = Sp,,(¢"). Ecomm ¢y # id u J} aBasercs spMuToBoii, TO
GUL(¢") = GUn(q").
(6) Januoe yrBepzK/ienue JoKa3aHo B |24]. O

JIEMMA 4.2.7. Tycmo T — maxas nodepynna epynnv. G(q), wmo C = GF(q)T acasemca
nodnoaem anzebpu, Mat,(q) nopadka q". Tozda awboti anemenm ¢ € Gal(GF(q") : GF(q)) peaau-
3yemca Kax conpasicenue nekomopbim saemenmom us Nei o) (C*), kpome cayuan, kozda G (q) =
GO, (q), npu q newémmom. B amom cayuae n wémmo u mo sce ymsepocoerue cnpasediuso 0ii -
6020 asmomopdusma 1, Komopud aescum 6 nodepynne undexca 2 epynnu Gal(GF (¢") : GF(q)).
B wacmnocmu, Ngag(T) > T kax moavko n > 1 u Gi(q) # SO3 (q).

Hoxasamenvcmeo. Xopormo u3secTHo, uT0 rpynna Ngi,, () (C*) nnaynupyer za C' cONpszKeHneM
sero rpyniy Gal(GF(q") : G(F,)) (cm., nanpumep, |32]). Ecin G2(q) = Gi(q, J, p), oGosnaunm
qepes o orobpakenne X — JX?'J7L U3 o(T) = T caemyer, 970 0 OCTABIACT HETIOBUAKHBIM
C, uaaynupya asromopdusm mopsyaka < 2. Ecau o|c mmeer nopsaok 1, To ornomenne X? =
(X)X =1 ana seex X € T sieuér |T| < 2. Buaunr, GF(q)T = GF(q), aro naér n = 1 u name
VTBEPXKICHHE, OYEBUIHO, BEDHO. SHAUHNT, MOKHO IIPE/IIOJIATATE, UTO O |c UMeeT HOPSAIOK 2, TAK UTO
|C' : C,| = 2. Bojiee Toro, 1o ompejenennto orobpazkenusi o, Mbl nojyudaem, uro GF(q)l, < C,,
korna ¢ = id, u GF(q)I, N C, = GF(q)1,, xorma ¢ # id. Tlockoabky Gal(GF(q™) : GF(q))
ABJISETCS [UKJINIECKOMN, 3TH YTBEPZKIECHUS BJIEKYT, 9TO N 9EéTHO, KOrjaa ¢ = id, B T0O Bpems Kax n
HeYETHO, ecn ¢ # id. B [24] mokasano, 1to

Nat,(C7) = C*Nag1y(C7). (12)

OueBH/IHO, 9TO PABEHCTBO CPa3y JAaéT yTBEDIKIEHHE JIeMMbI B CHMILICK THYECKOM CITy 4ae, HOCKO/Ib-
Ky BCE 3JIeMEeHTBI IMeloT onpeesnrens 1. [Ipeamonoxum, uto G4 ~1(g) = GU,,(q). Torna n neuér-
HO, 3HAYNT,
-1
s=1+q,1+q¢g+---+¢") =1 (4.3)

Hanee mycrs C* = (c). U3 o(c) = ¢?" mbl ne1aemM BHBO:
Ao = (an_l)q" = I,.

1o Baeuér ¢ 1 € GU,(q). TTockosbky det(c) umeer nopsiok ¢2 — 1, det(c?" ~') umeer nopsiok
q + 1 B Buay paserctsa (4.3). Dro nokaseisaer, uro C* N GU,(q) comep:KuT MATPHITHI BCEX BO3-
MOKHBIX onpegennteseii snementos u3 GU,(q) u MBI osyuaeM yTBepzKIeHne U3 paBeHcTBa (4.2).
Hakoueun, upesuosioxum, uro G21(g) = GO (q) u paccmorpum orobpazkenue olnpejesureis:

N NG q) = Neos g (C*) — {1}

[TocKOJIbKY s17IpO 9TOr0 OTOOpAXKEHUs UMeeT UHJEKC He Goiee 2, yTBePK/IEHHE CJIe/lyeT U3 PABeH-
crea (4.2). O
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JIEMMA 4.2.8. [lyemv K = R X On(K) — xapmeposa nodepynna xoueunot epynnv G, 2de r
npocmoe u R — cunosckan r-nodepynna epynno, K. Ecau Co(R) nuavnomenmen, mo K = Ng(R).
B wacmmnocmu, R — cunoeckan r-nodepynna epynnot G.

Joxasamenvcmeo. Oueuano, Z(R) x O, (K) asngercs xkapreposoii noarpynmoit rpynmst Ce(R).
BHauYNT, KOrJa MOCJeIHss Ipynia HuabnoTenTHa, Mbl uMeeM Z(R) x O/(K) = Cg(R). 3ameuast,
ar0o N (R) nopmanusyer Cg(R), caegosarensno, HopMaausyer O, (Ca(R)) = O, (K), Mbl 1eaem
BbiBOJ, 40 Ng(R) Hopmasusyer K. Wl

§3 JlokazareancTBO TeopeMbl 4.1.1

B namnom naparpade mbl jjokaxkem teopemy 4.1.1.

I[Iycts G = G4(q) m K — MmHIMAIbHBIC KOHTPIPHMEDH K Halleil TeopeMe ¢ MUHEMATLHBIM 7.
Ouesugno, n > 1 u K He sBisiercs 2-rpymnnoii. Bostee Toro, Moxkuo npeanosiarath, 410 GF(q) K
HepasaoKuMa, 1o Jgemme 4.2.5 u G4(q) % Sp,,(¢) BBUIY [24].

[Ipeuonoxum, uro T' — npousBosibHast noarpyuna rpyuist K, rakas yro K = TCk(T). U3
nemmbl 4.2.3 creayer, uro anrebpa GF(q)T nepasznokuma. Ecin Mbl mpeioiozKuM TakKe, 9To
nopsAIoK oArpynmbl 1’ He gesntest Ha p, 10 GF(q)T aBasiercst npoctoii anre6poii. TTo xoporo
U3BeCTHO Teopeme Beiepbena, cymectByer Takas dbakropusanus n = mht, 9o (¢ TOTHOCTHIO
JIO COTPSIZKEHUS ):

GF(¢)T = Mat,,(¢") ® I;, Cwatn(q)(GF(q)T) = I, ® Maty(q"). (4.4)
[Iycts 0 0obo3HaYaET MHBOJIONHUIO aaredphI Matn(q), OIIPeJIeJIEHHYIO TTPaBUJIOM
X JX#

Yemoue o(X) = X! g Becex X € T Baewér o(GF(q)T) = GF(¢)T. Orciona crenyer, 9o
0 OCTaB/IAET HENOABUAKHBIM Takzke Chiar, (o) (GF (¢)T'), muaymupys (anTn)u3oMopbusM IOpsiIKa
< 2. MBI mostozKkum

Ly =Giq) NGF ()T, Ly = Gi(q) N Chtatn (o) (GF()T). (4.5)

Ecmn o|gpqr = id, 10 Ly, aBrgeTca snemenTtapHoil abenesoil 2-rpynnoit. B mporusnom ciydae
o gemme 4.2.6 smbo (1) L, gBAgeTCsT OJHON U3 PACCMATPUBAEMBIX KJIACCHYECKUX TPYIIIL, HIH
(2) ¢ wérno u L,, = 2% Sp,,_,(¢"), npuuém a > 0, s € {1,2}. B sT0M ciryuae ueHTp TPYIIHI
L,, angerca 2-rpynnoii. bojiee Toro, kaprepoBa HOArpyImna rpymnnbl L,, MOXKeT ObITH JIMIIbL 2-
rpymnoii, euay [24]. OueBuaHO, Te Ke camble PACCyzKJeHHs TPUMEHUMbI K L;. 3aMeThM, 4TO
no jemme 4.2.4, cuiioBckasd p-oarpynna rpynnsl G HUKOTJa He dBJISeTcsd CaMOHOPMAJIH3yeMOi,
takuM obpazoM, O, (K) # {e}.

Caywuait 1. [lpennosnoxum, aro Oy (K) abenesa. B srom coayuae mbr noaraem 7' = O, (K).
Buaunr, m = 1, GF(q)T = GF(¢") ® I, conepxurcst B C' = Chpag,, () (GF(q)T), 1 K < Cgay(T).
[Mostomy K smasiercst kaprepoBoil mogrpymmoit rpynmst L. B qactaoctu, o # id n L, #e numeer
tun (2), mockoabky K He MoxkeT ObITh 2-rpymmoii. Pacemorpum cHavasa caydait ¢ = 1, h =
n. Orcrona crexayet, 9t0 GF(q)T = Cpyat,(q)(GF(q)T) = GF(q") aBagerca noamoneM aaredphl
Mat,(¢) 1 K =T < GF(q")". o aemme 4.2.7 mbi nostydaem nporusopedne T < Ny (T), 3a
nckmouennem caydas, xorga G4(q) = SO, (¢), HO 3Ta rpynIa He ABASETCS KOHTPIPAMEPOM K
Teopeme 4.1.1.

PacemorpuMm Teneps caydait ¢t > 1. Ilockoabky 1T sBigercd ckajigpHoit Har nojaem GF (qh),
orcioia cieiyet, uro T comepKuTcs B meHTpe rpynnbl Ly, rpymnbl tuna (1). CoenoBaresbHo,
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aubo P = {e}, K = T = L;, tubo K sBIsgeTCS HOPMATU3ATOPOM HETPUBHAILHON CHIOBCKOM
p-noarpyuibl P rpymmbr Ly, [lepBblit BapuanT HEBO3MOXKEH, TaK KaK OH BJICYET, 4YTO L; JOJKHA
OBITH CKaJSIPHOW ¢ t > 1, ¥ 3TO MOXKeT BBINOJHUTHCS JIUITh eClu [, IBJISeTCss OPTOrOHAJIbHOMN 2-
rpynmoit. 3naunt, npeanonaoxum, aro K = Np,(P). Tlo aemme 4.2.4, bt umeem, uto ¢" € {2,3}.
B gactaoctu, h = 1. Takum obpazom T' asasiercs ckassapuoit wag GF(q) u K = P x T sasagercs
HOPMAJII3aTOPOM CHIOBCKOH p-moarpymniel rpymnbl G4(q). ITlo nemme 4.2.4 umeem, 4To p = 2 win
G%(q) € {Sp,(3),SUy(3),2.SUy(3)}, uro corsacyercs ¢ Teopemoit 4.1.1.

Taxum o6pazom, Mer gexaem BoBox, 9T0 Oy (K) He Moxer ObIThL abeseBoit, C/1eJ0BATEIBHO,
CYIITeCTBYeT HeabesieBa CUJIOBCKas r-mofrpynma R rpynnst K, tae p # 7.

Cuyw4aii 2. [lonoxum T = R n 3anumem K =T x S. 3ameTnM, 4T0 0|gp(gr 7 id, MOCKOIBKY
T umeabesena. Kak gokazano B ocHoBHO# Teopeme [24], momrpymma T x (GF(q)T N S) sBasercs
KaprepoBoil noprpyuuoii rpyuibt L, u Z(T) X S saBjgercs kaprepoBoll 1O rpyninoil rpyuibl L.
Taxum obpaszom, uz GF(q)TNS < Z(GF(q)T)NG(q) < Z(L,,) cnenyer pasencrso T'x (GF(q)TN
S) = N, (T). Buacraocrn, T' noskHa 66ITh aGCOMOTHO HEMPUBOAMMOIT CHIIOBCKO# T-HOATPY MO
rpynmsl L,, ¢ HIWJIBIOTEHTHBIM HOPMAJIu3aTOpoM. [10cKoIbKY KapTepoBbl MOATPYIIIBI TPYII TUIA
(2) apastiorest 2-rpynnamu, eciau L, win L, umenu O6br tun (2), To T Gbuta Obl 2-rpynnoit u
p = r = 2, 94TO He COOTBETCTBYET MPEINOIOKeHH0. TakuM obpazom, u L,,, u L; umeror tuim (1)
u jemma 4.2.4 Buedér, uto r = 2. Beugy abcomornoit menpusogumoctu rpymnsr T nan GF(q"),
m siBasierca crenenbio 2. [lockonbky T Heabenera, 1 < m u t < n. VI3 HepaBenctBa r # p =2 u
HHJYKTUBHOTO Ipe/nonaoxkenns Mol umeeM Z (1) x S = N, (R;) npuaém quto (a) Ry € Syly(Ly),
mmbo (6) Ry € Syls(Ly).

B ciyuae (a), R, = Z(T) aBasercs cKagsipHoii: ciaegoBarenbuo, Z(T) xS = L; HUIBIOTEHTHA.
[Mockosbky Ly = Ck(T'), no semme 4.2.8 mbi nojiyuaem K = Ng(T'), aro u TpeboBasiock. 3aMerum,
aro korya G4 (q) oproronanbaa mn > 2, To nenrpammzarop rpynms T B G4(q) ects 2-rpymma. 9to
MOZKHO MOJIY9UTh, MCIOJIb3ys onucanue rpynubl 1, nanuoe B 16|, rpynnst Ng(T'), nanuoe B [5],
u 3107 pakT joka3aH B [6]. Takum 06pa3oM, B OPTOrOHATIBHOM ciiydae K sBJSETCs 2-IPYINON.

Haxkownern paccmorpum ciaydaii (6), B koropom Z(T') X S ABAsIeTCST HOPMATU3ATOPOM CHIOBCKO#
3-noarpynnsl rpyunbt Ly, u Ly € {Spy(3), SUy(3),2.5U2(3)}. Torma S umeer mopsimok 3, u T
JOTKHA OBITH CHI0BCKOf 2-moarpynmoii rpynmsl Ned o) (). V3 [Nga ()(S) : Caa () (S)] < 2 cenyer
Nea(g)(S) = Cga(g)(S). Taxum o6pasom, mopoxpamomuii s rpymms S weconpskén ¢ s~ B G4(q).
Ho 3T0 MozKeT BBINOMHUTLCA Jumib ecan m = 1 u G4(q) = L;. [eficTBATENbHO, IPEIIONO0AKUM
m = 2% mpuuéM a > 1. C TOIYHOCTBIO JI0 CONPSKEHUsT MOXKHO HPEIOIaraTh, 9To

(0 (T 0
J_(i% 0)’5_(11)’

e Jo® Iy — dopma, ocraBiasgemas HEOABUKHOM rpynnoit L,,. Mbl MozkeM TakzKe 1peJiio,/iararh,

q9TO0
0 I
%_(iIO>

[Iycte A = blockdiag(l,—1). Mpr umeem AJgA' = —J;. Orcioma ciaemyer, 94To0 MaTpuna
blockdiag(A, —A) npunamiexur rpynue Gl (q) n maseprupyer s. [Toay4ennoe TpoTHBOpeYHe 3a-
BepIIaeT JT0Ka3aTeabCcTBO TeopeMbl 4.1.1.



I'nmaBa 5. lloaynuneiinble rpyInnbl JineBa
TUNA

B nannoii ryraBe Mbl JIaJiUM ONpejeeHue MOYyJIMHEIHBIX TPYII JIneBa THIIA W TepeHecéM Ha
HUX pe3YyJIbTAaThl O CTPOEHWW TPyl JineBa Tuna. laHHadg Teopus MOHAAOOWTCA TPHU U3YUEHHH
KapTepOBBIX MOATPYNI B TPYNNAX JMeBa THIA, PACIIAPEHHBIX € MOMOIIBIO MOJEBBIX, IPAdOBBIX
win 1padoBo-110J1eBbIX aBTOMOphU3MOB B 1iaBe 6. B nocsienem naparpade rjiaBbl Mbl U3Y4UM
BOIPOCHI CYIIECTBOBAHUS KAPTEPOBBLIX MOJAIPYII B IIOJYJIMHEHHBIX TPYIIAX B TOM CJaydae, KOT/ia
KapTePOBHI MOATPYIIHI IN00 COMEPKAT CHJIOBCKYIO 2-TTOATPYTITY, TUO0 COJIeprKaTcs B HOPMAJIH3a-
TOpe MOATPYIIL Bopens.

§1 OcHoBHBIE OoIIpeesIeHns

Tenepsb MBI OIIpeIe MM HEKOTOPBIE HAAIPYIIIBI KOHETHBIX IPy jJueBa tuna. CHaga a Mbl Ja-
auM 6ostee ToapoOHOe onucanme orobpazkenns Opobernyca o. OTMeTHM, 4TO BCe OTOOParKEeHH,
paccMaTpuBaeMble B JAHHOM Iaparpade, aBagioTcsa aBroMopdu3MaMu, ecan rpynny G paccMmar-
pUBaTH KaK abCTPAKTHYIO IPYNIY W HIOMOPQU3IMaMU, ecliu eé paccMaTPUBATh KaK ajredpande-
ckyio rpynimy. [TocKoabKy MBI UCHOJIB3YeM OTOOpaXKeHUs i TOCTPOEHUS CBI3AHHBIX aBTOMOD-
(Gu3MOB B KOHEUYHBIX IPYIIAX W TPYIINAX HAJ aaredpandecku 3aMKHYTHIM MOJIEM, Mbl CIUTAEM
YMECTHBIM B JIAHHOM naparpade Ha3blBaTh Bee 0ToOpazkenus apromopdusmamu. [Iycrs G — mpo-
cTad CBA3HAs JHHeHHasd ajarebpamdecKas TpyNIa MPHCOETMHEHHOIO THIIA HAJ aaredpamvecKuM
3aMBIKAHUEM Fp KOHEYHOTO MOJIS MOJOKUTEIbHON XapaKTepucTHKY p. Besne nasee, ecotm He oro-
BOPEHO ITPOTUBHOE, MBI OYJIeM PACCMATPUBATDH IPYIITHI TPUCOEINHEHHOTO THIIA. BhIOepeM morpym-

ny Bopenst B rpymnbt G, nycts U = R, (B) — yuunorentubiii pagukan rpynmsr B. Cymiectsyer
noarpynna Bopens B, ynosiaersopsiomas pasenctsy B N B = T, rie T — MaKCHMAJbHBIH

Top rpynnbl B (3Hauut, u rpynnbl G). Mel qacTudHO JAy6aupyeM 0003HAYEHHUS U ONPEJIeTIeHUs]
u3 § 2 rassl 1 37ech. Ilycth ® — kopueBas cucrema rpynmnsl G u nycrb {X,. | r € T} —
MHOXKeCTBO T-MHBapUaHTHBIX 1-MepHBIX KOpPHEBBIX noArpynn rpynmns U. Kaxmnas X, nzomopdna

aauTuBHON rpymme nous [y, 3HadnT, 110060it s/1eMeHT Tpynmsl X, MOYKHO 3alHCATH KaK T, (1), e

t — obpas amemenTa ,(t) oTHOCHTEIbHO 3Toro M30Mopdu3Ma. Obosnaumy wepes U = R, (B )
VHUNOTeHTHBIH pajuKas rpynnsl B . Kax u BeIme, onpejeanM T-nHBAPHAHTHBIE 1-MepHBIE TI0JI-
rpymmsr {X, | 7 € ® } rpymmer U . Torma G = (U,U ). Ilycth ¢ — momeBoit aBToMopdusm
rpymns G (Kak abeTpaKTHOM TPYHIb) 1 4 — rpadosbii aproMopdusM rpymmsl G. U3secTHo, 4To
@ MOXKHO BbIOpATh TakK, 910 OH jeficTByer 10 upasuiy ,(t)? = x,.(t?) (cm., naupumep, [11, 12.2]
u [15, 1.7]). Beuay [11, npemnoxenus: 12.2.3 u 12.3.3], Mbl MOKeM BBIOpaTh 7 Tak, 4TO OH Jeii-
crByeT 1o ipaBuity ()7 = xx(t), ecoim ® He comepKUT KOpHEl PA3INIHON JJINHbI, U O TPABHITY
z,.(t)7 = z(t™) misa nopxongauero A, € {1,2,3}, eciu ® coepxUT KOPHU PA3IUUHON JTHHBI.
HamoMuuM, 9T0 7 — 9T0 06pa3 KOPHs T OTHOCHTEJNHHO CUMMETPHH p (COOTBETCTBYIOMIEH aBTO-
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Mopdu3My ) KopHesoii cuctembl ®. B 06omx cydagx MBI MOKeM 3amucaTh o, (t)7 = (1), rie
A € {1,2,3}. U3 srux dgopmys BujgmHo, 40 @ -5 = 7 - @. lycers n,(t) = z.(t)z_.(—t 1)z (t)
n N = (n(t) | r € &t € F,). Tyers h,(t) = n.(t)n. (1) n H = (h ()]7" o,t € F).
Beuay [11, rmaser 6 u 7], H ecth maxcumanbubiit Top rpynmst G, N = Ng(H), u HOATPYIIIBI
X, SBISIOTCS KOPHEBBIMU IOAIPYIIIAME OTHOCHTEIBHO H. 3HAUNT, MBI MOYKEM 3aMeHUTh 1 Ha
H w npenosaraThb, 9T0 OTHOCHTEIBHO HALIErO BEIGOpa Top 1 ABjifeTcd (- U Y- NHBAPHAHTHBIM.
Bosee Toro, ¢ MHAYUHpyeT TPHBHAIBHBIH aBToMOpdusM daxToprpynmsl N /H. OTMermM, 9TO
H < BNB , caeposarensuo, H =T.

Apromopdusm @F, rne k € N HasbiBaeTcsa kaaccuueckum asmomopdpusmom Ppobenuyca. Mol
Oyaem HaSBIBaTb aBTOMOpPDU3M 0 agmomoppusmom Ppobenuyca, €CIU 0 COMPIKEH OTHOCUTETHHO
G c y¢* e € {0, 1},k € N. 13 reopemn Jlenra-Creiinbepra [41, Teopema 10.1] cemyer, 1ro
JUTST JIIO6OI‘O G € G 31eMeHTH 0 M 0§ COUPSIAKEHb OTHOCHTEeAbHO (. TakmM 06pasoM, BBIJLY
|41, 11.6], mbI umeem, uro orobpazkenne @pobenuyca, onpenenéHHoe B § 4 raBel 1, coBOagaeT ¢
aproMopduzmom Ppobenunyca, OHpelLeﬂéHHbIM 3/1€Ch.

TManee, sabukcupyem G, ¢, 7, n 0 = ¥°¢*; n npeanonozxum, uto |¥| < 2, T. €. Mbl He paccMmaT-
puBaeM TPOHCTBEHHBIT aBTOMOP(hU3M IPYIIIbI Gec KODHEBO# cncTeMoi <I>(G) Dy. Tlonoxkum
B=DB, H=H, uU=U,. llockonbky B, H, u U aBIg10TCH @- U 7- HHBAPHAHTHBIMH, OHH
JIAI0T HAM COOTBETCTBEHHO moArpynmny Bopess, noarpynmny Kaprana u MakCUMAaJbHYIO YHUIIO-
TEeHTHYIO TOATPYIIY (CHIOBCKYIO p-moarpymmy) rpymosl G, (em. Gomee mogpo6mo [15, 1.7-1.9]
i |28, raBa 2|).

IIpemonozkum, uto € = 0, T. e. O (G,) meckpydena (pacmennénnas). Torna U = (X, | r €
®T), tne X, uzomopdua agaurusHoil rpynme nona GF(p*) = GF(q) u mo6oii 3aeMeHT Tpy b
X, Moxker OHITH 3ammucan B Buje T,(t),t € GF(q). Tlonoxum takxke U~ = U, . Kax u aua U,
MBI MozkeM 3amucarb U~ = (X, | r € &) u moboit siement rpynnsl X, MOkKeT OBITH 3alUCAH B
Bujie ,.(t),t € GF(q). Janee Mbl MOKeM OMpeIeTUTh ABTOMOPMhU3M ¢ KAK OTpAHUYEHIE aBTOMOD-
dbusma @ Ha G, 1 aBTOMOpdU3M 7 Kak orpanmdenue aproMopdusMa 5 na G,. Ilo onpepenennio
BBINOJHEHB paBencTBa T, (1)? = x,(tP) u x,(t)Y = x:(t*) ana Beex r € & (cmorpn onpeﬂeﬂeHHe
asromopdusma 7 Beime). Onpegennm asromopdusm ( rpymmsl G, pasabiM ( = ¢, of # e,
e € {0,1}, w apromopdusm ¢ rpynmsr G pasabM ( = i -¢". BribepeM (-MHBAPHAHTHYIO TOATPYT-
ny G, yaosiersopsiomyio yeitosmo OF (G,) < G < G,. BaMeTnM, 9TO eciii KOpHeBas CHCTEMA
® rpynner G ne pasua Dy, To dakroprpymma G, /(OP (G,)) nukmmaeckas. Takum oGpasom, mis
GOJIBITUHCTBA TPYII 1 aBTOMOPGDU3MOB, KpoMe Tpyii Tuna Day, HaJI HoJeM HeYETHOH XapaKTepu-
cruxnm, mobas noarpynna G rpymms: Gy, yaosiersopsioman OF (G,) < G < G, apiserca y- u -
nipapuanTHoii. Onpegennv I'G kax Muokectso moarpym suga (G, (g) < Go X ((), rae g € G,
(Cg) NG, < G; 1 TG xak MuOKecTBO oArpymn Buaa G X (¢). Caemys [28, onpenenenne 2.5.13],
6yaeM Ha3bIBaTh aBToMopdusM ¢ noaesvim, ecam € = 0, T. e. ( = ¢’ 1 2pagoso-nosesvim B OCTATL-
HBIX C/Iydasx (HAIOMHHM, 9TO Mbl Hpejnoaraem b # e).

IIpeanonoxuM Tenepn, uto € = 1, . e. O (G,) ckpydena. Torna U = U, u U~ = U, .
Onpeneum ¢ na UF kak cyxenue asromopdusma ¢ na U™, HOCKOﬂbe O" (G,) = (U, U~ >
MBI nosryuaem apromopdusm ¢ rpymnst O (G,). Pacemorpum ¢ = o # e, HyCTb G — (-
WHBApHAHTHAS I'YINa, yaosiaersopsiomas yeiaosuio OF (G,) < G < G,. Torga ¢ = @' apnserca
aproMopdusmom rpymnbl G. Ompenemam I'Gxak MHOKecTso moarpymn suga (G,(g) < Gy X
(¢), tae g € Gy, {Cg) NG, < G; m I'G xak MHOMecTBO MoarpymH Bumga G X ((). Cremys [28,
onpegeserne 2.5.13|, Mbl GyseM roBOpUTH, 4TO aBToMOpdu3M ( ABIAETCA noaeswvim, ecau || e
nemmTes Ha |y| (3T0 ompenenenue GyseT MCIOMB30BATLCA W B TOM caydae, ecan |y = 3 n Gy ~
3D4(¢%)), u uro aBromopdusm ( sABASETCH 2Papo6HM B OCTATBHBIX CIydasX.

['pynnsr 13 muokecTBa ['G, onpeie/IEHHOTO BBIIIE, HASBIBAIOTCS NOAYAUHETHBMU KOHESH LML
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epynnamu suesa muna (OHH HAZBIBAIOTCI TAKIKE NOAYAUHETHOMU KAHOHUMECKUMU KOHEUHbLMU
epynnamu auesa muna, ecin G = O (G,)), a rpynust m3 MuoxkecTsa I'G HA3BIBAIOTCS N0AYAU-
netinomu aneebpauieckumuy epynnamu. 3amernym, aro I'G Hep3s onpenesnts 6e3 ['G, TOCKOIbKY
HaM HeoOXomuMo 3Hanme Toro, uto ! # e. Ecm G 3ammcana B obozmawenmax uz [11], T. e.
O"(G) = G = A,(q) wm O”(G) = G = %2A,(¢?) m . 1., To MBI Gyaem samuchiBath ['G Kak
T'A,(q), T?A,(¢%), n T. 1.

Pacemorpim A € TG nw v € A\ G. Torma v = (*y ansa mexoroporo K € N u y € G,.
Omnpenemam T pasabiv (Fy. Obparno, ecim Z = (Fy ams mexoroporo y € Gy, ¢F # e m (CFy) N
G, < G, onpegenum x pasabiM (Fy. BameTnM, 4TO HAM He HYYKHO NpeNoJaraTh, 4ro T ¢ G
nockombKy |¢| = oo. Ectn # € G, nonaraem 7 = .

JIEMMA 5.1.1. Bo ssedénnoix svuse 06031avuenuar pacemompum nodepynny X epynnoe G. Sae-
MEHM, T HOPMAAU3YEM X 6 MOM U MOALKO 8 MOM CAYUAE, Ko20a T nopmarusyem X Kax nodzpynny
epynnu. G.

Joxazamenvecmeo. Tlockonbky ( siBisiercss orpanumdernneM aromopdusma ¢ Ha G Halme yTBep-
KJeHrne TPUBUATIBHO. O

[Iycrs X1 — moarpynma rpynnel A € I'G. Torma X, mopoxkmaeTcs HOpMAIbHONM IMOATPYIIOi
X = X, NG u snementom x = (*y. Beuay memmsr 5.1.1, MBI MOKEM PacCMOTPETh IIOAIPYIIY
X, = (z,X) rpymmsr G X (€). Jlamee, Mbl HAXOAMM Pa3yMHBIM OGbACHATD, TIOUEMY MBI HCTOTB3Y-
eM CTOJIb 3allyTaHHble 000O3HAYEHNUSI U OIpeeaeHns. Mbl nMeeM, 9TO MOPSAIOK daeMeHTa ( Beeria
KOHeweH, HO MOpAIOK vjeMenTa ( Beerda Geckoneden. Takmv obpasom, gaxe ecan Z((G) Tpusu-
aJleH, MBI He MoxKeM paccMarpusaTh G X (¢) Kak moxrpymmy rpymmsl Aut(G). CremosatebHo,
HaM HY?KHO OIPEJIeTHTh KaKUM-HUOY1b 06pa3oM (OMH BO3MOZKHBIIT 11000 TOJBKO 9TO JaH) CBsI3b
Mesk Ty snementamvn w3 Aut(G) u snementavu m3 Aut(G) a5 TOro, 9TOOH CTIOMB30BATH TEXHIKY
JIMHEWHBIX aJrebpandecKux IPyII.

[lycTs R — O-MHBADHAHTHBI MAKCHMAIBHLIE TOp (COOTB. PeIyKTHBHAs MOATPYIIIA MAKCH-
MaJIbHOTO PaHTa, napaboandecKas MOArpyna) rpynbl G, n 3aeMenT y € Naw@ (R), BHibpan Tax,

qT0 cymecTByeT aaeMenT = € (G, (g), yaosaersopsitonuii paserctsy y = . Torma Ry = (x, RNG)
HA3BIBACTCS MAKCUMAALHBM MOPOM (COOTB. pedykmushol nodzpynnotl MaKCuMaAbHO20 PAH2G, Na-
paboauneckoli nodzpynnot) rpynnst (G, (g).

§2 IlepeHoC OCHOBHBIX Pe3yJIbTAaTOB

JIEMMA 5.2.1. ITyemv M = (x, X), 2de X = M NG I M — maxras nodepynna epynnw (G, (g),
umo nodepynna Oy(X) nempusuanrvra. Tozda cywecmeyem makaa cobemeenman o- U T- UHEA-
puanmuas napabosuneckas nodzpynna P epynno G, wmo X < P u O,(X) < R,(P).

Aoxasamenvcmeo. Onpenernnm Uy = O,(X), No = Ng(Up), naree no uanyknuu U; = UgR,, (N;_1)
u N; = Ng(U;). Ouesunno U;, N; BASIOTCS T- U 0- HHBAPUAHTHBIME JIJIs BeeX i. Beumy [8, mpen-

noxenwe 30.3|, menb moarpynn Ny < Np < ... < Ny < ... KOHEYHA U P = U;N; apagercs
cobcTBeHHOM mapabondeckoil mogarpynnoi rpyumnst G. OdeBuano, aro P aBiasercs o- u T- nHBa-
puantnoit, X < P u O,(X) < R,(P). O

JIEMMA 5.2.2. [lycmo o (éa) <G <G, — Koneunasn NPUCOCIUHEHHAA 2PYNNG AUEBE TUNG C
6a306vLM NOAEM Tapaxmepucmukry p u nopadka q. Ilpednosostcum makosice, wmo 2pynna Op/(G) He
uzomopgna epynnam >Da,(q?), 3Dy(q?), 2Ba(22"T1), 2Go(3%Hh), 2Fy (22711, Toeda cywecmeyem
makoti makcumanonstl o-urneapuarnmusiti mop T epynne G, wmo
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(a) (NG(T)/T)s = (Ng(T))o/(Ty) = N(G, T) [T = W, 2de W — epynna Beiian epynnou G

(6) ecaur — neuémmuwd npocmot deaumensv wucaa q— (€1), ede e = +, ecau G pacujenaénna u
e = —, ecau G ckpysennas, mo N(G,,T,) codeporcum cunoscryio r-nodepynny epynnot Gy ;

(B) ecau r — npocmoti deaumenrv wucaa q — (€1), u s — makoll anemenm nopadka T 2pynnoe
G, wmo Cg(s) ceasen, mo, ¢ mownocmoio do conpagcenus saemernmom u3 G, snemenm s
codeporcumen ¢ T =T, NG;

Top T eduncmeennumii ¢ mowrnocmuio do conpacenuan 6 OP (Gy) u |Ty| = (¢—e1)™, 2de n — pane
epynno G.

Joxasamenvcmeo. T1ocKOIBKY 1 M060T0 MaKCHMAILHOTO Topa 1’ rpynmbl G, BBIIOIHEHO pa-
BerctBo Gy, = TOY (G,), 6e3 moTepu OGITHOCTH MBI MOXKeM TIpejmonarath, uto G = G,. Ecmn G
pacIIenISHHas, TO JJeMMa JIeTKO J0Ka3biBaeTcs. B arom ciydae T sBISeTCsS TAKIM MaKCHMATbHBIM
Topom, uto 1, — noxrpynma Kaprana rpymnmnst G, (T. e. T apisercs MaKCHMAIBHBIM PACIIeTLI8H-
ueiM TopoM) u (a) oueBmuen. Ilymkr (6) caenyer u3 [29, (10.1)]. Kpome toro, m3 [29, (10.2)]
cIIeTyeT, 9To HOPAI0K Topa 1, ONPeIeIeH e TMHCTBeHHEBIM 06Pa3oM U paBeH (q— 1) e 7 — PaHr
rpymnst G. Ilo [1, F, §6] Boimosmeno, aTo m060if 3;IeMeRT HopaaKa r IpyIsl 1’ conep:kures B Gy
Taustee, cymecrByer Takoit ¢ € G, 4ro s? € T, 3uaunt, s7 € G. B cuily CBI3HOCTH HEHTPAIH3ATOPA
SJTEMEHTa S, SMEMEHTHI s U s9 compsizkenbl B G TOTJa W TOJTHKO TOT/A, KOT/a OHU COTIPSZKEHbI B
G, mostomy s u s9 conpsizkensl B (G, orkyna ciaeqyer (B). Mudopmanms o Kiaccax MakCHMaIb-
HBIX TOPOB, MamHad B [1, G| u [12], Baeuér, aTo, ¢ TOUHOCTBIO J10 coUpsKenus daemMenToM u3 G,
CYMICCTBYeT eAUHCTBCHHbIH TOp T Takoit, 4T0 |TU| =(¢g—1)"

pesnonozkum, aro O (G) ~ 2A,(q ) Torpa T apjisierca TaKMM MAKCHMAJILHBIM TOPOM, 4TO
IT,| = (¢ + 1)*. Ormerum, aro Top T, TMOAyHaeTcs W3 MAKCHMAJLHOTO DACHIEIIEHHOTO TODPa
CKDYYHMBAaHHEM 3JIEMEHTOM woo. HemocpecTBeHHBIE BBIYUCIEHUsI, ¢ UCMOIh30BaHueM |15, mpen-
noxenne 3.3.6] mokaswBator, uro rpymna N(G,,T,)/T, msomopdua rpynme W (G), Kotopad B
cBOIO 04epeib u3oMopdua Sym,, . Exuncrsennocts ciegyer u3 [14, npennoxenue 8|. [lynkr (6)
crenyer us [29, (10.1)]. Jna nokasatenpcrsa myHKTa (B) NOKazKeM cHavasa, UTO JOOOH 3/1eMeHT
nopsinka r u3 1 sexur B G. [Ipeanonoskum, 9ro t — 3/IeMeHT HOpsiaKa © B 1 (HATIOMHUM, YTO
B aToM ciydae r gemut ¢ + 1). Tlyers H — o-WHBapHAHTHBI MaKCHMATbHBI DaCIIeT TéHHBIH
top rpynnsl G. Top T, moayden us H «CKpyYHBAHHEM» 3JEMEHTOM woo, Tae wy € W(G) —
eIMHCTBEHHBI 9J1eMeHT, 0TOOPArKAIONIHH MOJOKHTEIbHbIE KOPHE B OTPUIATeIbHbIe I Ty ~ H 5y, .
[Iycth 79, ..., 7, — MHOXKeCTBO (byHIAMEHTAIBHBIX KOpHeil KopHeBoii cuctembl A,. Torma ¢, kax
s/aeMenT Tpymnbl H, Moxker 6bITh 3amucan Kax hy (A1) - ... - hy, (A,). Hasee, njis 1o60ro i, Mol
mveeM owy : hy (A) — h_.. (A7) = h, (A7), 7. e. t7%0 = t~9. TlockoabKy 7 mesuT ¢+ 1, MBI Oy da-
em, uto t9t! = e, 1. e., t =t 9. Buaunt, t° =t ut e T,. Jaree, Kak 1 B HECKPYICHHOM CJIyIAe,
cyIIecTByeT Takoil sseMent g € G, uro 89 € T, cienosarensno, s9 € T,. B cuny cazmoctu Ce(s),
9JIEMEHTH $ U $7 conpsizkeHbl B G.

st OY(G) = 2Dapy1(q?) Mbt 6epém T paBHBIM €IHHCTBEHHOMY (C TOMHOCTBIO JI0 COMPSIZKe-
Hust B () MaKCHMAaJbHOMY TODY, JJIs KOTOPOTO MOPSIOK T, | pasen (q + 1)2”+1 (eIMHCTBEHHOCTD
crenyer u3 [14, mpepnoxenne 10]), a gia OP (G) = 2FEg(q?) mbi 6epém T paBHBIM eIHHCTBEH-
HOMY (BHOBB ¢ TOYHOCTBIO JI0 cOIpsizKeHusi B (G) MaKCHMAJIBHOMY TODY, /1T KOTOPOTO TOPSI0K
IT,| pasen (q+ 1)° (emmECcTBeHHOCTD Topa ciaeayer u3 [20, Tabmumna 1, crp. 128]). Kax B ciydae
G =2A,(¢%) nerxo nokasarn, uro T yjosiersopser yrsepzienusam (a), (6) u (B) JgeMMbL. O

JIEMMA 5.2.3. Ilycmv G — Koneunas 2pynna AUESH Muna u @, o 8uOPaHLL MaK, 4Mo o (60) <
G < G,. llyemv s — pe2ysaproii noaynpocmoti INEMeHm HEYEMHO20 NPOCO20 NOPAJKA T 2PYn-

ne G. Toeda Ng(Cr(s)) # Cal(s).
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Joxasamenvcmeo. Beuny [31, mpennoxenue 2.10] mpr uveem, uro dbakroprpynna Cg(s)/Cq(s)"
n3oMopdHa HOArPyIIe T'PYyIITbl A( ). danee, ecoim xopueBas cucrema $ rpymmst G He paBHa
6o A,, mabo Eg, o |A(P)| saeagerca crenennio 2. Tlockombky A(G) apisercs dbakToprpymmoi
rpyrmen A(®(G)), To nemmva 3.2.1 preudt, uro Cx(s) = Cx(s)? = T apasercs MakcuMaILHBIM
topom 1 Cg(s) = Cxz(s)NG = T. Tlockombky No(T) = N(G,T) # T, MBI HOIy9aeM yTBep:K IeHHe
JIEMMBI B 9TOM ciydae. TakuMm o0pa3oM, MOXKHO Ipenoaarars, 4ro gubo & = A,,, mubo & = Fj.

Ipeanonoxkum cuagana, aro ® = A,, . e. OY(G) = A% (q), rae € € {+, —}. Ouennmmo, uro
T = Cx(s)° N G asastercst mopmaabhoit noarpymmoii rpynnsr Cg(s), smaunt, Cg(s) < N(G,T).
[pexnonoxknm, 110 Ne(Cgr(s)) = Cq(s). Toraa Ce(s) = Ny@er)(Ca(s)) n Ca(s)/T asasercs
camonopmas3yemoit noarpymnmoit rpymmnst N(G,T)/T. Kak mbr 3ameruan soimre, Ce(s)/T u3o-
mopdua moarpynne rpymnnsl A(A,), T. e. sBasgercs nukandeckoit. [To semme 3.2.1, Mbl TakxkKe
nostygaeMm, uro Cg(s)/T sasiasiercs r-rpyunoit, rakum obpaszom, Cg(s)/T = (x) s HEKOTOPO-
ro r-anementa ¢ € N(G,T)/T. CaenoBaresbHo, (r) ABJIseTCs KapTEPOBOil MOAIPYIION IPYIIb!
N(G,T)/T. Janee, sBuay [15, npeamoxenue 3.3.6], oimonneno N (G, T) /T =~ Cyyg)(y) A1s nexo-
toporo y € W(G) ~ Sym,,_,. fcno, 4ro C’Cw@(y)(x) cofiepKuT y. TakuMm oOpasoM, y JI0JIzKeH
OBITH T-3JIEMEHTOM, B TPOTHBHOM CJIyUae NCW@(y)((@) comepzKas OBl JTEMEHT Yy MOPSIKA B3a-
UMHO NPOCTOrO C T, T. €. NCW@(y)«@) # (z). IlporuBopeune ¢ Tem, 4ro (r) ecTb KapTepoBa
nozrpynna rpynust Chy ) (y).

Hajee myctb y = 71 + ... — Pa3JI0KEHNUE JIEMEHTA Y B IPOU3BEIEHUE HE3ABUCUMBIX IUKJIOB U
l1,... — JUIMHBI IUKJIOB T, ... COOTBETCTBEHHO. [IpEIONIOKIM CHAYAIA, YTO 1M IUKJIOB UMEIOT
OIMHAKOBYIO JUTHHY l1, Mo UMEIOT JyuHy Iy u T. 1. [lyers mg = n+1— (Iymy + ...+ lxmy). Torma

Cwi(y) ~ (Z, 1 Sym,, ) x ... x (Z, 1 Sym,, ) X Sym

mo?
rje Z;, — HUK/AndecKad rpynna nopsaika ;. Keam mj; > 1 g nexoroporo j = 0, To cymiecTsyer
Taxas HopMaspHag noarpyma N rpymust Cyy g (y), aTo umeet MecTo uzomopduzm Cyy, ( )/N ~

Sym,, # {e}. Ilo jgemme 3.3.2 KapTEPOBBI TOATPYIIBI B rpyIme S, ygLOBﬂeTBopHIomeH VCJIOBHIO
Alt, < S < Aut(Alty), conpsizkennt masg Bcex ¢ > 5. Takum obpaszom, rpymmst Cyy, (y), N
yaosserBopsiior yeaosuio (C) u (r) — eamHCTBEHHAs, ¢ TOYHOCTHIO JI0 COUPSIZKEHMUS, KapTepo—
Ba MOJAIrpyIIa B CW@)( ). TTo memme 2.4.1 Mbl mostygaem, aro (x) orobpazKaercss Ha KapTepoBy
noarpymiy rpyunst Cyy g (y)/N == Sym,, . TTo gemuve 3.3.2 ToAbKO cH/I0BCKast 2-10/rPyIIa IPy1i-
mbl Sym,, MOXKeT 6bITI> KapTepOBOI/I HogLrpyHHOH rpynist Sym,, . Ilporusopeune ¢ rem, urto x
SIBJISETCS T-3JIEMEHTOM ¥ 7" HEUETHO.

Takum obpaszom, Mbl MozKeM upejuoarars, 4ro Cy g (y) = (Z, X ... X Zy,) u l; # lj ecan
i # j. VI3 u3BeCTHOrO CTPOEHMST MAKCHMAJBHBIX TOPOB M WX HOPMaau3aTopoB B rpymme AS(q)
(cm., nanpumep, [14, npeaoxkenns 7,8]) mbl nosydaem crpoenue rpymnn T u N(G,T'), kotopoe
MBI HOSICHUM ¢ TIOMOIIbI0 MaTpuil. Besze muzke rpynna GL; (¢) uzomopdua GL,(q), eciin e = + u
uzomopdbua GU,(q), ecmu € = —. Jna pasnoxkennd Iy + ly + ... 4+ I = n+ 1 B rpymne GL;, ,(q)
PACCMOTPHUM TPYIIY L, COCTOSIIYIO U3 KJIETOUHO-THATOHAILHBIX MATPHUIL, BAIA

A 0 ... 0
0 A ... 0
0 0 ... A

rae A; € GL;(q). Torna L ~ GLj} () x ... x GL;*(g). O6osmaanm ns xpatkoctu GL;'(q) uepes
G;. B kaxaoit u3 rpynn G; pacemorpum nmka 3unrepa T;. Xopomro ussectHo, 110 Ng,(T;)/T; —

nuKJIndeckas rpymmna nopsaiaka l; u N(G;, T;) = Ng,(T;). CymectByer Takas HOArpyna Z rpyIibl
Z(SL:,1(q)), uto O (G) =~ SL;, 1 (q)/Z. Torna T ~ ((Ty x ... x Ty) NSL:,1(q)) /Z u N(G,T) ~
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((N(G1,Ty) % ... x N(G,Ty)) N SL: .1 (q)) /Z. Tlockonpky anst moGoro nukma 3unrepa T; rpy-
na N(G;,T;)/T; nuamdeckasi, Mbl MoxkeM npejnonararb, 4ro N(G,T) = Cg(s) u T sapasercs
IUKJIOM 3HHTEpa, T. €. ABISCTCHA MUKJINICCKON IPYIIION TopsIKa %
Ttoporo k > 1 (nmocnennee paseHcTBo BbinosHeHO noromy, yto N(G,T)/T aBasgercs r-rpyumnoi).
Ho ¢"" = ¢ (mod ), cnenoBarenpro, r aeaur q — (e1). Tlo aemme 5.2.2 Mbl moayvaem, 910 S Jre-
xut B N(G, H), tne H — takoii MakcuMasbHbiii Top, 9to dbakroprpynmna N (G, H)/H uzomopdua
Sym, ., u |H| = (¢ — €1)". B wactnoctu, H He fBidercd nUKIoM 3uHrepa. Ecau s € H, To 310
HeMeJIJICHHO BJICYET HPOTHBOPEUHe ¢ BHIOOpOM s. Ecnn s € H, To, TOCKOJIBKY MOPAIOK 3JI€MEHTA,
s mpocr, nepecedenne () N H TpUBHAIBHO. 3HAYUT, OTHOCHTEIBLHO €CTECTBEHHOTO rOMOMOpP(hH3Ma
N(G,H) — N(G,H)/H ~ Sym,,, sj1eMeHT s oTobpazkaercs B 3jeMeHT nopsiaxa r. OgHako, B
rpymne Sym,, ., J1000if 3JIeMeHT HeYéTHOTO TIOPSIKA COLPAKEH co cBouM 0bpaTHbIM. Takum o6pa-
30M, CYIIECTBYeT 2-371eMeHT z Ipynibl (G, HOPMAIU3YIONMHA, HO HENEHTPATU3YIONHMH rpymy (s).
Cnenosarenbho, z € Ng(Cx(s)) < Ng(Cx(s)?) u |[N(G,T)/T| nenurcs Ha 2, 9T0 TPOTHBOPEYHT
JIOKA3aHHOMY BBITIIe yTBepzKaeHuto o ToMm, uro N(G,T)/T aBnsiercs r-rpynnoii. 910 mocjiejanee
poTHBOpedne 3aBepmaet pasbop ciydas O(G) = A,.

un+1 = r* nia zeko-

B ocraBmewmca cayuae ¢ = Ejg sierko nmposeputhb, uto i jgwoboro y € W(FEg), nearpannsa-
10D Ciy (1) (V) HE COMEPAKNT KapTEPOBBIX moArpyn nopsaka 3. Jeiicreurensuo, ecim 8 Cyy (g,)(Y)
ecTh KapTepoBa MOArPYIIA IIOpsAaKa 3, TO OHA IIOPOZKIaeTcd djgeMeHToM Y. OJHAKO XOPOIIO M3-
BECTHO (M MOKHO JIETKO MPOBEPUTH ¢ momomibio [12, tabmuma 9]), uro B W (Es) Her 371eMeHTOB
TOPSIIKA 3, TEHTPATH3ATOP KOTOPHIX Tak:ke mMeeT nopsaaok 3. [Tockombky |Cq(s)/T| aeaur 3 u
rpymna Cg(s)/T ssnsercs kapreposoit noarpymnoit B Cyy(gg) (YY) J/Isl HEKOTOPOT'O Y/, MBI LOJLy 9aeM
IPOTUBOPEYHE. [

Ncnonb3ys gemmy 5.2.3 MOXKHO NOJIYYUTH aHAJOTHYHBIN PE3ybTaT U B MOIYJIHHETHBIX TPYTI-
IIax.

JIEMMA 5.2.4. Iycms (G,(g) — xoneunas noaysuneiinas epynna suesa muna u G, o eubpav
max, “4mo Op/(Ga) < G < Go. IHMyemov s — pezyaapuvili noaynpocmot snemenm Heweémmoz0
npocmozo nopadka epynne G. Toeda N g (Ciacq)(5)) 7 Ciacq) ().

Aorasamenvcmeo. Tak Kak 971eMEHT S IIOJIYTIPOCT, CYIIeCTByeT o- MHBAPUAHTHBIA MAKCHUMATbHBIH
Top S rpymnmst G, comepxkaruit s. [Tockoasky Gy = O (G4)Sy, TO MOXKHO CUHTATH, UTO g € Sy,
T. €. j1eMeHThl g u s nepecranosounsl. Eciu Cg e (5)G # (G, g), To rpyuiy <G, Cg) MOK-
1O 3amennThb rpymnoii Cig cq)(s)G u noKa3biBaTh JeMMy st 3roif rpynmel. Kpome Toro, ecomn
Ciacq)(s) = Cq(s), To memma ciaemyer u3 eMMbl 5.2.3, MOITOMY MOYKHO CYHTATh, 9TO ( IEHTpAa-
mausyer s. Ecau qubo rpynna G He ABISeTCs CKpYdYeHHOl, 1u60 |(| Heyéren, To u3 |28, mpeio-
xenme 2.5.17] ciaexyer, uto cymectsyer Takoil (; € Aut(G), uro o = (¥ nnsa mexoroporo k > 0
u ( gBisercs orpanmdenuem aromopduszma (; Ha G. o ylemme 5.2.3 cymecTByer 3jieMeHT u3
Ne,,(Cg(s)), ne nexxamuii 8 Cg,, (8), OTKyAa caeayer pemma.

[Ipemonoxnm, aro rpynna G apsercsa ckpydennoit u || uéren. Torma o = y¢*, ( = ¢*, rae
( nemr k. Creposaresnbio, saement s jexut B Gs. B 3aBucnmoctn ot kopresoit cncrembt ®(G),
MBI TIOJTyaeM, 1to G5 uzoMopdua mpocToit aﬂre6pqueCKon I'PYyIIe ¢ KOPHEBOU CUCTEMOil paBHO
By, (n mekoroporo m > 1), C,, (nyst nerkoroporo m > 2), wiu Fy. B cuny gemmbr 3.2.3 saement
$ colpstKkéH co csonM obparubM ornocuTenbHo OF ((Gy)ye,) < Geg, 3HaUAT NG eoy (Cigcq)(5)) #

JIEMMA 5.2.5. ITycmo G — KoHneuHas npucoedunéntas 2pynna Aue8a muna Had noisem Heuém-
noti wapaxmepucmury p. IIpednososcum, wmo G u o ewbparo, mak, wmo OF (Gy) < G < G,
Iycmv ) — noaesoti aémomopdusm rnewémmozo nopadka epynno, OF (G,).
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Toz0a 1 yenmpasusyem HexKomopy10 cusosckyto 2-nodzpynny epynnu. G, u cywecmeyem ma-
Kaa -unsapuarmuas nodepynna Kapmana H, wmo 1 uyenmpaiusyem cusosckyio 2-nodepynny
epynnov. H. Boaee mozo, ecau G 2 2Go(3*"), 3Dy(¢3), 2Dan(q?), mo cywecmeyem maxoti -
unsapuarmubiti maxcumasvnut mop T epynnot G, wmo 1 yenmpasusyem curo6ckyto 2-nodepynny
mopa T, u gaxmopepynna N(G,T)/T usomopgna N&(T)/T.

Jokazamenvemeo. OUeBIIHO, TOCTATOYHO TOKA3ATh JAeMMY JHUNb 1 ciaydas G = G, [Ipesmo-
noxuM, aro || = k. Ilycre GF(q) — 6azosoe nose rpynust G. Torga ¢ = p* uw o« = k - m.
Tanee, |G| moxuo zanucats B Buge |G| = ¢~ (¢™ + 1) - ... - (¢™ + &,1) ;g HekoTOpO-
ro N, rae n — 910 panr rpymnsl G, ¢; = £ (em. [11, Teopembr 9.4.10 m 14.3.1]). Amamormu-
HO MBI mMeeM, qTo |Gyl = (p™)N((p™)™ + &11) - ... - ((pP™)™ + &,1). Tak kak k HewbTHO, TO
((PF™)™i + &,1)y = ((p™)™ + &il)2 ana Beex i, T. e. |Gla = |Gyl2 m cunoBckas 2-moarpynma
rpyunet Gy, SBJISETCS CHIIOBCKO# 2-mmoarpynnoii rpynnst G. B cuy |28, npeayoxenne 2.5.17| cy-
mecTByeT Takoit aproMopdusM 1P Tpymmsl G, uTo 0 = ¥ m 1) coBmagaer ¢ orparmueHHeM )
Ha G,. OTMeTHM, 4TO 1), BOOOIIE FOBOPS, HE COBIAJIAET C aBTOMOP(H3MOM 1), OLpeIe EHHBIM
paHbIlie. PaccMoTpuM MaKCHMAaJbHBIH pacIIeNIEHHBINH TOP ﬁ% IPYIIIIBI 5¢1. Torna H = H, —
Y-unBapuanTHas noarpynna Kaprama rpynnst G. [Mockonsky [H| = (¢" +e11) - ...« (g™ + &1),
rae €; = £, pasencrso |H|y = |Hylo 10Ka3bIBaeTCS aHAIOTHYIHO.

[Ipeanonoxkum renepb, uro G % 2G5(3*"™), 3Dy4(¢?), 2Dy, (¢?). Tlo emme 5.2.2 cymecrByer
Taxoit Makcumanbubiit Top T’ rpymmbl Gy, uto N(Gy, T)/T ~ Ng(T)/T w |Ty| = (p™ — 1)
Hockoabky |1 meudren u Ty, TOdydeH CKpydIHBAHIEM MAKCHMAILHOTO PACHIEIIBHHOTO Topa H
C TOMOIIBIO JIEMEHTA Wy, TO 1y TAKKe MOJIydeH CKPYUHBAHUEM MAKCHMAILHOTO PACIICIIEHHOTO
topa H siementom wy (cM. jokazareaberso jemmbl 5.3.1). Coenosarensho, [T, = (¢ — 1),
[Ty, | = (p™ —el)", snaunt |Ty|s = |T|2 = |Ty|o- O

JIEMMA 5.2.6. [29, (7-2)] IIycmo G — ceasnaa npocmas sunetinga arzebpauieckas epynna maod
noaem zapaxmepucmuku p, o — omobpasicenue Ppobenuyca 2pynnv. G u G = G, — Koneunas
epynna auesa muna. Hycmo ¢ — noaesots usu epagoso-noaesoti asmomoppusm epynno G (ecau
ABMOMOPPHUIM O ABAAEMCA 2PAPOGO-NONEBHLM, MO COOMBEMEMBYI0UUT 2padosbili asmomophusm
umeem nopadok 2), u nycmo @' — makol aremenm epynno. (G X (p)) \ G, wmo |¢'| = |¢| u
GN{p) =GN {¥).

Tozda cywecmeyem makot saemenm g € G, wmo ()9 = (¢'). B wacmnocmu, ecau darxmop-
2pynna G/OP (G) asaaemea 2-epynnoti u p newémmozo nopadka, mo g mosicno evbpams ¢ O (G).

Caeayromnias jeMMa JIJIsl KJIACCHYeCKUX IPYII U3BecTHa (CM., Haupumep, [27]).

JIEMMA 5.2.7. ITyemo G — konewnan npucoedunénnas pacueniérnaa 2pynna sueea muna; G,
o ewbpars max, wmo OF (Gy) < G < Gy. Hpednorosicum, wmo T A6AACMCA 2pado6bm a6MoMOp-
Busmom nopadxa 2 epynns O (G).

Tozda 060t noaynpocmoti aremenm s € G CONPANHCEH CO CEOUM 0OPAMHBLM INEMEHMOM 6
epynne (O (G,),Ta), 2de a — npoussosvnoiti snemenm uz Gy.

Jlokasamenvemso. Ecin ®(G) we nveer tun A, Doy i1, Eg, TO eMMa cieiyer w3 jgemMbl 3.2.3,
TakKuM 00pa3oM, HaM HYKHO paccMaTpuBaTh rpymnbl tuma A,, Do, 1, Fg. Obo3naumm depes T
rpaoBbIil aBTOMOP(MU3M I'PYIIIIHI G Takoii, 4to T|g = 7. llycrs T — Takoil MaKCHMAJIbHBIH O-
unBapuanTeiii Top rpyuns G, uro T, N G apiserca noarpynnoit Kaprana rpymust G. Iycrs
T1,...,Tn — GYHIAMEHTAILHEIE KOPHE KOpHeBoil cucrembl ®(G) 1 p — CHMMETPHH, COOTBETCTBY-
fomas 7. O6ozaaamm 1! wepes 7;. Torma T = (h,,(t;)) | 1 < i < n, t; # 0) u h,,(t;)7 = hs(t:).
O6o3naunm gepes W rpymny Beiing rpymmst G. [Lyers wy — eMHCTBEHHBI 3/eMeHT rpymisr W,
0TOOPAKAIONINI BCce MOJIOKUTEIbHBIe KOPHU B OTPUIATeIbHbIE KOPHU, U MYCTh Ny — ero mpoodpas
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B Ng(T) otrocuTenbro ectecternoro romomopdmsma Ng(T) — Ng(T)/T ~ W. Tockoabky o
neiicrByer rpuBnaabio Ha W = N(G,T)/T (cm. semmy 5.2.2), Mbl MOzKeM BbIOpaTh ng € G, T. e.
ng = ng. Torma naa Bcex r; U ¢ MBI HOJIydaeM, 9TO

o, (8797 = hypon (8) = iy, (8) = B, (7).

Takum obpazom, ™7 =z~ s Beex © € 1.

Hanee mycTh s — moaymnpoctoil saemenT rpymibsl G. Torja cymecTByer MakCHMATbHBIH 0-
MHBApUAHTHEI Top S rpynmsl G, cogepzkammii 5. [[ocKOIbKY Bee MaKCHMATBHBIE TOPBI TPy G
COLPSIZKEHDBI, MbI II0JIy4a€M, 9TO CyH_[eCTByeT rakoii g € G, uro S° =T. TaK kak G, = OP (G,)T,,

—1
TO MOYKHO CYUTaTh, UYTO 4 € CuenoBarenbno, s907%9 = s~1 Tlockoabky no = ng u
77 = T, MBI WMeeM, 9TO (gnofag_l)" = ¢°no7Ta(g™')?. Bosee Toro, mockoabKy S sBasSeTCs
- =,n—1 o = —1\o _
O-MHBAapUAHTHBIM, TO I JI060ro £ € S BBIIOAHEHO 2970709 = g9°moTale™ )" — z=1 1 e

gnotag™'S = ¢°neTa(g"')?S. B wacTHOCTH, cymecTByeT Taxoii deMent ¢ € S, 4ro gngTag 't =
g°noTa(g)?. Beuiy reopembl Jlenra-CreiinGepra [41, Teopema 10.1] cymecrsyer raxoii s/jement
y € S,urot =y-(y~1)°. Crenosarennvro, gnoTag~ 'y = (gnoTag~'y)?, . e. gnorag™ty € G, N (1),
u §907%9° Y — 571 Tlockoaeky O (G,)Sy = Gy, 1 noarpynna S, aGejesa, Mbl MOXKEM HAHTH
TaKo#l 3eMenT 2z € Sy, uTo gnetag 'yz € (OP (G,), Ta). O

§3 KaprepoBbl NoArpynnbl CHenuaJbHOTO BUIA

B macrosgiem naparpade Mbl #3y9UM HEKOTOPBIE BOIPOCHI O CTPOEHUHU U CYIIECTBOBAHHUU Kap-
TEPOBBIX TOJI'PYII MOJYJIUHEHHBIX TPYII, COJIEPKAIUX CHJIOBCKYIO 2-TOJATPYIITY WU JIEYKAITUX
B HOpMAaJU3aTOpe MOArpyIIsl bopes.

JIEMMA 2.3.1. Iycems G — KOHEUHAA 2PYNIG AUESa MUna Had nosem HewEMHOT Tapaxmepu-
cmuxu u G, o ewbpanv max, wmo O (G,) < G < G,. Tozda ecau G ydosaemeopAEm Ycaosuto
(ESyl2), mo arbas epynna L, das komopoti cnpasedauco G < L < G, ydosaemeopsem (ESyl2).

Joxazamenvemeo. Tlyers Q — cunosekas 2-moarpymna rpyimst G, i nepecedenue Q0 = OF (G,)N
Q — cunoscekas 2-noxarpymma rpymmns O (G,). Scno, aro ecin Ng (Q°) = QCg (Q), 1o yrBep-
AKJIeHne JTeMMBI CTipaBemBo. Beuay [5, Teopema 1], ecm G, — Ki1accudeckast Tpynia, To DaBeH-
crBo Ny (Q°) = QU7 (Q) MOzKeT He BBILIOIHATHCS JHIIb B TOM CJIydae, KOIja KOPHEBas CHCTEMa,
rpymnsl G umeer tun A; uin C,. Ecin kopresas cucrema rpymnmst G umeer tun A, win C,,, To
|G, : O (G,)| = 2 u yrBepaaenue jeMMbl ciieyer u3 jgemmbl 2.4.6.

IIpeanonoKuM Temepb, 4o (G — rpymma uckmodnrenpnoro tuma. Bemn G, = O (G,), To
YTBEPZKICHHE JIEMMBbI, 04eBH/HO, cupaseinso. Ilosromy pasencrso Ng (Q°) = QC% (Q), Bo3-
MOYKHO, He BBIIOIHSETCS JINIIL B TOM CJIydae, KOIja KOpHeBad cucrema rpynnbl G umeer Tun Fg
witu E;. Ecim kopreBag cucrema rpynnsr G nveer Tun By, 1o |G, 0 O (G,)| = 2 m yTBep:xenne
JIEMMBI cjleyeT u3 jJjeMMmbl 2.4.6.

Hpe/mo.nomHM, 4TO KOpHeBas cucrema rpynnel G nveer Tun Eg. Torma sm6o G, = O (G,),
160 @ O (G,)| = 3. B mepsoMm cIydae JOKa3bIBaTh HEHUero, TIOSTOMY TPEIIOIOAHM, HTO
|G, : O”(G,)| = 3. lockoabky rpynma G copmagaer mbo ¢ Gy, m60 ¢ OF (G,), 1 TOCKOMBKY B
ToM ciyuae, ecin G = G, I0Ka3bIBATD HEUEro, MOKHO cuntarn, uro G = OF (G, ). Beuuy [28, Teo-
pema 4.10.2] cymecTByer Taxoit MaxcuMambabiit Top T’ rpymmsl Gy, uto @ conepmutces B N(Gy, T).
Mockombky |Gy : G| = 3,170 Q = Q° < N(G, TNG). Beuxy [6, Teopema 6] cripapeaymmBo paBeHcTBO
Ng(Q) = Q x R°, rne R® < T — uukjuyeckas Ipylia HedéTHOro nopsaika. /lagee, MoCKOJbKy
G, =TG, 10 Ng_(Q) = (Nr(Q), Na(Q)). Heiicrsurensro, N(G,TNG)/(TNG) ~ N(G,T)/T.
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CaemoBarenbio, cumoBckast 2-oarpyrnmna Q1 /T rpynnst N(G,T)/T coBnamaer co CBOMM HOPMa-
smsaropoM. [ockosbky daxroprpynna G, /G nHK/InIecKas Nopsaika 3, T0 N (Q) = (tg, Na(Q)),
riet € T m g € G. Kpome Toro, mockombky |Gy @ G| = 3, MOXKHO camTaTh, 4To tg ABASETCS 3Jle-
MeHTOM Hopganka 3° nma mexoroporo k > 0. Tak kax t € T < N(G,,T), To @' < N(G, T N G).
Buauut, cymecrsyer aaement g; € N(G, T N G) rakoii, uro Q' = Q9% ", TosToMy MoxkHO CHu-
Tath, uto tg = tg; € N(G,,T). Tlpu ecrectsennom stmvopdusme 7 : N(G,, T) — N(G,,T)/T
obpas NN(§U7T)(Q) coBmagaer ¢ . Buauur, (tg)™ = e, noyromy tg € T. Takum o6pazom, Jr0OOH
S/EeMEeHT HedéTHOro Hopsyika rpyiusl Gy, nopmaiusyiomuit Q, sexxur 8 1. Tlockonsky T — Top,
10 T' — abeneBa rpymnna, 3HAYAT, MHOKECTBO 3JEMEHTOB HeYETHOro nopsaka rpynmbr N (Q) 06-
pasyer HopmanbHyio noarpymry R rpymst Ng (Q). Crenosarennno, Ng (Q) = Q x R, 1. e. G,
yaosiersopsier yeosuio (ESyl2) O

Crenyromas 1eMMa HeMeJJIeHHO BhITeKaeT u3 |5, Teopema 1].

JIEMMA 5.3.2. IIycmo O (G,) = G — wanonuveckas xonewnad zpynna auesa muna u G aubo
umeem mun Ay, aubo umeem mun C,, p neuémno, ¢ = p* — nopadox 64306020 NOAA 2PYNIbL
G. Toeda G ydosaemsopaem ycaosuro (ESyl2) 6 mom u moavko 6 mom cayuae, ecau q = +1

(mod 8).

Ormernm, uro semma 5.3.1 Bmecre ¢ [5, Teopema 1] u [6, Teopema 6] Bireuér, uro Jobas rpymmna
JINeBA THUIA HaJI [TOJIEM HEYETHON XapaKTEePUCTHKHU, OTJUYHAS OT TPYIIbl Pu U rpym u3 jieMMbl
5.3.2, ynosaersopsier (ESyl2).

JIEMMA 5.3.3. Ilycmo G — Koneunas npucoeounHéHnas 2pynna Aue6a muna Had NOAEM HEUEM-
noti zapaxmepucmuxu, G % 3Dy(¢%) u G, o swbparw. max, wmo O (G,) < G < Gy. IMycmv A —
maxas nodepynna epynnv. Aut(O? (Gy)), wmo ANG, = G. Ecau O (G) ~ Dy(q), npednonostcum
maxoice, umo A codepoicumes 6 epynne, noposrcoénnoti enympente-0UuaZoHaAALHHLMU U NOAECEHLMU
asmomoppuamamu, u 2paposvim asmomoppusmom nopadka 2. Tozda A ydosaemesopaem ycarosuo
(ESyl2) 6 mom u moavko 6 mom cayuae, ecau G ydosaemeopaem ycaosuio (ESyl2).

Jlokasamenvcmeso. Ilpeanonoxum, aro G yaosaersopsier yeaosuio (ESyl2). B yciaoBusix jsemmbt
dbaxToprpynma A/G abenesa, mostomy A/G = A x Ay, tie A; — xonnosa 2/-moArpymma rpyn-
et A/G n Ay — cunosekas 2-moarpymma rpynmsl A/G. O6osraanm wepes A; TomHbI# Tpoobpas
rpymnel A; B A. Ecmn A; ynosnersopser yeaosuio (ESyl2), To mo memme 2.4.6 rpynma A Taxxe
ynosaersopsiet yeaosuio (ESyl2). Takum 06pa3om, MOXKHO CUATATH, 9TO MOPsIoK |A/G| neqé-
reH. TTocko/IbKY Mbl HpejosiaraeM, 9ro rpaoBbiii aBroMopdu3M MOPsiJIKa 3 HE COJAEPKUTCA B
A, o rpymna A/G nukmaudeckasi, 3aaanr A = (G,1g), rae 1 — noaeBoil aBToMOpGU3M HEIET-
HOTO MopszKa, a g € G, Iockoabky |A @ G| = || meuéren, MoxkHO cauTaTh, uTo [thg| Takxe
HeuyéTeH. B cuity steMmbl 5.2.5, 1) meHTpaau3yeT HEKOTOPYIO CUIOBCKYIO 2- -HOJIPYIIILY TPYIIIbI G,
CJIeJI0BATEIBHO, ¢ — 3JeMEeHT HeY€THOro nopsjka. latee gakroprpymma G, / G abeneBa U MOXKeT
OBITH IIpeICcTaBIeHa B Biae L X Q, Tne L — xo/wtosa 2/-noarpynna rpymmst G, /G u Q — CHIOB-
ckas 2-moarpymnma rpymnbl G, /G. Tlyers L — nomnsiit npoo6pas rpynnsl L B G, OTHOCHTEIHHO
ecrectBerHoro romomopdusma. Torga g € L. Pacemorpum rpynmy L X (1) > A. Tlo mocTpoenntio,
ungexc |L N () : A| = |L : G| neuéren. B cuy emmbr 5.3.1 rpynna L yaoBJIeTBOpsET YCIOBUIO
(ESyl2). Ilo nemme 5.2.5 1osieBoii aBToMOPGU3M 1) MEHTPATU3YET CHIOBCKYIO 2-TOATrpyHmy
rpynnbl L. Takum obpazom,

Nisw)(Q) = NL(Q) x () = QUL(Q) x () = QCLxw)(Q),

T. e. rpymma L X\ (¢) ymosrersopser (ESyl2). Ilockonbky |L XN (¢) : A| ueuéren, o A ynosie-
teopsier (ESyl2).
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[Tpeamonoxxum ternepb uto A ynosiersopsier (ESyl2). Ecin G we ynosiersopsier (ESyl2),
10 [5, Teopema 1| u [6, Teopema 6] BaeKyT, uTO KOpHeBas cucrema rpynibl G gubo HMeeT THIT
Ay, ma6o umeer tun C,. B oboux cayqasx rpynna Aut(OP (G,)) /Gy mukmmdeckas u IOPOK1aeT-
cst mosieBbiM aBroMopdusmom ¢. Kpome toro, n3 |5, reopema 1] ciemyer, uro nmopsiiok 6a30Boro
moJist (KOTOPOe COBHAJAET ¢ TIOJIeM OIpeJIeIeHHusl B 3TOM CJiydae, MOCKOJbKY rpymmna G He siB-
JFeTC CKpydeHHoi) paBen ¢ = p' mw ¢ = +3 (mod 8). CrnegosarenbHo, ¢ HEYETHO U, 3HAYMT,
|Aut(0¥ (G,))/G,| neuéren. Tlosromy |A : G| neuéren, smaunt, G yuosaersopsier (ESyl2). [

JIEMMA 5.3.4. IITycmo (G,(g) — KOHEeUHAA NOAYAUHETHAA 2DYNNG AUEEA MUNG HAO NOAEM Td-
paxmepucmuru p (Mo ne uckarowaem cayuas (G,Cq) = G) u epynna G asasemes 2pynnoti npu-
coedunénmnozo muna (nanommum, wmo g € Gy, 1o neobazamesvno g € G). Hpednoroscum, wmo
B =UNXH, 20¢c H — nodzpynna Kapmana zpynnv G, ecmo (g-unsapuanmuas nodzpynna Bopeas
epynno, G, u (B, (g) codeporcum xapmeposy nodepynny K epynnw (G, (g). IIpednoroscum, wmo
K NU # {e}. Tozda svinoanerno 0dno us caedyrouux ymeeporcoernudi:

—

(a) aubo (G,Cq) = (PA2(2%),(g), aubo (G, g) = 2A5(2%) X (C), nopadox || =t newémen u ne

—

deaumes na 3, Cq(() ~ 2A5(2?), nodepynna K NG abeaesa u umeem nopadox 2 - 3;

(6) (G,Cg) = (2A3(2%),(g), nopadox |C| = t newémen, Cq(() ~ 2A5(2%), nodepynna K N G
ABAAEMCH CUA0BCKOT 2-nodepynnot epynno, G¢;

(B) aubo (G, (q) = (Ax(2%),(g), aubo (G, g) = j(ﬁ) Xﬁ( — 2pao6o-nosesot a8MOMOP-
dusm nopadka 2t, t ne deaumea na 3, u Cg(C) ~ 2A2(2%), nodepynna K N G abesesa u
umeem nopadox 2% . 3;

(r) (G, Cg) = (Ax(2%),(g), ¢ — epagoso-noaesoti asmomoppusm u Ca(C) = ? A3(2?), nodzpynna
K NG asasemes cunrosckotl 2-nodepynnot epynnov G, ;

(1) epynna G onpedeaena nad GF(2'), (G, (g) = GXN{(g), ( — noaesoti asmomopduzm nopadka
t epynnot Ozl(G), ECAU 2PYNna OQI(G) PACWENAEHHAA UAU 2PadhoBbiTl a8MOMOPPHUIM NOPAJKA
t, ecau epynna O% (G) cxpyuennasn, u, ¢ mounocmuio do conpascenuan 6 G, K = Q X (Cg),
2de Q — cunosckaa 2-nodepynna 2pynnol. Gcg),, ;

(e) epynna G pacwenaérunan u onpedesena nad GF(2'), (G,(g) = G XN {((g), ¢ — npoussedenue
noaeco20 asmomopdusma nenémmuozo nopadka t epynnw O (G) u epagosozo asmomopdusma
nopadra 2, ¢ u Cg conpascenv, ommocumenvno Gy, u, ¢ mownocmoto do conpascernus ¢ G,
K =QX{((g), 2de Q — cunoscras 2-nodepynna epynnv. G cg),, ;

(k) G/Z(G) ~ PSLy(3"), nopadox |¢| = t neuémen (snawum, ¢ € (G,(g)), u K codepocum
cunoceryro 3-nodepynny epynnv Ge,, ;

(3) (G, Cg) =2Ga(32 )N (), [¢] =2n+ 1, KN2G5(3*" ) = Q x P, 2de Q umeem nopadox
2 u |P| = 3¢k,

OTMeTHM, 9TO B KAZK/IOM U3 MYHKTOB (a)—(3) JIeMMBI KAPTEPOBBI MOATPYIIIbI, UMEIOIIIe YKA3aH-
HOe CTpoeHue, cyirecTBytoT. CyIecTBOBaHNe KAPTEPOBBIX TOArPYIIT B IyHKTaX (a) U (B) CIeIyIOT
U3 CyIeCTBOBaHUs KAPTepoBOil o Arpyuist nopsijika 6 B rpyuine PGU3(2) (cm. [24]). CymecrBoBa-
HIe KapTEePOBBIX MOArpyNI B myHKTax (6), (r)—(e) caemyer u3 TOro, 970 CHIAOBCKaAsI 2-MOATPYIIHA B
IPYyIIe JINeBa THIA, ONPEJACJEHHON Ha TOJIeM MOPSIKa 2, COBIAAAET CO CBOMM HOPMAJIN3aTOPOM.
CymiecTBoBaHHe KapTEPOBBIX MOAIPYII B IyHKTE (2K) CJeayer u3 Toro hbakTa, 4To CHJIOBCKasl 3-
noarpymnma rpymnsl PSLy(3) coBnamaer co ceouM HopmasiuzaropoM. CylecTBoBaHuE KapTePOBOil
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IIOJTPYIIIBI, YIOBJIETBOPAIONIEH MYHKTY (3) JIEMMBI, CJIeJyeT U3 CyIeCTBOBAHUS KAPTEPOBOH MOI-
rpynubsl K nopsijika 6 B (nenpocroit) rpynne 2Go(3). CyuecrsoBanue kaprepoBoit moarpyuib: K

nopsjka 6 B rpynme 2Gy(3) cieayer u3 cTpyKTYPHLIX Pe3y/bTaToB, IPUBEJISHHBIX B paborax |7]
u [44].

Joxasameavcmeo. Ecin G asiserca onmoit uz rpynn Ai(q), Ga(q), Fi(q), 2B2(2*"') wam
2Fy (22T, 1o nemma caenyer w3 tabaunst 3.1.1. Ecm (G, (g) = G, To nemma caeyer us pe-
syabTaToB Tiaas 3 u 4. [losromy MoxkHO mpeamonarats, 4to (G,(g) # G, 1. e. uro ( gBIsIeTCs
HETPUBHAILHBIM MOIEBLIM, TPacbOBO-MOIEBHIM KN T'PadoBeM apToMopdusMom. Ecmm &(G) = C,,,
TO JIeMMa CJieyeT n3 TeopeMbl 6.2.3 HUZKe, B KOTOPOIl He NCIOJIB3yeTCsd AeMMa 9.3.4, TO3TOMY MBI
npeanonaraem, uto ®(G) # C,. Ecmu ®(G) = Dy n 6o rpadobo-nionesoit asTomMopdmsm ¢ pac-
KJIa/IBIBAETCA B MIPOU3Be/IeHNE TI0JeBOr0 aBTOMOpdu3Ma u rpadoBoro aBToMopdu3Ma mopsaaka 3,
mmbo G ~ 3Dy(q%), To nteMma caremyer u3 Teopembl 6.3.1 HUKe, B KOTOPOIl He HCIOIB3YeTCS JTeMMa
5.3.4, mosToMy MBI ipeanoaaraem, uto (G, (g) gekut B rpymme A;, onpenenaéuuoii B Teopeme 6.3.1,
u G % 3D,(¢%). Tlocko/ibKy Mbl GyjieM UCIoJIb30BaTh JiemMMy 5.3.4 B joKa3are/ibeTe Teopembl 6.4.1,
nocJie TeopeM 6.2.3 u 6.3.1, MBI BIIpaBe ¢ejaTh Takue JOTMOJHUTEIbHBIE TP IIOJ0KEHN.

[peanonoxnm, aro ¢ weadtno n ®(G) nveer ogmn n3 caeyiommx Tunos: A, (n > 2), D,
(n>4), B, (n > 3), Es, £y win Eg. [To gemme 2.4.1 mbr unveem, uro KU /U ssasiercs kapre-
poBoit moarpymmnoit rpynmst (B, (g)/U ~ (H,(g). Tak kak G, = GH,, rae H — MaKCHMaJIbHbIIl
paciienénnbii Top rpymunsl G u H, NG = H, To MOMKHO cYATaTh, 4T0 ¢ € H,, B 9aCTHOCTH,
g nenrpamusyer H. [Mosromy He < Z((H,(g)), 1 Mbl IIOJSy4aeM, ¢ TOYHOCTBIO JIO COLUPSIZKEHUSI
B B, uro H; < K. Tlo nemme 5.2.5, aBromopdusm (y HeHTpaIn3yeT CHIOBCKYIO 2-moArpynmy ()
rpymnbl H. Taknm obpasom, J1060if 371eMeHT HedéTHOro nopsiaka rpynnsl (H, (g) meHTpaausyer
Q u gemma 2.4.3 BJIed€T, UTO, ¢ TOYHOCTHIO JI0 CONpsizkeHuda B B, cupaseauso () < K. 13 gpeMMbl
3.2.12 caenyet, uro Cy(Q) = {e}; nporusopeune ¢ HeTpuBHATHLHOCTBIO K N U.

[peanonoxum, uro G ~ 2G5(3%") u (G,Cg) = G X () (B srom cayuae O (G,) = G,).
Buob 110 stemme 2.4.1 KU /U saBnsierca KapTeposoit moarpymmoit rpymmst (B X (())/U ~ H X (().
[To nemme 3.2.3 s11060it nosiynpoctoit sjemenT rpymibl G CONpszKéH co cBouM oOparTHbiM. Tak
KaK Heabe/leBbl KOMITO3UITMOHHBIE (DAKTOPHI IMEHTPAJIM3ATOPA JIOO0T0 MOJIYIPOCTOrO dIEMEHTA
rpymnbl G MoryT ObITh W30MOPdbHBI Junib rpynmnam A;(q), n3 tabauisr 3.1.1 caemyer, 9To 1eH-
TPAIU3ATOP JTHOOOr0 MOJYHPOCTOro sjiementa rpynnbl G yaosiersopser yeaosuio (C). Tlosromy
aemma 2.4.2 saeuér, uro KU/U N B/U ssasercs 2-rpynmoit. C apyroit ctopoust, |H|s = 2 u
KU/U > Z(B/U) > H¢, orxyna |H¢| = 2 u |(| = 2n+ 1. Takum obpazom, KNG = (K NU) x (1),
rie t — mapomorua. Orciona ciaeayer, uro K NU = Cg(t) N Ge,,. Teneph cTpyKTypHbIE pe3yib-
TaThl 13 |7, Teopema 1| u [44] BiekyT cpaBeInBOCTD MyHKTA (3) JIEMMBI.

[TpeanooxkumM renepb, uro ¢ = 2¢. TIpeanoaoKuM cHadaa, 4To q)(@) WMeeT OJWH U3 THTIOB
A, (n>2), D, (n>4), B, (n > 3), Es, E; unu Eg, G pacuieriénnast, u ¢ siBJIsieTCs MOJEBBIM
aproMopdusmoM. Kak u Beie Mbl HosrydaeM, uro H, < K n 02’<G<) — pacIneriéHHas rpyIma
nueBa THNA ¢ noaem ompenenenns ¢ = 271 TTo memme Xapran-IlyTa 1.5.5 nua mo6oro r € ®(G)
u syt moboro s € GF (21161 cymecrsyer taxoit h(x) € H:NO? (G¢), uro x(r) = s. Paccysxenus,

AHAJOTHIHBIE JTOKA3ATENbCTBY JieMMbl 3.2.12, BJIEKyT, 9TO TIpHU ﬁ # 1 cupaseyiuo K NU <

Cy(H¢) = {e}; nporusopeune. 3uaunt, || =t u H; = {e}. [lockombky g MozkHO BROpaTh B H,
u (Cg) NG, < {Cg) N H, < He = {e}, 10 ((g) N G, = {e}. Tlo nemme 5.2.6 snementsi (g u ¢
conpsizenbl B Gy, OTKY/A CIeLyeT MyHKT (71) JeMMBbI.

Teneps npeanonoxnm, aro ®(G) mmeer omun us tunos A, (n = 3), D, (n > 4) wm Eg, n
qubo ( ectb rpadoBo-moeBoit apromopdusm u G pacmeniénnas, ub6o G ckpydenHas. [lycts

p — cuMMeTpust KopHeBoil cucrembr $((G), coorBercrByomias aBToMOpGU3MY 7y (HAIIOMHHM, 9TO
no ompegencanio ( = Y¢'), u 7 obosragaer v’ mua r € ®(G). Kak u BbIIIe, MOXKHO JOKA3aTh,
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4TO, € TOYHOCTBIO 110 coupsizkenusi, H < K. Eciu H: # {e}, To nmo nemmve Xapriu-Illyra 1.5.5
mbl oy daem, 9ro Cy(He) = {e}, uro nporusopeunr ycaosuio K N U # {e}. Eciw H, = {e},
To b0 rpynmna G sBsiercs CKpydeHHOH u |(| = ¢ 9To BaedYET yTBepKIeHHe (J) JeMMBbI; JH00
rpynna G sSBasgeTcs paciieriéntoii, |(| = 2¢, B 9acTHOCTH 910 ¢ HEIETHO, YTO BJIEYET MYHKT (€)
JIEMMBI.

peanomnoxum, uro O (G) ~ Ay(2%), ¢ — rpadoso-noesoit asroMopdusm u ¢ neuérno. Ecian
|C| # 2t, To paccyxkaenust, uctob3yoiue jemmy Xapriu-Ilyra 1.5.5, anajorudynbie JoKa3are/ib-
crBy Jiemmbl 2.4.2 nokaseiBator, 4t0 Cy(He) = {e}, uro nmporusopeunt ycaosuio K N U # {e}.
Ecau |(| = 2t, To MBI mOTy9aeM MYHKT (€) JIeMMBIL.

Ipeanomnozxum teneps, uro O (G) ~ A(2%) u ¢ — rpadopo-nonesoit apromopdusm. BroBb
npu || # 2t u3 memmbl Xaprau-Illyra 1.5.5 caeayer, aro Cy(H:) = {e}, 410 mpormBOpednT

yenosmo K NU # {e}. Ecam || = 2t, o mbo G ~ 2A5(2%), mibo G ~ 2A5(2?). Ecim G ~

2A5(2%), ro H; = {e} u Mb1 nostyuaem yreepzxaenne (1) aemmbl. Ecmu G ~ 2A45(22), to |He| = 3, 1
nostomy KU/UNHU/U sBasercs nukandeckoii Tpynmoit (y) nopsaxa (2% +1)3 = 3%, rae 3871 =
ts. Ecam k > 1, To sremma Xaprau-Illyra 1.5.5 Bieuér, uro Cy(y) = {e}, 1ro nesozmoxkno. Takmm
obpazom, t He gesurcs Ha 3 U K N U comepKuTcsa B IMEHTPAIN3ATOPE JIEMEHTa T, TOPOXK IAIONIEr0
H¢. Pacemorpum romomopdusm GL3(2%) — PG L3(2%). Torna HEKOTOPBI IpooGpas sJIeMeHTa T
mog00eH MaTpHUIle

A0 0
0 A\ 0 |,
0 0 A

rje A — TOPOKAAIONIHN SJEMEHT MyJIbTHILIHKATHBHOM rpynmsl moas GF(2?). IIpoobpas rpymmbt
U conpsizKéH ¢ MHOZKECTBOM BEPXHETPEYTOIBHBIX MATPHUIL, HA TUATOHAIN KOTOPHIX CTOAT OTHHAKO-
BbIE 9JIeMEeHThI. HernocpecTBeHHbIe BBIYUCIeH st TTOKa3biBaioT, uTo Cpr (1) m3omopdua aauTuBHoi
rpynne nosas GF(2?). Hunbnorenraocrs rpymmst K sieuér, uro KNU = (Cy(x))c,,, OTKy1a cie-
JIyeT IMyHKT (B) JIEMMBI.

IIpeanonozxum Temeps, ato 0% (G) =~ 2A45(2%). 1o memme 2.4.1 KU/U aBaserca KapTepoBoii
noarpynmoii rpymnst (B, (g)/U ~ (H,(g) u, Kax u Bblllle, MOXKHO c4uTaTh, 410 H: < K. Eciu
IC| = 2t, o G¢ ~ SLy(2) u H = {e}, orkyza caeayer mynkr (1) jgemmsl. [Ipeamosoxum, 4ro
qucyio t wétno u |[¢| < t. Torma mmubo O (G¢) ~ SLy(22/Kl) (ecu mopsaox |¢| wéren), mbo
O%(G¢) =~ 2Ay(2%/15l) (ecom mopsiok || mewéren, cieposatensho, (| < t). Ouesmmno, aro H,
cozepKuUT Takoil snement z, uto K NU < Cy(H¢) = {e}, u 310 1aér nporuBopetdne ¢ yCJIOBHEM
KNU # {e}. Beru ancio t meudtno u t # [(|, To O% (G¢) =~ 2A,(22/K), orkyna ciemyer, uTo
H: copepxkut rakoit anement , uro Cy(z) = {e}. Ecau |(| = ¢ u qucso ¢ meuérHo, T0 HOPAIOK
|KU/UNB/U| moxer qeauThbcs TOABKO Ha 3 (B IPOTHBHOM cJiydae w3 jemMbl Xaprau-11Tyra 1.5.5
srOBL caiegyet, ato Cy (He) = {e}). Eeim Ge ~ 2452215, ro He = {e} w b1 nostysaem mynkr (6)

o=l

aemmbl. Ecin G o~ 2A45(224/1C1), ro KU/U N HU/U siBAsieTcst UKARIECKOR Tpynioii (y) mopsiaka
(2t24+1)3 = 3%, rae 3* 1 = t3. Ecoma k > 1, To nemma Xapruu-Ilyra 1.5.5 Baeuér, uro Cy (y) = {e},
9TO HEBO3MOXKHO. Takum obpazom, t He jesiurcsa HA 3 U K N U conepKuTcsd B IeHTPaJIH3aTOPe
s/eMenTa T, Topok gaomiero He. Kak n B HecKpy4deHHOM ciyvae Bbiire, Mbl mostydaem, 110 Cy(z)
u3omMopdHa ayuTuBHON noarpyme nois GF(2'). Hutbnorenraocrs rpynubt K Biiedér, uro K N
U = (Cy(x))c,, OTKyma ciepyeT mMyHKT () JeMMEL. O



I'maBa 6. KapTepoBbl OJArpyIbl B
IOJIYJIMHEHBbIX I'PyNIIax

§1 Kparkuii 0630p pe3yabTaToOB IJIaBhI

B manHoi# TutaBe MBI, HCTIONIB3YS TOHATHS W PE3YIBTATHI, TIOJyYeHHBIE B IJ1aBe 5, KIacCuuIu-
pyeM KapTepoBbl MOJAIPYIIbI B I'PYIax aBTOMOPMU3MOB KOHEUHBIX IPyH jiueBa Tuia. CHadasa
MBI JIQJINM TaKy0 KJacCupUKAIUI0 B TOM CIydae, KOraa rpymma jguesa Tuna umeer tun C), win
eé rpymma aBToMOpPGMU3MOB COIEPKHUT aBTOMOP(MU3M TPONHCTBEHHOCTH, TTOCKOJIBKY DPACCYKICHU
B 9THUX JIBYX CJyYasgX HECKOJIBKO OTJIUYAIOTCA OT OCTaJIbHBIX. HakoHen, Mbl copMyIupyeM OKOH-
JaTeJTbHYIO KJacCHDUKANUOHHYIO TeopeMy H Oy/ieM eé TOKa3bBATh HA MPOTSKEHHH IBYX Hapa-
rpacdoB. B mociemnem maparpade Mbl goKaxKeM, 9TO B 000 KOHEYHO TPYIIE C W3BECTHBIMH
KOMIIO3UIIMOHHBIMYU (PAKTOPAMU KapPTEPOBBI MOAIPYIIIBI CONPIAZKEHDI.

§2 KapTrepoBbl HOATPYNNbl CUMILIEKTHIECKNX T'PYIIII

Paccmorpum MHOXKeCTBO A TaKUX MOYTH IIPOCTHIX Py A, 94TO € IMHCTBEHHBIH Heabe/1eB KOM-
NO3UIUOHHBIH akTop S = F*(A) sBiisiercss KAHOHHYECKON POCTOii rpynmoi juesa Tuna n A co-
JIEPKUT HECOTPSZKEHHBIE KapTEPOBBI MOATpYy bl Ecaun MHOKecTBO A HenmycTo, 0603HAYNM Yepes
Cmin HanMeHbITHH BO3MOXKHBINA TOpsiiok moarpymnbl F*(A), npu A € A. Ecan muoxkectso A
mycro, To mooxkuM, 9ro Cmin = co. Msr gokazxkem, aro Cmin = oo, T. e. utro A = &. Or™meTnM,
uro ecyim A € A u G = F*(A), 1o cymecrByer takasi noarpyuna A; rpyunst A, uro A; € A u
Ay = KG nnga mekoropoit kapreporoii moarpynnbl K rpynmnsr A. JleficTBuTeIbHO, €CAU ST JTIO-
601t HUIBLITOTEHTHOMN TTOATPYNIHl N TpyTIbl A KapTepoBbl MOArPYyTIbl TPYIIbl NG CONPAKEHBI, TO
A ynosnersopsier yeaosuio (C), caenoBaTebHO, KAPTEPOBHI HOATPYIIIBI TPYIIbL A CONpSIyKEHBbI,
YTO HPOTHBOPEYHUT BHIOOPY A. 3HAYHUT, CYIIECTBYET TaKas HUIBIOTEHTHAS MOArpynna N rpyIibl
A, aTo KapTepoBbl moArpynnel rpynmnbl NG HeconpsikeHsl. Ilycth K — HeKoTOpasi KapTepoBa
noarpynna rpynnel NG. Torma oueuano, uro K G /G saBisercst KapTepoBoii MOArpy ol rpy s
NG/G, 1. e. copnagaer ¢ NG/G. CnenoBaresibHO, KapTEPOBHI TOArpy bl rpynisl K G Heconpsi-
xenbl 1 KG = Ay € A. Tlostomy yenosue A = KG B Teopemax 6.2.3, 6.3.1 u 6.4.1 ne aBiasercs
OTPaAHUYEHUEM U UCHOJIb3YeTCs JIUIIb JIJIs YIPOIIEHUS PACCY K ICHUHN.

B stom maparpade MBI paccMOTPUM KapTepOBBI MOATPYIINBI B MOYTH TPOCTON rpymme A ¢
npocThiM 1okojeMm G = F*(A) ~ PSp,, (¢). Mbl paccMoTpum Takue Ipynibl 3/eCh, HOCKOJbKY JJIs
rpymn Tuna PSp,y, (¢) semma 3.2.12 HeBepHa U MBI HCIIOIB3YeM PACCY KICHUsI, HEMHOTO OTJIHYHbBIE
OT TeX, KOTOPbIe MBI UCIIOJIb3YEM B JIOKa3aTeIbCTBE Teopembl 6.4.1.

JlokarkeM cHadaJa CAEAYIONINE IBE TeXHUIECKHE JIEMMBI.

V=i .
JIEMMA 6.2.1. Ilyemov OP (G,) = G — kanonuseckas npucoedunéniaa KOHeYHaA epYnnaG Au-
e6a muna Had nosem Hewémmol xaparmepucmury p u —1 we Asademca keadpamom 6 0a30-
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som noae epynns G. Ilpednoaosicum, wmo xopuesasn cucmema ®© epynnoe G pasna C,. Ilyemo
U — makcumarvhas yrunomenmmas nodepynna 2pynno,. G, H — nodepynna Kapmana 2pyn-
noe G, Hopmasusyrowan U, u Q — cuaosckas 2-nodepynna epynno. H. Tozda Cy(Q) = (X, |
T ABAACMCA ONUHHBLM KOPHEM) .

Hoxasameavcmeo. Ecan r — KOpOTKHH KOpPeHb, TO CYIIECTBYET KOPEHBb S, VIOBJIETBOPSIOINIAI
yesaoBuio < s, >= 1. Takum obpaszom,

()Y = i (<1)7H) = 2, ()

(em. [11, npenyioxenne 6.4.1]). Crenosarenso, ecan x € Cpy(Q) u x,.(t) — HeTpUBHAIBHBIH MHO-
KuUTeIb B passnoxenun (1.1) sneMenTa x, TO T sIB/IsI€TCs JUIMHHBIM KOpHeM. [lajee, ecin 7 siB-

JISIeTCsT ITMHHBIM KOPHEM, TO JJIst JII0O0ro KopHs § jmbo | < s,r > | = 2, mubo < s,r >= 0,
1. e. z, (1) = 2,.(t). Tlpu BblnONHEHMH yCjOBUS, 4TO —1 He sBjdercs KBajparoM B Ga-
30BoM moJjie rpynnel G (1. e. B mose GF(q)) mbr moaydaem, 9to ¢ = —1 (mod 4), mosromy
(hs(—=1) | s € @) = Q, oTKyIa CiemyeT JemMma. O

JIEMMA 6.2.2. [lyem» G = PSp,,(q) — npocmas kanonuveckas epynna auesa muna, J —
nOOMHOACECMEO HYHIAMEHMAALHULT KopHetl, codeparcausee OAUHHBLT HYHOAMEHMAALHBIT KOPEHD
T, P; — napabosuueckasn nodepynna, nopostcoénnas nodzpynnoti bBopeas B u epynnamu X, npu
—r € J, L — daxmop Jlesu nodepynnu. P;. Obosnauwum uepes S Kea3unpocmy0 HOPMANLHYIO

nodepynny epynnu. L, usomopdryio Spy,(q) (ona ecezda cywecmeyem, nockoavky r, € J). To-
eda Autr(S/Z(S)) = S/Z(S).

oxazamenvemeo. JlanHoe yTBepzKaeHHe U3BECTHO, OHO JIOKA3aHO, HAIIPUMED, B HEOITyOIMKOBAH-
noit padbore H.A. Bapumiopa. Mbl npupeném 35eCh J0KA3aTEJBCTBO Ui HOJHOTHI M3JI0KEHUS.
Kak mbl ormeuasn Boiliie, L siBasieTcd PeayKTHUBHOHM HOJTIPYHIIOi MaKCHMAJIbHOTO paHra Ipyl-

o —

nel (G, m moromy cupasequBel Briodenus S/Z(S) < Autp(S/Z(S)) < S/Z(S). ockoabky
|C(q) = Cr(q)] = (2, — 1), To ;g 96THOTO ¢ yTBep:KjeHnue oueBUIHO. Ecim ke ¢ HEIETHO, TO

au60 Auty(PS) = PS, 6o Auty,(PS) = PS. ITokaxkem, 910 BTOpoe paBeHCTBO HEBO3MOZKHO.
B mammx o6o3navenusx hyHAAMEHTATBHBIC KOPHI KOPHEBOH CHCTEMBI IPYTIBI S — 3TO KOP-
—_—

HU Tpki1,- - -, Tn. BCu BoImosreno pasenctBo Auty(S/Z(S)) = S/Z(S), To cymecTByIoT Takue
JIEMEHTHI S1, ..., S pemérku Z$ = ZC),, aro

(SisTr—ktj) 1 ecmi=j,
< iy Tpyy >= T

(i, 8:) 0 ecam i # j.

(OHEM TOPOKITAIOT PEMETKY (DYHIAMEHTATIBHBIX BECOB M, TAKHM 00pPA30M, MO3BOJSIOT MOIYYUTH
BCe JMaroHaJbHbie aBroMopdusmbl rpymmsl S.) Ho ast mo6oro kopas r u3 C,, MBI HUMeeM, 9TO
Jmbo < r,r, >= 0, 5mbo < r,r, >= +2, . e. A J1oboro jiementa s € ZP qucio < s, r, > 4ETHO,
B 9aCcTHOCTH, OT/indHO 0T 1. C/ieoBaTe/ibHO, TAKOTO HADOPA SJIEMEHTOB Sq, . . ., S HE CYIIECTBYET.

]

TEOPEMA 6.2.3. Ilycmo G — KoHeunas npucoedunéntas 2pynna Aueea muna (He 06A3amesvHo

npocmas) nad noaem zapaxmepucmuxu p, u G, o ewbpans, max, wmo PSp,, (pt) ~ OP (G,) <

G < G,. Bubepem nodzpynny A epynns Aut(PSp,, (p!)) max, wmobw ANG, = G. IIycmo K —

Kapmeposa nodepynna epynnw A. Ipednososicum maxoice, umo |PSp,, (p')| < Cmin u A = KG.
Toz20a 6vinoAneHo 6 MmouHocmu 00HO U3 YymeeparcleHul:

(1) G onpedenera nad GF(2'), nosesot asmomopdusm ¢ aescum e A, |C| = t, u, ¢ mounocmoro
do conpasicerua 6 G, evnoaneno K = SX((), ede S — cunosckaa 2-nodepynna epynnw G, .
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(2) G ~ PSLy(3") ~ PSp,(3"), noresoti asmomopdusm ¢ aesrcum 6 A, nopadox: || =t newémen,
u, ¢ mouwnocmulo do conpascenus 6 G, ewnoaneno K = S XN ((), ede S — cunosckan 3-
nodzpynna epynnov. Ge,, -

(3) p ne deaum |KNG| u K codepocumes 6 HOPMAAUIAMoOpe curo8ckoli 2-nodzpynnu, epynno, A.

B wacmmnocmu, xapmeposow nodepynnu, epynno. A conpasicens, m. e., ecau Ay € A u F*(Ay) =

Cmin, mo F*(A;) % PSp,, (p).

Jloxasamenvemeo. 1lpeanosoKuM, 9T0 yTBep:KIeHHEe TeOpeMbl HeBepHO 1 A — TaKoit KOHTPIpH-
Mep, arto |F*(A)| murumasen. 3amMeTum, 9TO B TOYHOCTH OJIHO W3 YTBEPYKICHHNA TEOPEMBI MOYKET
ObITH BBIIOJHEHO, HOCKOJIbKY €CJIM BBIIOJHEHO yTBepxKjenue (2), to, BBuIY JeMmmbl 5.3.2, s
CHIOBCKOH 2-moarpynibl S rpynnbl A He BbinosHeHo yeiaoBue Ng(S) = SCq(S), 1. e. He BBI-
NOJIHEHO yTBepzkaeHue (3) Teopembl. Takum obpaszom, ecin A; — modTH mpocTas TPYINa, JJIs
koropoit F*(A;) — mpocras rpymna JueBa TUIA TOPsIKa MeHbinero, dem |F*(A)|, To kapTepoBb
noArpyniel rpymnsl A; conpsizkenbl. Beuay teopemsr 4.1.1 MoxKHO cuutaTrh, uTo A # G. Kpowme
TOTO, BBHIY TeOpPeMBl 3.3.5, MOXKHO CUATATh, 9TO ¢ HeuéTHO, T. e. Aut(PSp,,(¢)) me comepxur
rpacdoBeix aBromopdusmon. Takum 06pa3oM, MOKHO mpejnoaararb, 4to A = (G, (g).

[pennosnoxum, aro K sBasercsa kaprepopoii noarpymmnoii rpynmnst (G, (g) u K He ynoBieTBo-
psieT yTBepKaeHuto Teopembl. 3amumieMm K = (z, K N G). Ecau au6o p # 3, smbo t 4étHO, 1160
n = 1, To TeopeMa cjieayeT u3 Teopembl 3.3.5. Takum ob6pa3om, MbI MOXKEM IIPeJIIojararb, 4To
q = 3!, t meaérno u n > 2. Iockombky |G, : OP (G,)| = 2 m nopaaok || HewéTen, MOKHO CIUTATD,
910 HOpsAIoK |(g| Takxke wHeuéren u nosromy ¢ € (G,(g), 1. e. (G,(g) =GN <C> [To nemme 3.2.3
JI00O0# MOIYIIPOCTOl SJIEMEHT HEYETHOIO TOPSJIKA COHpH)KéH co ceouMm obpatHbiM B G. Jlajee,
JUTS JTIFO0OTO TIOJTIYyTTPOCTOro 3jemMedTa t € (G KayKblii HeabeeB KOMIIO3UIIMOHHBIN (pakTop HeH-
tpanusaropa Cg(t) ecrb mpocrasg rpynma Jjuesa tuna (cMm. [13]) mopsinka menbmrero, vem Cmin.
CaemoBareabHo, Jyist JIOO0ro HeabeaeBa KOMIO3UIHOHHOTO daxtopa S rpyumsl Cg(t) u Joboit
HuiboreHTHol noarpyuibl N < Cg(t) kapreposbl noarpyiibst rpyuibl (Auty(S),S) coupsixke-
ub1. 3naunt, Cg(t) yaosersopser yeaosmio (C). Tlosromy, mo semme 2.4.2, |K NG| = 2% - 3° ana
HEKOTOPHIX «, § = 0.

Z

Ecau G = PSp,,,(q), To 1o [45, Teopema 2| 11060il yHUIOTEHTHBIH 3JI€MEHT CONPSZKEH CO CBOUM
obpaTHbiM. [TOCKOTBKY 3 SBJISIETCS] XOPOIITUM MTPOCTHIM ducIoM st G, To |39, Teopembr 1.2 u 1.4]
BJIEKYT, 4TO JiIs JII000ro sjementa u € G nopsiika 3 Bce HeabeseBbl KOMIO3MIMOHHBIE (DAKTOPDI
rpymnbl Cg(u) SBIASIOTCS MPOCTHIMU IPYTIIAMHE JIHEBA THIIA MOPsiiKa MeHbInero, 4eM Cmin. Takum
obpazom, Cq(u) yaosrersopsier ycaoputo (C), 3Hauut, mo jgemmve 2.4.2, Mbl osydaem, 910 K N
G ecrp 2-rpynma. Beumy jsemm 5.2.5 u 5.2.6 Jro6oit ssement ¥ € A\ G HEYETHOrO MOPsIIKA,
yaoBieTBopstomuii papeHcTBy () NG = {e}, neHTpaIu3yer HEKOTOPYIO CHIIOBCKYIO 2-TIOATPYIIITY
rpyansl G. Ilostomy K COmEp:KAT CHIOBCKYIO 2-IOArpynmy rpynnsl (G, U 3HAYNT, rpynnsl A, T. e.
K ynoBierBopsier yTBEPKIEHUIO (B) TEOPEMBI.

Takum o6pa3oM, Mbl MOKeM mnpeamosaratb, uro G = PSp,,(q) uw f > 1, 1. e. cunoBckas
3-moarpynna Oz(K N G) rpynnsr K N G werpuBnaibha. 113 jgemmsr 5.2.1 caenyer, aro K N G
CONEPXKUTCA B HEKOTOpoil K-muBapuanTHoil napaboandeckoil noarpynne P rpymnst G ¢ dhakTo-
pom JleBu L u, ¢ TounoCTBHIO 70 compsizkenusi B P, cunosckas 2-noarpynna Oy(K N G) rpymmst
K N G conepxkurcs B L. Bamernm, 910 BCe HeabeIeBbl KOMIIO3UIUOHHBIE (DAKTOPBI rpynnbl P
ABJAIOTCA MPOCTHIME TPYTIIAME JIHeBa THITA TopsiKa Menbinero, yem Cmin, mostomy P n mio6oi
eé roMoMopHBIil 00pa3 YAOBIETBOPSIOT YCJIOBHIO (C). 'pymma K=K O3(P)/Os(P ) nzomopdHa
K/O3(K N G) u, no semme 2.4.1, K SBIsieTcsi KapTepoBoii MOrpy o TpYIIbL (K, P/Os(P)).
Hanee K NP/O3(P) ~ O3(K NG) ecth 2-rpymma n mo6oit snevent z € (K, P/Os(P))\ P/O3(P)
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HEeYETHOTO TOPSIKA, yIOBIeTBOpstomuil pasenctsy (x) N P/O3(P) = {e}, nenrpamusyer HeKo-
TOPYIO CHJIOBCKYIO0 2-mojrpynny rpyunbt P/O3(P) ~ L (cm. sevmmbr 5.2.5 u 5.2.6). Cuenosa-
tesibHO, Oo( K N G) ComepKAT CUAOBCKYIO 2-IOAIPYTITY IPPYNIbl L, B 4aCTHOCTH, CONEPKUT CH-
JIOBCKYIO 2-tiogrpynmy Hy rpymmsr H. [lockosbky K wuabnorenTHa, Jiemma 6.2.1 Biaedér, 9To
O3(KNG) < Cy(Hy) = (X, | r — mmunstii kopens u3 O(G) ™). ITlockonbky st m00bIX IBYX
JUIMHHBIX KOpHe# 1, s u3 ®(G)" Beimonneno r + s € ®(G), kommyTaropras dhopmysia [lesa-
ae [11, reopema 5.2.2] Bieuér, uro noarpynua (X, | r — aymunsiii kopeub u3 ®(G)1) abenesa.

[Tockojibky ¢ — 10J1€BOil aBTOMOPGU3M, OH HOPMAJHU3YeT JIFOOYIO MapaboIndecKyIo HOAIPYIi-
ny rpynnel GG, comepkaiiyio (-wHBapuaHTHYO mnoarpymmny Bopems. Takum obpazom, mist Jio-
Goro mopMHOXKecTBa J MHOXKecTBa (yHAaMeHTalIbHBIX KopHed 11 = {ry,...,r,} KopHeBoii cu-
crembl ¢ = ®(G) mapaboamueckas moarpymna P; seiasercs (-unBapuanTHoil. CoiegoBaTelib-
HO, MOXKHO CYUTaTh, 4T0 P = Pj, tne J — HeKoTOpoe cOOCTBEHHOE IOJMHOMKECTBO MHOKE-
crBa pynjgamentaabubix kopHeit 11 kopuepoii cucrembl ®. Boibepem nymepanuio yHaMeHTa b=
HBIX KOpPHEH TakuM 0Opaszom, 4To 7, — JUIHHHBIH (DYHIAMEHTAJbHbIII KOPEHb, & BCE OCTAIbHBIC
r; — KopoTkue Kopuu. Ecam r, € J, To omHa u3 kKommoHeHT ¢aktopa JleBu L, Hampumep,
G1, msomopdHa rpynmne Spy,(q) ais Hekoroporo k < n (oTMmernm, 9To MOCKOABKY A # G, To
q # 3). B cuny aemmbr 6.2.2 mbt noaygaem, uro L/Cp(G1) = Autp(G1/Z(Gy)) = G1/Z(G).
[To semme 2.4.1, K1 = KCL(G1)O3(P)/CL(G1)O3(P) — xaprepoBa nojrpynua rpyuibt (P X
(())/CL(G1)O3(P). Iockoabky |K1NP/CL(G1)O3(P)| ve nenurcst Ha 3, u ( eHTPATH3yeT HEKOTO-
PYyI0 CUIOBCKYI0 2-noarpytiny rpyunsl Gy /Z(G1) (em. temmy 5.2.5), 10 K1 COAEPKUT CHIOBCKYIO 2-
noarpyumy rpynnst P/Cp(G1)O5(P) ~ G1/Z(G1) ~ PSpy;(q). Kpome Toro, mo jsemme 5.2.5 curos-
ckas 2-noarpymmna rpyumst (P/CLL(G1)O3(P))¢ saBasgercs CHIOBCKOi 2-IT0ArpyIoii (hak TOpTrpy bl
P/CL(G1)O3(P). Takum obpazom, K1NP/CL(G1)O3(P) aBnsiercst CHIOBCKOI 2-TTOATPYTIIOi IpyTI-
ust (P/CL(G1)03(P))¢ =~ PSp,,(3). Ho mo memme 5.3.2 B rpymme PSpy, (3) cymecrsyer ssement
HEYETHOrO TOPAIKa, KOTOPIii HOPMAJN3yeT, HO He IEeHTPAIN3YeT CUJIOBCKYIO 2-MOJArPYIIIY; IPO-
THBOpedre ¢ TeM, uTo K dBagerca Kapreposoii moarpynmoit rpynmst (PN (€))/CL(G1)Os(P).
Takum 006pa3soM, MOKHO CIATATh, UTO 1), & J.

Pacemorpum muoxkectso J, = I1\ {r,} u mapaboauueckyto noarpymmy P;, . U3 mpembiaynmx
paccyxkaenuii ciaeayer, auro K < Py X\ (¢) < Pj X (). Hanee, moarpymnma

(X, | r — nomnwbii kopens w3z ®(G)*)

conepxkurcs B O3(Py, ) n O3(KNG) copepxurca B (X, | r — namunbiii kopensb u3 O(G)1), nosro-
My O3(K NG) < O4(P;,) n moxno canrars, uto P = Py . [o nemme 2.4.1, K = KO3(P)/Os(P)
aBJIsIeTCs KapTeposoit moarpymmoit rpymmnst (P X (())/O3(P). BameruM, 910 e IMHCTBEHHBI Hea-
GesieB KOMIIO3UIUOHHBIH (bakTop rpymnsl P X (¢) mzomopden A, 1(q) ~ PSL,(q). Beuxy [5, Teo-
pema 1| u [6, Teopema 4| MbI mostydaem, 9To K = R x (C), tme R — cuaoBCcKas 2-TOATPYyINa
rpyuibl P, nenrpasusyemast jementom (. Takum obpaszom, O3(K N G) < Cp(R). Pacemorpum
Q = O3(K NG) N P Mockosmsky O3(K N G) merpusnasnbia u K HUJBIOTEHTHA, TO IPYHNa
Q=03(KNG)N P = Z(K)NOs(K NG) nerpusnanbha. Crexosarensno, N ((Q)) — coberBen-
Has noarpynna rpynmnsl G, u mo gemme 5.2.1 Ng(Q) comepKutcst B cOOCTBEHHOI mapaboimaeckoit
noarpytie rpynisl G. C apyroit croponst, K < Ng(Q) u P = P;, — MakcuMajbHas cCOOCTBEHHAST
napabomuaeckas moarpynna rpymnsl G. Ecin Ng(Q) e comepxkures B P, 1o Ng(Q) u K comep-
JKaTcd B HEKOTOPOil apabosimyaeckoil nojgrpymime Py, jiisg KoTopoit r, € J. Boime ObL10 10Ka3aHO,
aro 1, € J, 3Haunt, Ng(Q) conepxkurcsa B P.

[Tokazkem, aTo R X () — Kapreposa noarpynna rpynnsl G¢. JleficTBuTeIbHO, TPEAION0KAM,
ITO HEKOTOPHIT dsieMenT © € G¢ HopMmasu3yeT R X (). Toraa @ Hopmamusyer (), IO3TOMY & JIEZKHUT
B P u nopmasmsyer O3(P). C apyroit ctopoust, x nopmaiusyer R, suadunt, nopmanusyer Cp(R),
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nostomy x HopmausyeT Co,p)(RR). Kpome Toro, ouesnano, x u ¢ nepecranoBounsl. Takum oGpa-
3oM, & Hopmasuzyer (R X Co,py(R)) XN ((). Kax mbr ormeuasu soire, K < (R X Co,py(R))N(() n
rpymmna (RxCo,py(R))N(C) paspemmnma. Jlemma 2.4.2(a) siaeuér, aro rpymmna (Rx Co,py(R))XN(C)
COBIIAJIAET CO CBOMM HOpMaJIH3aTopoM B G ((), 3HaunT, € R X Co,p)(R). I'pynmma Co,py(R) <
(X, | r — sBasieTcs JJIMHHBIM KOpHeM) abesieBa, 103TOMYy J11060it sseMent u3 R X Co,p)(R) nen-
tpamusyeT Co,py(R) > O3(K NG). Caeposarensno, x nopmammsyer (R x O3(KNG))XN(() = K,
T. e. v € K. ITo nocrpoennio Rx Q) = KNG, 3aaaut, v € R X Q) u R X () — KaprepoBa IOAIPyIIIa
rpymmsl Ge. C apyroit croponst, O% (G) ~ PSp,, (3Y) u mo waayxrmm rpymmer PSp,,, (37/1€) u

—_—
PSp,,, (3t/I¢) He comeprkaT KapTepOBBIX MOATPYII, TOPATOK KOTOPBIX JETUTCA Ha 3. DTO MOCTeIHee
IPOTUBOPEUNEe 3aBepIIaeT T0KA3ATETHCTBO TEOPEMBL. O

§3 I'pymmbl ¢ aBTOMOpP(U3MOM TPOIICTBEHHOCTH

TEOPEMA 6.3.1. I[lycmv G — Koneunas npucoeduHEHHAA 2PYNNa AUE8E MUNG HA0 NOAEM Ta-
paxmepucmuru p; G, o ewbpanw max, wmo O (G,) < G < G, u OY(G) usomopgpna Dy(q)
usu 2 Dy(q*). Ipednoroscum, wmo T — 2padosviti asmomoppusm nopadxa 3 epynns. O (G) (na-
nommum, umo oaq epynnve G~ 3Dy(q®) aemomopdusm T — amo maroti aemomopdhusm, MHO-
HCECTNBO HENOJBUNCHHLT MOoder komopoeo uzomopdro Ga(q)). Obosnavwum wepes A nodepynny
epynno, Aut(Dy(q)), nopoostcoénryro enympente-0uazonasbHuMU U NOAEEBLMU G8TMOMOPHPUIMAMLU,
a maxoice 2padosuim asmomoppusmom nopadka 2. Ilycmov nodepynna A < Aut(Op/(G)) maxosa,
wmo A £ Ay (ecau OY(G) =~ Dy(q)), u K — xapmeposa nodzpynna 2pynne A. Ilpednonosicum

makoice, wmo G = ANG,, A = KG u |0 (G)| < Cmin. Tozda cnpacedauco 0dho us caedyiouyus
ymeepocdenudi:

(a) G ~3Dy(¢®), (|A: G|,3) =1, q newémmno u K codepocum cunoscrkyio 2-nodepynny epyn-
no, A;

6) (|A : G|,3) = 3, q newémmuo, T € A, ¢ mounocmuio do conpancenus aremenmom us G,
nodepynna K codeporcum cunoscryio 2-nodepynny epynnoe Ca(1) € T'Gy(q) u T € K;

(B) (JA:G|,3)=3,¢=2" |A: G| =3t, A=GX(1,0) (A=GN(p), ecau G ~=3Dy(q%)), 2de
© — noaesoti asmomopdusm nopadka t (|¢| = 3t, ecau G ~ 3Dy(q%)), nepecmanosounwidi c
T, ¢ mounocmuvio do conpascenus remenmom u3 G, nodepynna K codepocum cunosckiyro
2-nodepynny epynno Cq ({1, p)a) =~ Go(2") u T € K;

(r) O (G) ~ Dy(p*), p newémmo, daxmopepynna A/G yuxaiuveckas, T € A, A =GN ((), 20de,
AR HEKOOP020 Hamyparvhozo m, ( = TE™ AGAACCA 2PaPo6O-NOACCHM ABTOMOPPHUS-
MOM, U, ¢ moynocmovio do conpasicerua aremenmom u3 G, K = Q X ((), ede Q) asasemca
cunosckoli 2-nodepynnoti epynnw G, ~= 3Dy (p*/11).

B wacmnocmu, xapmeposw, nodzpynnuv. 2pynnv A conpasicens, m. e. ecau Ay € A u |[F*(Ay)| =
Cmin, mo 2pynna As ne ydosaemeopsem ycarosusam meopemol, snavum, F*(Ag) 2 3Dy(¢?).

Jloxaszamenvemeo. TlpeanosoxuM, 9To TeopeMa HeBepHa U A — Takoil KOHTPIpUMEP K YTBEpK1e-
muio Teopembr, 4to |OF (G)| munnmasnen. Beumy [42, reopema 1.2(vi)| Kazapiii smement rpymmb:
G coupsizkén co csoum obparnbiM. [To [13] u [39, Teopemst 1.2 u 1.4] gia moboro anemenra t € G
HEYETHOTO TPOCTOTO MOPsiKa BCe HeabeseBbl KOMITO3UIMOHHbBIE (bakToph! nerTpasn3aTopa Cg ()
SBJSIOTCS TPOCTBIMU TPYIINIaMU JIMeBa THIA, MOpsiaKa MeHbiero, veM Cmin. Takum obpaszom,
C4(t) ynosreropsier yeaosuio (C) u memma 2.4.2 Biaedér, uro K NG spasercs 2-rpynnoit. lasee,
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JeMMa 5.2.6 BI€UYET, UTO BCe IMUKINYECKHE TPYIIILI, TOPOXKIEHHBIE IMOJEBBIMU aBTOMOP(MU3IMAMI
OJIMHAKOBOI'O HEYETHOTO NMopsiKa rpyuibl (7, conpsizkenbl ornocuresbuo G. TTockoabky nenrpasim-
3aTop J1I000T0 noaeBoro aproMopdusma B G ABASETCA TPYINON JIMEBa THIIA, MOPAIKA MEHBIIEro,
gem Cmin, MbI BHOBb IpUMeHseM jJeMMy 2.4.2 1 NoIydaeM yTBeP:KICHNEe TeOPEMbI 110 WHLyKIIAH.
Jlemma 5.2.6 Takaxke Biaeuér, uro ecimu O (G) ~ Dy(q), To Bce IUKIXYECKHE IPYIIIEI, TOPOZK-
IEHHbIe rpadOBO-MOIEBEIMA ABTOMOP(MU3MAMHE, CONPIZKeHbl. I[0CKOIbLKY HEeHTPATH3ATOP JI0O0r0
rpadoBo-10/1eBoro asroMopdusmMa B G ABIACTCA IPYNION JIneBa THIA, IIOPIKA MEHBIIEr0, 9eM
Cmin, Mbl BHOBb TIpHUMeHsieM JieMMy 2.4.2 1 moJiydaeM yTBepzK/ieHue (I') TeopeMbl 110 HH/YKIIHH.
Takum 06pazoM, MOKHO CYATAThH, 9TO A He COIEePAKUT MoJeBoro niau rpadoBo-T0JIeBOTO aBTOMOD-
dbusma neudTHOro NOpsKa. Ciegosarenso, mbo G ~ 2Dy (¢®) u A/G apnagerca 2-rpynnoit, 1u6o
K comep:kuT Takoit saement s nopsaka 3, uro (s) N A; = {e} (mra rpynn >Dy(¢®) cupasenmuso
(s) NG ={e}), GN(s) =GN (r), n KNG sBisiercsi 2-rpyuioi.

B nepBom ciaydae Mbl HOJTydaeM yTBepzK/JeHHe (a) TeopeMbl MpH BbimoJHeHHH yeaoBusa (|A :
G|, 3) = 1. Bo Bropowm ciiydae CymiecTBYIOT POBHO [IB€ HECONPSIZKEHHBIX MUKIMIECKHX TTOATDYITIbI
(1) u (z) mopgaka 3 rpymmnsl A takue, aro (1) N A; = () N Ay = {e} u G XN (x) = G X (1)
(em. [29, (9-1)]). CrenoBaresbho, b0 s = 7 € K, mabo s = x € K. llpeanonoxum, uro q # 3'. B
MEePBOM CJIyYae U3 U3BECTHOTO CTPOEHUsI KAPTEPOBLIX MOJAIPYII B Tpymie u3 MuoxkectBa ['Gy(q),
HOJIy9eHHOr0 B Teopeme 3.3.5, cienytor yrBepxaenus (6) nian (B) TeopeMbl, BO BTOpoM ciaydae K <
Ca(z). Beuay [29, (9-1)] Cq(z) ~ PGL;(q), rae ¢ = €l (mod 3), e = + u PGLJ (¢) = PGL3(q),
PGL; (¢) = PGUj(q). Torma K = (K NG) X (y,¥), 1je ¢ — moieBoii aBToMOpGU3M TPYIIIIBI
OPI(G), HOPAJIOK KOTOPOT'O €CTh CTeleHb 2, Yy — IpadoBblil aBTOMOP(MU3M, HOPII0K KOTOPOIo
ecth crenedb 3 u x € (y). B cury HuabnorenTHOCTH K MBI MOJIyYaeM, 9TO Y@ = @y, OTKYyIa
Ceup) (@) = Coy) (). Teneps mbl umeem, 4To

/ B D4(q1/|80|)7 ecan OPI(G) ~ Dy(q),
0" (Calp)) = { 3D, ecim G ~3Dy(q?).

Buaunt, Coy ) (@) = Cog(e) (@) =~ PGLE(¢"19!), mpruém ¢/l = pl1 (mod 3), rme p = £ (3ame-
TUM, 9TO € U /4 MOTYT ObITh pazindnbl). Kak Mbl ormeuasn Beine, K N G gBIseTcs 2-TPYIINOi.
C spyroii cropossl, B cuity [6, TeopeMa 4|, cymecTByer 3JeMeHT 2 MOpsAIKa 3, MeHTPATN3Y oI
cmnosekyio 2-noarpyuiy rpyuist Cg(x) = PGL;(q) u aexamuit B Cey, ) () PGL,(¢"/1#1). Ta-
KAM 00pa30M, 3JeMeHT z mneaTpaandyer K, caenoarenbro, jgexkut B K. Ho K NG e comep:kut
9JIEMEHTOB HEYETHOI'O MOPAJIKA, CJIEJI0BATENBbHO, TOT BTOPOI ciydali HEBO3MOZKEH.
[Ipeanonoxum Tenepb, aro ¢ = 3'. Torma Cg(7) ~ G3(g) m MBI mosydaeM yTBEpZKJICHHS
6) wm (B) Teopembl. Bo Bropom cayuae Cg(z) ~ SLa(q) KU, tne U saBasgercsa 3-rpymmoil u
Z(Cg(z)) NU # {e}; uporusopedne ¢ gemmoii 2.4.2. O

§4 KiaccndukanmmoHnHas TeopemMa

TEOPEMA 6.4.1. [Tycmo G — koneunas npucoedunénnas epynna auesa muna (G e 0basa-
meavto npocmas) nad nosem apaxmepucmuru p u G, o ewbpano, max, wmo OP (G,) < G < G,.
Hpednonosicum marorce, wmo G 2 >Dy(q?). Buibepem nodepynny A epynnv. Aut(OP (G,)), daa
Komopoti ewnoaneno pasencmeo AN Gy, = G, u, ecau OP (G) = Dy4(q), npednorosicum, wmo
A codeporcumes 6 nodepynne Ay, onpedeaénnot 6 popmyasuposke meopemu, 6.3.1. Ilyemv K —
kapmeposa nodepynna epynnot A u A = KG.

Toz0a 6vinoaneno 6 MmouHocmu 0010 U3 CALOYUUT Ymeeporcienu:

(a) G onpedeaena nad nosem zapaxmepucmuru 2, A = (G,(g,t), 2de t — 2-anemenm, K co-
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depatcumen 6 HOPMAAU3AMope Hexomopoti t-uneapuanmnoti nodepynnv. Bopeas epynnv G u
K N (G, (g) ydosaemsopaem odnomy us ymeepocoenut; (a)—(e) aemmovl 5.3.4;

(6) G ~ PSLy(3"), noaesoti asmomoppusm ¢ sescum e A, nopadok |¢| = t neuémen, u, c
mounocmuvio do conpasicenun 6 G, svnoaneno pasencmeo K = Q X ((), ede Q asasemca
cunosckoti 3-nodepynnoti epynnv Ge,, ;

(B) A = 2Go(3*™) X (C), €] = 2n + 1 u ¢ mounocmwio do conpasicenus 6 G 6boinoareno
paserncmeo K = (K NG) X (¢) u K N2G5(32"*Y) = Q x P, 20e Q nopadwa 2 u |P| = 3I%:;

(r) p ne deaum |KNG| u K codeporcum cunosckyro 2-nodepynny epynnove A, 6udy semmol 5.3.3
epynna A ydosaemsopaem ycaosuio (ESyl2) mozda u moavko moada, xo2da G ydosaemeo-
paem ycaosuto (ESyl2).

B wacmmocmu, kapmeposvr nodzpynno. 2pynnovt A conpasrcenl.

3amedanne. CyliecTBYeT HEKOTOpas TUXOTOMUS JIJIsT KAPTEPOBBIX MOATPYII B TPYINaX aBTOMOD-
GU3MOB KOHEUYHBIX I'DYIIl JIUEBA THUIIA, HECOJAEPXKAIUX I'PadOBBIl UK 110/1eBO-rpadOBblil aBTO-
Mopcduzm mopsaka 3. Ouu b0 COAepzKATCI B HOPMAJIM3ATOPE HEKOTOPOil moarpymnsl bopes,
JIM0O0 XapaKTePUCTUKA HEUETHA U KApTEPOBA MOJTPYIIIA COAEPYKUT CUJIOBCKYIO 2-TIOJATPYIITy BCeit
IDYIIIBL.

[IpeinooKuM, 9TO YTBEPXKICHHE TEOPEMbl HeBePHO U A — KOHTPHPHMED K YTBEPXKICHUIO
TeopeMbl, st Kotoporo |F*(A)| munumasnen. Cpeln KOHTPIPHMEPOB ¢ MHHUMATBHBIM |F™*(A)|
BeIOEPEM TOT, jiJist KoToporo |A| munumasen. B srom ciaydae mist 1060if HOYTH POCTOR IPYIIIBL
Ay, nng xoropoit |F*(Ay)| < |F*(A)|, F*(A;) — npocrag rpynmna juesa Tuma o A; yI0BIETBO-
psieT ycjaoBuaM TeopeMbl 6.4.1, KapTepoBbl TOArPYIIIBI CONPSKEHbI. [leficTBUTeIbHO, 3aMeTnM,
9TO JIMINB OJIHO YTBEPKJEHHE TEOPEMBbI MOKET OBITH BBIMOJIHEHO, HOCKOJIBKY TIPH BBHIIOJHECHUH
yreepxKaernit (6) winm (B) yemosue Ny(Q) = QCA(Q) atst cunoBCKOii 2-oArpynnsl () TPYIIIbL
A He BBILOJIHEHO, T. €. HE BBIIOJHEHO yTBepxaeHue (r) reopembl (T0, YTO HUKAKUE JAPYIHe JiBa
YTBEDKJIEHUST HE MOTYT OBITh BBIIIOJHEHBI OJHOBDEMEHHO, OYeBHIHO). Takum 00paszoM, Kapre-
POBBI MOArPYIIBl TpyImbl Ay compsizkenbl. OTMETHM TakzKe, 9TO OTCIOIA CJeAyeT HePaBeHCTBO
|F*(A)] < Cmin. eiictBuresnsuo, eciu Ay € A u F*(As) = Cmin, to mbo Ay yaoBreTBopsier
yesioBusgM TeopeMbl 6.3.1, 6o As ymosirerBopsieT yciaoBusaM TeopeMbl 6.4.1. Kak Mbl oTMedasin
B TeopeMe 6.3.1, mepBbIil coIydail HeBO3MOXKeH. BTopoit caydail, KaK MBI TOJBKO UTO 3aMETUJIH,
BO3MOZKEH JIUIIh B TOM ciydae, ecan |F*(A)| < [F*(A2)] = Cmin (nockosnbky A — KOHTpIpHMEp
K YTBEDZKACHUIO TeOPeMbl Aj1st KoToporo |F*(A)| munnmasen).

Mpr mokazkem Teopemy caeayiomnm oopasom. Eciu F*(A) ~ PSp,,(q), To Teopema cremyer u3
reopemsl 6.2.3. Ecoiu A = G, o Teopema cieayer u3 23|, [24] u pesysbraros rias 3 u 4 Hacrosieit
paborsl. Takum 06pazom, MOKHO canTarh, uro A/(ANG) werpupnanpua. [lycrs K — kapreposa
noarpymmna rpymmbl A. Mbl nokazkem cHadasa, 910 ecan p geant |K NG|, To BHITIOJHEHO OHO U3
yTBepKaennii (a)—(B) TeopeMbl. 3aTeM MbI OKazKeM, 9To ecau p He aeaut | K NG|, ro K comepxut
cuIoBCKyI0 2-noarpynmy rpymmnsl A. ITlockonbKy o0a 9THX mrara JOCTATOYHO 3AIyTAHHbBIE, MBI
pas3/ie/uiin uxX Ha JBa naparpada. 3amerum, 9ro 110 13| aist arboro nosynpocroro siaementa t €
G, Bce HeabeseBbl KOMIO3UIMOHHBIE (bakTopbl Tpyinbl Cg(t), 3naunt, rpynnbt C(t), aBagoTCs
POCTHIME TPYNIAMHA JIMeBa THIA MOpsiKa MeHbInero, dem |F*(A)|, a 3HaIUT, MeHBIIEro, 4em
Cmin. [Tostomy C4(t) ynosaersopser ycaosuo (C). g Toro, 4T06bl TpuMeHdTH JeMMbl 2.4.1
u 2.4.2, MBI OyJIeM HCIOJIb30BATh 9TOT (hakT 06e3 JaTbHEHIINX CChLIOK.
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§5 KaprepoBbl IOArPYIIBLI NOPLAIKA, JEJAINEerocd Ha Xa-
PAKTEPUCTUKY

O6oznaunm K N G gepes K. s o6oit rpynnsl A, yIOBIeTBOPSIONIEH YCIOBHSAM TEOPEMBI
6.4.1, bakroprpynna A/G sBagercst abeseBoil U, 1Jisi HEKOTOPOTO HATYPATIHHOTO t, n30MOpdHA
HOArpyIine rpyunbl Zo X Z;, viae Z; obo3nadaeT IMUKJIUYECKYIO I'pyniny nopsjaka t. Kcianm dak-
toprpynna A/G ue spisercs mukauueckoii, To rpynmna OF (G) apiserca pacmeniénnoii n A co-
JIePIKUT SJAeMEHT Ta, rjae T — rpadosbii asromopdusm rpymnsr OF (G) u a € G,. Toraa o-
6ot TTOJIYITPOCTON JIEMEHT HEYETHOrO MOPSIKA COMPSZKEH €O CBOMM 00OpaTHBIM B A (cM. jJemmy
5.2.7). Ilo memme 2.4.2 Mpl nmostydaeM, uto |Kg| meaurest Tonbko Ha 2 u p. Ecau p = 2, 10 K¢
ABJISETCS 2-IPYIIION, OHA COJEPXKUTCH B COOCTBeHHON K -MHBapUaHTHON HapaboOIMyYecKoill 1moji-
rpynne P rpynner G u no semme 2.4.1 dakroprpynna K Oq(P)/Oy(P) siBasiercst KapTepoBoii
noarpymmnoii rpynnel K P/Oo(P). Tockonbky Kg < Oo(P), 1o (KOo(P)/Oo(P)) N (P/Oy(P)) =
{e}. Buauur, P sBagercs noAarpynmnoil Bopesst rpynmbl (G, B TPOTUBHOM CJiydae Mbl Obl HMeJIH
Cpjo,p)(KO2(P)/O2(P)) # {e}; nporusopeune ¢ tem, uto K Oy(P)/Os(P) siBnsercs KapTepoBoi
noarpyuoi rpyuubt K P/Oo(P). Takum obpazom, P sasisiercs nogrpynuoii Bopejis, u reopema
craenyer w3 jgemmbl 5.3.4. Jlamee, ecm p # 2, 10 BHOBb K COMEPKUTCA B COOCTBEHHON mapabo-
mmdeckoit noarpynme P rpynnst G orakoii, 110 O,(Kg) < O,(P) n Ox(Kg) < L. Torna semmb
5.2.5 u 5.2.6 BekyT, Hy < Oo(KNG) < K, tiie Hy — cutoBekag 2-noarpynmna rpyunsl H. Jasee,
aemma 3.2.12 Biewér, ato O,(K¢g) < Cy(Hs) = {e}. CrenoBarensuo, K NG aBisgercs 2-rpynmoi.
[To nemmam 5.2.5 u 5.2.6 m1060it smement x € A\ G HewéTHOrO OPsiAKa Takoii, uto (x) NG = {e},
MEHTPAJNZYET HEKOTOPYIO CHJIOBCKYIO 2-mmoarpyniy rpynnbl G. 3nadut, K COAEp:KUT CUIOBCKYIO
2-noxrpynmny rpynmbl A, T. e. K ygoBierBopsier yTBepxAeHuIO (1) Teopembl. [Tostomy dakrop-
rpynna A/G gBisiercs MUKIUIECKOi, 1 Mbl MOXKeM pejmnojarats, uro A = (G, (g) € I'G.

Hanomuum, 4To Ml Haxomummces B yeiaoBusx teopembl 6.4.1, A = (G, (g) npeanoiaraercs
KOHTDPIIPIMEPOM K YTBEDIKICHHIO TeopeMmbl, aasa kotoporo |OP (G)| u |A| mumumambun, n K
ABJISIETCsT TaKO# KapTeposoii noarpynnoii rpymnust (G, (g), aro p memut |Kg|. Mbl umeem, 9ro

= (C*g, Kg). Tlockonbky |OF (G)| < Cmin, memma 2.4.1 Bireuér, uro K G /G smasercs kaprepo-
Boit moarpynmoit rpymmsl A/G. Caegosarensno, |(¥| = (|, n MbI Moxkem mpemonarars, 9To k = 1
n K = <KG7 Cg>

Bugy semMsbl 5.2.1 cymmecTByeT Takad cOOCTBeHHasd 0- U (¢- NHBapHAHTHAA MapaboIndecKas

noarpymra P rpynmsr G, aro O,(Kg) < R,(P) n K¢ < P. B wacrroctn, P u P CONPSTZKEHBI
B G. Ilycts ® — kopHeBas cucrema rpynnsl G u II — MHOXKecTBO byH1aMenTaIbHbIX KOpHell
KOopHeBoit cucrembl ®. Beuay |11, npemioxkenue 8.3. 1] P comnpsizkena ¢ nekotopoit Py = B-N ;- B,
rae J SIBISeTCST TTOAMHOXKECTBOM MHOXKecTBa 11 1 N — MOTHBIH mpoobpas noarpynmnsl W; B N
OTHOCHTEJILHO €CTeCTBEHHOTO TOMOMODhu3Ma N/T — W. anee, P; asasgercs @-nHBapHaHTHOMN,

P, =P [ = g P

sHaunt, P; = P, (sanomanMm, 910 ( = J°@" MO ONPEIETEHHIO). aCCMOTPUM CHMMETPHIO p

JnuarpaMmbl JIpIHKnHa KopHeBoii cucteMbl @, coorsercrytomyio 7. Ilycrs J — obpas MHOXKecTBa
_,7 JE— _— _C J—

J orHOCHTENBHO p. fcno, uro P; = P7. Ilockonbky P n P’ conpszxensl B (G, MBI HOJIy4aeM, 9TO

P, u Ff, COTPSIZKeHbI B G. U3 [11, Teopema 8.3.3] cremyer, uro m6o € = 0, 6o J = J; 1. e. P,
gapjsgercd (-MHBApUAHTHONR. B
Tasee, Mbr nveen, uto P’ = P s mexoroporo § € G. 3mauut, (Cg, P)? = ((Cg)?, P,) u
o

?f]Cg = P;. Orciofa cieayer, 4To

(Co)’ =5 'Cgy=C (¢ 5 "Cag) =C - h,

rne h = ((7'y7'Cgy) € G. Hockoabky F§ = P; = ?z_ , mosyaaem, uro h € Ng(Py). Ilo [11,
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teopema 8.3.3], Ng(P,) = P, Takum obpazom, (Cg, P)Y = ((, P;). Hanee obe rpymmst P u P
ABJSIOTCS O-MHBAPMAHTHBIME. 3HAuuT, Mbl umeeM §o(§~!) € Ng(P) = P. Cuemosarenno, 1o
teopeme Jlenra-Creitrbepra [41, Teopema 10.1], MmoxnO npeanosarats, aro § = o (i), T. e. § € G,.
Mockonbky G, = Ty - OV (G,) u T < Py, 10 MBI MoyKeM npenonarath, ato § € O (G,). Taknm

06pa3oM, ¢ TOYHOCTBIO [0 compszkeHnd B G, MOxKHO mpeanonarats, uto K < ((, P;) = P;X{() u

K <{((P;NG),Cg) = (Ps,(g),

B wacruoctu, g € (Pj),. Bomee toro, ectm Ly = (T, X, | r € JU —J), To L; ects o- u (-
wuBapuanTHbii paxrop Jesu rpynnst Py u Ly = Ly N G ects (-unBapuanTHblii GaxTop Jlesn
rpyunel P;. Ilockonbky Bee dbakTops! Jlesn conpszkenst oTHOCHTENbHO Oy (FP)), MOXKHO CUUTATD,
yro Lj aBiagercd (g-unBapHanTHLIM dakTopoM Jlepu. Jlemma 2.4.1 Biaeuér, arTo

KOP<PJ)/OP(PJ> =X
ABJIETCSL KapTepoBoil moarpynnoit rpynust (Py, (g)/0,(Py) u
KZ(Ly)Oy(Py)/Z(L)Oy(Py) = X

aBJIeTCst Kapreposoit noarpyumoii rpyumnst (P, (g)/Z(L;)0,(Py). Hanomuum, uro K = (Cg, Kg),
3HAYUT, €CJIU U U U — 00pa3bl 9/IEMEHTA § OTHOCUTE/IHLHO €CTECTBEHHBIX TOMOMOP(MU3IMOB

w: (P, Cg) — (Ls,Cv) ~ (P, Cg9)/Op(Py),

@ (Py,Cg) — (P, C9)/Z(L;)Op(Py) ~ (Ly,Cv)/Z(Ly),

To X = ((v,K¢&) m X = (Cv, K&). 3amernm, uro O,(P) u Z(L;) — XapaKTepUCTHYECKUe TOI-
rpyunel rpynn P u Ly cOOTBETCTBEHHO, 3HATUT, Mbl MOXKEM PACCMaTPUBATh ( KakK aBTOMOpPQU3M
daxroprpynn Ly ~ P/O,(P)u L = L;/Z(L;). 3amernm Takzxe, 970 BCe HEaOeJIeBbl KOMIO3UIH-
oHHBIE (DAKTOPHI TPYHIBI P dBJIAIOTCA TPOCTHIME I'PYIIIAMU JIHEeBa TUIA MOPIIKA MEHBITET0, 9eM
Cmin, 3uaunr, (P, (g) ynosiersopsier (C). Takum o6pa3oM, Mbl MOXKEM TPUMEHSATH JeMMy 2.4.1
K <L7§6>’ <LJ7CU> n <P7 Cg>

Ecaun P; — noarpynna Bopesns rpymmbt G, TO yTBEPKAEHIE TEOPEMBI CAEAYeT U3 JIeMMbI 5.3.4.
[Tosromy MBI MOXKeM TIpejnonarath, 9to Ly # Z(Ly), 1. e. 910 P; He sBjasgercs noarpynnoii Bo-
penst rpynmbl G. Torma Ly = H(Gh ... x Gy), rie G; — TOJACHCTEMHBIE TTOATPY b rpynibl G,
k> 1, uw H— noarpynna Kaprana rpynmst G. [lycts (g = ((2g2) - ((2rg2r) — pasiozxeHue B IpOU3-
Befenne 2- n 2'- "acTeit snementa (g (mpuaeM gs, gor € (Pj),). Hamee, (o = ©F, naa mekoroporo
k, siBsiercst 1moJjieBbiM aBTOMOPGU3MOM (HAIIOMHHM, 9TO Mbl HE PACCMATPHBAEM TPOFCTBEHHDII
aBroMopdu3M) U OH HOpMamu3yeT Kaxkayio (;, TOCKOJIBKY (¢ HOpMasiusyer Kaxiayio G;. Bosee
TOTO, BBUJLY JIEMMBI 5.2.5, MBI UMeeM, 4TO (o TMEHTPAJUIYET CUIOBCKYIO 2-TOATPYIIy rpynmnsl H.
B gacTtHOCTH, OH TEHTPATU3YeT CHUIOBCKYIO0 2-noarpymiy rpymnsl Z(L;) < H. CienosaresbHo,
JE06OU 3JIEMEHT HEeUETHOro MOpsaka rpyunbl (L, (V) MEHTPATU3YET CUIOBCKYIO 2-TIOATPYIIILY
rpynnel Z(Ly) (31ech vy — 06pas3 371eMeHTa gy OTHOCHTEIBHO w).

Hauee, L= (PGy x ... % PGk)fI, rie H = H® u PGy, ..., PG, — kanonndeckue KOHEYHbBIC
IPYIIIEL JIHeBa THIA ¢ TpuBHaabHBIM HerTpoMm. Ilonoxum M; = C;(PG;), oueBnano, uro M; =
(PGy x ... x PG;_1 x PGi1 x ... x PGy)Cx(PG;); obosnaunm uepes L; dbakroprpymiry Z/Ml
W 9epes T; COOTBETCTBYONMii ecTecTBennbrii romomopdnsm. Torga L; — KOHeTHas Tpynma Jnesa
tuna u PG; < L; < PG,;.

[Monoxum M; ; = C;(PG; x PG;) n obo3nauuM depe3 m; ; COOTBETCTBYIOMIUI eCTeCTBEHHBLIT
romomopdusm L — Z/M” Eciun M; (coors. M; ;) sBasercss (-uHBaApHaHTHOM, TO M, (COOTB.
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M, ;) HOpMATbHA B (L, () u Mbl 0603HATAM Yepe3 T; (COOTB. T;j) €CTECTBEHHBIN roMoMOphu3M
72 (L CO) — (L, CO)/M, (i + (L, CO) — (L, CG) /M),

Tenepnb pacemorpuM (. Ilockoabky (2 — moseBoit aBToMOpdU3M, MOTYT BBIIOJHATLCA JIBa
cayuag: au6o ¢ mopmamusyer PG, mubo (? mopmammsyer PG, n PGC PG, nna mexoroporo
j # i. Pacemorpum TH 1Ba CIydasi 10 OTAEJbHOCTH. _

[Iycts ¢ Hopmanuzyer PG;. Torna ¢ vopmanusyer M;, u semma 2.4.1 Bieuér, uro X™ = K;
ecTb Kapreposa noarpynma rpymnst (L;, ((0)™). [lockonbky (L;, ((0)™) — moaynuHeiiHas rpynna
JIMeBa THIIA, YJIO0BJIeTBOPAIONas ycioBusM Teopembl 6.4.1 (110 nocrpoenuio (2 gBjisercs 10J1eBbIM
aBTOMOPGU3MOM U OTOMY MBI He Honajgaem B yciosus teopembr 6.3.1), |L;| < |G|, u p ve aeaur
| K;|, MBI mMeeM, uTo K; COMEPKAT CUIOBCKYIO 2-noarpyniy Q; rpymmbst (L;, ((0)™) (B wacTHOCTH,
p # 2) u o semme 2.4.3 rpymma (L;, ((0)™) ynosaersopsier (ESyl2).

[Iycrn (2 HOPMA/IH3yeT PG, n PGC PG;. Torna noarpynna M, ; HOpMaJIbHA B <E (D). Mbl
XOTUM II0Ka3aTh, 9TO ( , (D)™ yIIOBJIETBOPSIET (ESylZ) [TockonbKy M ABJIAETCA HOPMAJIbHOM
noarpymnoii rpymmst (L, (0), To mo aemme 2.4.1 (X )T SIBIASIETCS KapTepOBOI/I HOTPY IO TPYIITbI
(Z, (D)™, PaccMOTPUM MOATPYIITY

(PG)™ x (PGy)™, X7)

IPYIIIIbI (Z, ¢0)™i (ormernm, uro (PG;)™ ~ PG, u (PG;)™ ~ PG, n 10 KoHIa ganuoro ab3ana
JUTsT COKpAaIeHnst 0003HadeHuil MBI OyJeM OTOXKIECTBJATH 3TH Tpynmbi). Jlasee Mbl HAXOTUMCS
B YCAOBUSX JeMMBI 2.2.3, a HMEHHO, Mbl MMeeM KoHednyio rpymny G = ()A(:)”ivﬂ'(PGl- x PG;),
rie PG; ~ PG, umeer TpusnaJjbnbit mentp. Torma Aut( WH(PG) ~ Aut(PG,;) asasercs
KapTepoBoil noxarpymmnoil rpynnsl Auts(PG;). Hdanee, PG; — KamoHnmdeckas KOHeYHas IPYIIA
JIneBa TUNA U

PG; < Auts(PG;) < Aut(PG,),

. e. Autz(PG;) yaosiersopsier ycaosusm reopemst 6.4.1 (10 nocrpoennio (? sB/siercs n0/1€BbIM

ABTOMOP(I3MOM I IOTOMY MBI He TIOTAAAeM B yeaoBns Teopemsl 6.3.1) u (X)) N (PG, x PG,) ne
Jenures Ha xapakrepuctuky. [To nnaykunu, Aut ¢ (PG;) cogepxut cutoBekyio 2-moarpymuiy rpyi-
bl Autyz(PG;) (B wactroctn, p # 2). Takue xe paccyxenns nokassisaior, uro Autg(PG;) co-
JePAKHUT CUI0BCKYyI0 2-nmoarpymiy rpynust Auts(PG;). Ciaenosarensuo, Autsz(PG;) n Auts(PG))
yaossiersopstior yeaoputo (ESyl2). ITockosbKy cpaBeyinBbl HEPABEHCTBA

Autg(PG;) < Aut g i (PGy)

Autg(PG)) < Aut g m, (PG),

JeMMBbI 5.3.1 1 5.3.3 BJIEKYT, YTO I'PYIIBI UHIYIMPOBAHHBIX aBTOMOP(PU3IMOB Aut@ Co)Tid (PG;) n
Aut@’@ﬂm (PG,;)  ymosrersopsiior  yeaosmio  (ESyl2).  PacemorpumM  HOpMAasIH3aTOPHI
N i coymis (PGi) m N 5ymi; (PGj). Tlockombky

(L, C0)™ 2 N cgymis (PG)| = (L, C0)™ 2 Ny iy (PGy)| =

HETPY/AHO YOeUThCS, YTO JJId JII00O0T0 s1eMenTa h n3 (Z, (D)™ cripaBeIHBO PABEHCTBO CMEZKHBIX
k1accoB hIN g wpymi; (PGi) = hN g comi; (PGj), orkyna caenyer, aro

N@,@’W (PGi) = N(Z,@’fzwj (PGj)-
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ITo nocrpoennto Oz gvmi; (PGi) N C\g opym s (PG;) = {e}, nosromy nemma 2.4.5 (¢ Cf pmi s (PGy)
u C’<E7C§>ﬂ_j (PG,) B KavtecTBe HOPMAJIBHBIX HOﬂEpyHH) BIEYET, ITO HOPMATH3ZATOD N 7 cpmi s (PG;)
ynosaersopsier ycaoputo (ESyl2). Hanee, |(L, (D)™ : Nt coymis (PG,)| = 2, takum obpazom
gemma 2.4.6 BjiedéT, 94TO IpyImna (E, ¢0)™i ynosaeropsier ycaopnio (ESyl2).

Tenepp Mbl moKazkem, 4ato rpyuna (L, (v) yaosiersopsier ycaosuio (ESyl2). IMockoabky
L # {e}, 1o, kak Mbl 3amermian Bhime, p # 2. Ilycte () — cuaoBcKas 2-MOArPYMNa TPYIITBI
(L, Cv). Paccmorpum ssement & € Ny, ¢v)(Q) Heaérroro nopsiaka. Ham HyKHO 10Ka3aTh, 9TO &
nerTpaau3yer (). Kak Mbl 3aMeTHIN BBIIIE, JIO00I 3JJeMeHT HedéTHOro nopsaka rpymmnst (L, (v)
nentpamusyer Q N Z(Ly), 3HAYMT, ecid & = % HEHTPATU3YeT @ =Q° ~Q/(QnN Z(Ly)), To
x nenrpasusyer Q. Hanee, mmbo M; HopmajbHa B (Z,C@, au6o M, ; HOpMasbHA B (L,C0) n
(MiM;) (M (NijM; ;) = {e}. Bomee Toro, kak MbI J0Ka3a/IH BBIIIE, T™ MEHTPATA3YET QM,/M;, u
I MEeHTpaJn3yeT QVMU/MU ITo nemme 2.4.5 (c HOpMmanbHbIMT mOArpymmamu M; u M, ;) mbl
HOJIydaeM, 4To ¥ HeHTpatusyer (.

Takum ob6paszom, (L, (v) yaosiaersopsier yeaosuio (ESyl2) u mo jsemme 2.4.3 cymmectByer Kap-
TepoBa moarpynma F rpymmst (L, (v), comepxkamast (). Ilockomabky (L, (v) yaoBaeTBopsier yciao-
suto (C), Teopema 2.1.4 ieuér, yro X = K u F conpsikenbl, T. e. X COACPKHUT CUIOBCKYIO
2-nonrpyniy rpynibt (L, (v) u, ¢ TogHOCTHIO 10 conpsizkenns B (P, (g), K coqepKuT CHIOBCKYIO
2-nonrpymmy rpynmst (Py, (v). B gacrHocTn, cunoBekas 2-nmoarpynna He noarpynner Kaprana H
nexur B K u Hy nenrpamusyer K N O,(P;) # {e}; nporusBopeune ¢ temmoii 3.2.12.

§6 KapTepoBbl OATrPYIIbI, IIOPSA0K KOTOPBIX HE JAEeJINTCS
HAa XapaKTEePUCTUKY

HanomuuwMm, uro nepecedenne K NG oboznaveno deped K. Mbl BHOBb HAXOIUMCS B YCJIOBHAX
Teopembl 6.4.1. Kak MBI oTMedaan B mpeasiayineM naparpade, s aoboit rpynnst A, yaoBaeTBo-
psitotneii yciaosusam teopembl 6.4.1, daxkroprpynmna A/G smisiercst abesieBoil u, Jjisi HEKOTOPOrO
HaTypaJbHOrO t, m3oMopdHa noarpymnmne rpymisl Zo X Z;. Ecnn daxroprpynna A/G He sBasercs
MUK/IIIecKoii, To rpynna OP (G) gBjigercs paclIelICHHON 1 A CONCPIKUT JIeMEHT Ta, TAe T —
rpadosbiit asromMopdusm rpymust OF (G) u a € G,. Takum obpasom, ecmn rpymna A/G ne apis-
eTcsd MUKJINYecKON mian @(5) #+ Ay, Dopi1, Fg, 70 0 temMam 3.2.3 u 5.2.7 11060# OIyIpoCcTOi
snaeMeHT rpynmbl G conpszKeén co cBouM obpaTHbIiM. [1o aemme 2.4.2 mbl umeem, a0 Kg = KNG
apaserca 2-rpymnmoit. B yciosuax Teopembr 6.4.1 rpynma A/G abenesa u, ecim A; — xonmoBa
2'-moarpynma rpynmst A/G, To A; — mukimdeckad rpymmna. IlycTs £ — mpoobpas MopoKIaiontero
seMenTa Tpymmbl Ay, B3arwii B K. Torma (z) NG < (z)NG, < KNG, = KN(ANG,) = KNG.
Kax mpl 3aMeTnan Beimie, K NG apasgercs 2-rpymioit, ciegosatesho (r) NG, = {e}. Ilo temme
5.2.6 3/1eMEHT T OTHOCHTENBHO IPYIIbl G, CONPSKEH ¢ HEKOTOPHIM IOJIEBBHIM aBTOMOP(MU3MOM
HEYETHOTO MOPIKA U MO JeMMe 5.2.5 3JeMeHT & TMEeHTPAIN3yeT CUJIOBCKYIO 2-TTOATPYIITY TPYIIIHI
G. Braunt, K¢ sBasgercs cuIOBCKoii 2-moarpynmoil rpynnbl G (B 9acTHOCTH, p # 2) W, TaK Kak
A/G abeneBa, emma 2.4.5 Bae96T, uT0 K COMEPKUT CHIOBCKYIO 2-oArpymmy rpynmbl A. Takum
o0pas3oM, B ITOM cjydae BbITIOTHseTcsS Teopema 6.4.1. [losTomMy MBI MOKeM mpejmnosararhb, 9TO
A = (Cg,G) — nonynuneiinaa rpynna auesa tuna, K = ((*g, Kg) — kapreposa noarpyimna rpyi-
et A, u ®(GQ) € {A,, Dany1, Es}. Kak u B mpesptymem naparpade, MbI MOKEM TIPe/IoIararh,
aro k = 1. [Tockobky G merpusmaibha, T0 neHTpan3arop Cg((g) HeTpUBHAIEH, CIeI0BATE b
HO, moAarpymna Ko takxke Herpupuasibha. [losromy, Z(K) N Kg # {e}. Paccmorpum ssemeHT
x € Z(K)N Kq upocroro nopsyika. Toria K € Ca(x) = ((g, Ca(x)). Hanee, Cz(z)° = C apnser-
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Cd CBA3HOW 0-MHBAPUAHTHON pEAYyKTUBHON HMOATPYIIION MAKCUMAJIBHOTO PAHTA TPYIIIIbI G. Boiee
Toro, C' sBjisieTcs Xapakrepuctudeckoit noarpynnoit rpynis Cx(z) n Cg(r)/C uzomopdua nos-
rpynne rpynnbl A (em. [31, npemroxenune 2.10]). Takum obpazom, K comepxurcs B (K, C), rue
C = C NG. Boaee Toro, no gemvie 5.1.1 mogrpymma C = C NG =T (G * ... x G,,) HopMaibHa B
Cu(z) u KgC/C uzomopdua noarpymie rpymnsl A. [peanonoxum, uro |Kg| He genurces Ha 2.

Ecimm =0, 10 C =T = Z(C) — makcumasapsabiit Top. Torma Top T sapasiercst ( g-MHBApUAHT-
ubIM. BBumy memwmbl 5.2.4 moaygaeM, ato Na(Ca(x)) # Ca(z). Hockonbky Cy(z) B 9TOM coydae
ABJISIETCH Pa3pelMMOil TPYIIIONR 3TO JaéT NpoTuBopedne ¢ jemmoi 2.4.2.

Ecoiu m > 1, 1o Z(C) u Gy % ... x G, — nopmaJsibuble nojrpyuusl rpyuibst (K, C). Sna-
anr, Mb MozkeM pacemorpers G = (K, Gy ... x Gy * Z(C))/Z(C) < (K,C)/Z(C). Torpa
G = K(PGy x ... x PG,,), tne K = KZ(C)/Z(C) — xapreposa noarpymna rpymms: G (.
nevmy 2.4.1) u Z(PG;) rpumanen. Ipynna K aeficrsyer conpszxennsvu na {PGy, ..., PGy} u
6e3 orpaHudYeHns: OOIIHOCTH MOXKHO mpenosarars, yro {PGy, ..., PG, } asisgerca IN(—op6I/IT0171.
Taknum 06pa3oM, MBI HaXOIUMCS B ycJI0BHAX JeMMbl 2.2.3, n Autz(PG1) — KapTepoBa moarpyn-

ma rpynnsl Auts(PGp). Bomree Toro |K N PGy x ... x PG| He mesntcst HA XapaKTepHCTHKY.
[To unpykimun 6o Autz(PGh) conepxur cuinosekyio 2-noarpyiuy rpyunst Auts(PGy), 6o
Auts(PG) ynosaersopsier ycaosusm Teopemsi 6.3.1 u Autz(PGy) N PGy — merpusnaibhas 2-
Ipynna, B 9aCTHOCTH XapaKTepucTHKa p HedérHa. B uobom coydae |K N G| geaurcsa Ha 2, 910
IPOTUBOPEYUT HallleMy Tpeanosoxkennto. CreqoBaTesbHO, HOPsIOK | K| 46TeH 1 MOXKHO CUUTATH,
qro & € Z(K) N K¢ sIBAsS€TCs HHBOJIIONHEN.

Bamutiem (g = (291 - C21g2, e (2g1 ABISIETCsI 2-9ACTHIO U (or gy ABIAETCS 2'-9aCTBIO JIEMEHTA
(g. Ilo memme 5.2.5 ssreMeHT (o MEHTPAINIYET HEKOTOPYIO CHJIOBCKYIO 2-NOATPYNIY ()¢ TPYIIBI
GG, MOTOMY MOYKHO CYUTATh, 9TO HOPSAIOK JeMeHTa o HeuéTeH. C TOUHOCTBIO /10 CONPSIZKEHUsI B
rpymnie G MOKHO CYUTATh, 9TO (o NEHTPAJHU3YET CUJIOBCKYIO 2-moarpymnmy rpyinbl Kg. B gacr-
HOCTH, ( TeHTpasusyer x. Ilycrs () — HeKoTOpas cmioBcKas 2-noarpymma rpymmnsl Cg(x), co-
JeprKaIas CHIOBCKYIo 2-nofrpytmy rpynnsl K. Torma cymectByer y € G takoit, uto QY < Qg.
Bamenss mogarpynny K Ha CONpszKeHHYIO moarpynny KY, MOKHO CYHTaTh, 9TO (o NEHTPATH3Y-
er cutoBekyto 2-noarpyniy rpynnsl Co(z). Tak kak (y gy HEHTpaIu3yer T, Mbl MOJIYyYaeM, 9TO
g2 € Cg_(x). Bosee Toro, no semme 3.2.1 creayer, uro go € Cg(x). B wacrnoctu, g, HOpMaiusyer
kaxayio u3 G; n uenrpaymsyer Z(C) n Z(Cq(x)).

Bamernm, 9T0 (or HOPMATH3YET KakKAyIo U3 G; U MEeHTPATN3YeT CHIOBCKYIO 2-MOArPYIITY TPYyT-
bl Z(Ce(z)) (mamoMmuM, 910 (o MEHTPATU3YET CUIOBCKYI0 2-noarpyuiy rpyumasl Co(z)). Heii-
CTBHTEIBHO, (3 HopMaIn3yeT C', 3HAMAT, HOPMAIU3YeT XapaKTepucTiaeckue noarpymmst O (C) =
Gi#*...xGpu Z(C) rpyuust C. [TodToMy MOXKHO PACCMOTPETb MHLYIUPOBAHHBIH aBTOMOP(OU3M
Cor TPYIITHI

OP (CY/(Z(C)NOP(C) = PGy X ... x PG,

[Tockosbky kaxkmas rpymnma PG; nuMeer TpUBHAIbHBINA MEHTP W HEPA3A0KUMA B IPAMOE MPOU3-
BeJleHne COOCTBEHHBIX MOArpyMI, ciencTBue u3 Teopembl Kpysrs-Pemaka-ITImuara [37, 3.3.10]
BJIeYET, UTO (o mepectapiger passinunbie PG;. [TockonbKy (o meHTpasn3yer HEKOTOPYIO CHIOB-
ckyto 2-noarpymumy rpynmsl Cg(x) u C' <4 Cg(x), 10 (3 NeHTpaIn3yeT HeKOTOPYIO CHJIOBCKYIO 2-
noarpynny rpynnsl C'; 3HAYNT, MEHTPATU3YeT HEKOTOPYIO CHIOBCKYIO 2-toarpynmny (1 X ... X Qu,
rpynist PGy X ... x PG,,, tne (); — cunosckas 2-nogarpynmna rpynist PG;. Eciu 661 (o nnmy-
[MPOBaJ HETPUBUAIBHYIO TMOJACTAaHOBKY Ha MHO:XkectBe {PGy, ..., PG,,}, T0 oH 6bI HHIYIHPOBAT
HETPHBHATIBHYIO MOJACTAHOBKY HAa MHOKeCTBe {Q1, . . ., @ }. TTockombKy Kaxk as rpynma (); HeTpu-
BHAJIbHA, 9TO HEBO3MOXKHO. Takum o6pazom, J060i 1eMeHT HedéTHOro nopsiika rpymmst (K, C)
MEeHTPATH3YET CHJIOBCKYIO 2-Toarpynmy rpymmnsl Z(C') u nopmaausyer Kaxayio u3 G;.

Ecoun ®(G) = FEg, 1o mo jgemme 3.2.1 nenrpaauzarop noboit unsosonuu rpynmnsl G B rpyime
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G cBazen. Ilo temme 5.2.2 mo06as WHBOMIONKSA IPYNIBl G COMEPKUTCA B TAKOM MAKCHMATLHOM
tope T, uro N(G,T)/T ~ W, tne W — rpynua Beiias rpymist G. Xopomo ussectro, 4to C
OPOKIAETCSA TOPOM T w T-xopresbivu noarpynmamu. Jamantem C' = T(Gy * ... * G}). Tlockomb-
Ky T, 60 MOIYUeH M3 MAKCHMAJIBHOTO PACIIEIIEHHOTO TOpa H CKPYdYMBAHMEM 3JEMEHTOM W
nopsika 2, 6o coBmagaer ¢ H,, n o060t moseBoit aBroMopduszm I IeficTByeT TPUBHAIBHO Ha (paK-
toprpymnme Ng(H)/H, To (5 HOpMaTm3yeT KazKayio moarpymnmy G; W WHIYIEDYeT TPUBHAILHYIO
cumMerpuio Kopaesoit cucremsl ®(G;). 3uauut, ecin ®(G;) = Dy, 1o (y MEAyIEpPYeT 110J1eBOi
(a me rpadossrit mam rpadoso-nosesoii) asromopdusM rpynmbr G;. Bosee TOTo, TOCKOMbKY
neifcteyer Tpusmanbio Ha (aktoprpymre Ng(T)/T (cm. meny 5.2.5), To [13, npemioxenne 6]
BJICUET, YTO 0 HOPMAJIH3YeT KasKIylo mojarpynny G; u HHIYIHpYeT CHMMETPHIO NOpsAaka < 2 Ha
®(G;). Crenmosarenbho, HuKakasa rpynma G; ne msomopdna *Dy(q®). Ecin ®(G) cosmamaer ¢ A,
wiu D, 1o |14, upejioxkenus 7, 8, 10| suexyt, uro nukakas rpyuua G; ne uzomopdua 3Dy(q?).
CuieloBaresibHO, B TI060M clyudae HuKakas rpynna G; ve nzomopdna 3 Dy(q?). Kpome Toro, memmva
3.2.1 Baeuér, uro |Kg : (Kg N C)| nemur |Cx(z)/Cx(2)°] m Cx(z)/Cq(z)° avngerca 2-rpynmoit.
B [14] nokazano, 4to eciu KopHeBas cucrema ® umeer tun D,, u W — eé mojcucrema tuna Dy, TO
HIKAKOi smeMenT u3 Ny (o) (W (V)) He HHIyIUpPYeT CHMMETPHIO IIOPAIKa 3 AnarpaMMel JIpaKnna
kopHepoit cucteMbl V. ITockonbKy (2 — mosesoit aBTOMOP(H3M, OTCYTCTBEE CHMMETPHHU MOPSII-
Ka 3 BMecte ¢ |13, mpeggoxkenne 6| Baeuér, uro st Kaxkaoi u3 G; aBromMopdusm (y ABISETCS
nosieBbIM (a He rpadoBbiM mian rpadoBo-monesbiM). CrenoBareabHO, IPYINa WHIYIIMPOBAHHBIX
asromopdusmos (Autz(PG;), PG;) ynosnersopser yciaosuam teopemsr 6.4.1 st Beex 1.

Hanee pacemorpnv G = K(PGy x ... x PG,,) < (K,C)/Z(C) (so3moxno, m = 0), e
K = KZ(C)/Z(C) aBaserca kapreposoii moarpynmoi rpymnst G (e, aemmy 2.4.1); s Beex i,
rpynna PG, HepaznoxkuMa B IpsiMoe mpousseienne cobereennbix noarpynn u Z(PG;) = {e}. Tlo
jaemme 2.2.3 mpr umeem, uro Aut z(PGh) asisercs kapreposoii noarpyumnoii rpyunst Auts(PGh).
[Tockonbky PG siBistercs Koneunoii rpynmoii nnesa tuna, n Auts (PG ) yiosiersopser ycaosusiv
Teopembl 6.4.1, M0 WHAYKIUY MBI TOTy9aeM, 910 Auts (PGl) ynossierBopsier yeaosnio (ESyl2).
Amnasormyno Mer nMeeM, 910 Auts(PG;) yaosnersopser yenosuio (ESyl2) ana Beex i. Ilockombky

Aut(k oy/2(0)(PGi) > Autg(PGY),

aeMMbr 5.3.1 1 5.3.3 BaekyT, uto Aut (k. c)/z(c)(PG;) ynoBnersopser ycIoBuio (ESyl2). ITockomb-
Ky Cik.cy/z0)(PGy x ... x PGyy,) = {e}, nemma 2.4.5 ¢ HOpMAIbHBIME HOJTPY HIIAME

Cix.cy/2(0)(PG1) N Nircyrz0)(PGh), - - ., Criecyyz(0)(PGr) N Nixe oy 2(0) (PGh)
Bieuér, 9to Nk cy/7(c)(PGh) ynosaersopser yciosuio (ESyl2). [lasee,
(K, C)/Z(C) : Nikc)z(0)(PG1)| = 2

u 1000it ssement neuérnoro mopsiaka rpynmsl (K, C)/Z(C) nopmamusyer PGy, Takum obpazom,
110 temme 2.4.6, Mbr oty daeM, uro dbaxroprpyuna (K, C')/Z(C) ynosrersopsier yeaosuio (ESyl12)
u mo gemme 2.4.5 rpynmna (K, C) ynosrersopsier ycaosuio (ESyl2). Tockoabky |PG;| < Cmin
st Beex 4, To (K, C) ynosaersopsier yeaosuto (C). Tlo semmve 2.4.3 MbI HOydaeMm, 9TO CyIie-
crByer Kapreposa noarpynna F rpynmel (K, C), comepKammasi CHIOBCKYIO 2-TIOJTPYIITY TPYIIIbL
(K,C). Ilo teopeme 2.1.4 moarpynnet F' u K conpsizxenst B (K, C'), takum obpasom, K comep-
KuT cusloBekyo 2-nogrpynny @ rpyunst (K, C). Tockonbky |Ca(z) : C| aBusiercs creneHbro
asoiikn u (K, C) nopmanusyer nearpanuszarop Ce(z), Mpr nomydaem, aro |(K, Ce(x)) @ (K, C)|
ecTh cTernenb JABoiiku. Kpome Toro, 1o mocTpoeHuto Jboil 5J1eMEHT HEYETHOTO TOPSIJIKA TPYIIITHI
(K,Cg(x)) nexur B (K, C). Takum obpaszom, mo jgemme 2.4.6 (K, Ce()) yIOBIETBOPSET YCIOBUIO
(ESy12) u K comepzxur cunoBekyio 2-noarpymmy () rpymmst (K, Co(x)).
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[Iycts Q4 — cunoBckas 2-noarpynmna rpynnsl A = (G, (g), conepxamast Q, ut € Z(Q4) NG.
Torna t € Cg(x), 3nauur, t € Z(Q), nosromy t € Z(K). Takum 06pazom, Mbl MOXKEM 3aMEHHUTH
2 Ha t B NpeAbLAYIUX PACCYyKJACHUAX U TOJIYUYUTh, 4T0 () = Qa, T. €. K CONEPKUT CHUIOBCKYIO
2-noarpynny rpynnsl A = (G, (g), 9T0 3aBepinaer A0Ka3aTeIbCTBO TeopeMbl 6.4.1.

§7 KaprepoBbl NoArpynnbl KOHEYHBIX TPYIII COIIPAKEHBI

Jlo dbopMyIupoOBKI OCHOBHON TEOpeMbl, OTMETHM CJIeJICTBUE U3 TeopeMbl 6.4.1.
CJIEACTBUE 6.7.1. Cmin = 0o, m. e. A= @.

Hoxasameavecmeo. HeiicTBuTenbHo, nycth A # & u rpynna A € A TakoBa, 9TO BBHIIIOJHEHO PaBeH-
ctBo |F*(A)| = Cmin. ITockomsky F*(A) = O (G,) mns HEeKOTOpOii MPHCOSTHHEHHOMN TPOCTOI
CBSI3HOII JIMHEHHON aarebpandeckoii rpymmsl G 1 HEKOTOPOro orobpaskenns Ppobernyca o, 060-
smaunM nepecedenne AN G, uepes G. Kak Mbl oTMeua/n B Hauase § 1 HACTOSIIEH ITABBI, MOYKHO
cantarh, uro A = KF*(A) = KG. Caenosaresbho, rpynmna A 1ubo yaoBIeTBOpsieT yCJIOBHIM
TeopeMbl 6.3.1, mub0 yIoBaeTBOPSAET yCa0BUAM TeopeMbl 6.4.1. B oboux ciydasdgx Mbl JI0Ka3aJId,
YTO KAPTEPOBBI MOATPYIILI TPYHIIbl A CONPSIzKeHBI, YTO MPOTHBOPEYUT BHIGOPY Ipymmbl A. O

st Toro, 9Tobbhl ¢POPMYANPOBATDH CAEAYIONLYIO TeopeMy 6e3 NCIOJIh30BaHUsT KIacCuUKAINN
KOHEUYHBIX IIPOCTHIX TPYII, MBI JaJUM CIeIyIOIIee omnpeaeaeHne. I'oBopaT, 9T0 KOHeUHas IPYIIa
saBysercsd K -zpynnoti, eciin Bce eé KOMIO3UIHOHHBIE (PAKTOPHI SIBJISIOTCSI M3BECTHBIMHU MIPOCTHIMA
rpyuiamu.

TEOPEMA 6.7.2. [lycmv G — xoneunas K-epynna. Tozda wapmeposv nodepynnovs epynnv G
CONPANCEHDL.

Zoxazameavcmeo. 1lo Teopemam 3.3.5, 4.1.1, 6.2.3, 6.3.1 u 6.4.1 u3 Hacrosineii paboTH, a Tak-
xKe [23] Mbl mostywaem, uro Juis 060l W3BECTHOUH TPOCTOi rpymnbl S U J060H HUIBIOTEHTHOI
noarpyibl N u3 rpyiibl €€ aBroMopdu3MOoB, KapTepoBbl HoArpyibl rpyiibl (N, .S) coupsizke-
ubl. [Toaromy G ynosnerBopsier yeiaosuto (C). 3uaqdur, mo Teopeme 2.1.4, KapTepOBBI TOATPYIIIbI
rpynibl G COMPSIZKEHBI. O]

N3 memmbr 2.4.1 u ocHOBHO# TeopeMbl 6.7.2 ciemyer, uTo romMmoMopHBIi 0O6pa3 KapTepoBoit
HOAIPYLIbL ABJI4eTCA KAPTEPOBOA 1MOAIPYHIION.

TEOPEMA 6.7.3. Ilycmov G — koneunas K-epynna, H — xapmeposa nodepynna epynnve G u
N — nopmansvras nodzpynna epynnu, G. Toeda HN/N asasemcea kapmeposot nodepynnot epyn-
no G/N.



I'naBa 7. Kpurepuii cyiuiecTBoBaHuUs

§1 Kparkuii 0630p pe3yabTaToOB IJIABBI

B nannoii ryiaBe Mbl IOJyYUM KPUTEPHUil CYIIECTBOBAHUSA KapTEPOBBIX MOJTPYII B KOHEYHOM
rpylie B TePMHUHAX €€ HOPMAJBLHOrO psaaad. 3aMeTHM, YTO CYIIECTBYIOT KOHEUYHBIE I'DYIIILI 6e3
KapTepOBLIX MOArPYII, MUHUMAIbBHBIM IPUMEpOM siBIseTca rpymnma Alts. Bymer mocTpoen mpu-
Mep, ITOKa3bIBAIOINIK, YTO CYIIECTBEHHOE YJIyUllleHne KpuTepus HeBO3MOXKHO. B KOHIIE 1J1aBbl Mbl,
JIIsT yIo0CTBA duTaTe sl MPUBEJIEM KJIACCHMUKAIINIO KAPTEPOBBIX MOAIPYIN B KOHEYHBIX MOYTH
MPOCTHIX TPYIIAX, MOJYUYEeHHYIO B HACTOsIIEel padbore.

HanmomuuMm, 4uro BBHIY TeopeMbl 6.7.2 B JT0OOH MMOYTH HMPOCTON IPYIIIE C U3BECTHBIM IIPO-
CTBIM ITOKOJIEM KapTEPOBBI MOATIPYIIILI COMPSIZKeHBI. TaKuM 06pa30M, 10 MOYJ/IIO KJIACCH(PUKAIITN
KOHEYHBIX IPOCTBIX T'PYII, B JIIOOOH KOHEUHON I'pyIIe KapTepoBHI MOATPYIIBI CONpsizKeHbl. B
HacTodmell TAaBe MO/ KOHeYHO! Ipymnmoit Mbl BCerja MMeeM BBUAY KOHEUYHYIO TPYIIY, yIOBJAE-
teopsitoryio (C), TakumM 00pa30M, Pe3yabTaThl TJABbl HE 3ABHCAT OT KJIACCHGMUKAIMH KOHETHBIX
NPOCTHIX T'PYIIII.

Onpepnenenne 7.1.1. Ilycte G = Gy > Gy > ... > G, = {e} — rnaBuwiii pax rpynnst G
(mamoMmmM, 9TO mpeanoaaraercs, 9to G ynosrersopsietr (C)). Torma Gi/Gipy = Tig X ... X Ti
rae 15~ ...~ Ty, ~T; nl; — npocrag rpynna. Ecam ¢ > 1, To obo3nadum depes K; xaprepoBy
noarpymny rpynnel G/G; (ecam ona cyimectByer) u depe3 K; eé mounblii npoobpas B G/Giyq.
Ecini = 0,10 Ko = {e} n Ky = G/G; (ormernm, uto K Beerna cymectsyet). Mbl TOBOPEM, 9TO
KoHeuHad rpynna G yaosaersopser yeaosuio (E), econ aaa mobbIx 4, j, 6o K; He cymecTByer,
6o Autg, (T ;) comepKUT KapTepoBy MOAIPYIILLY.

13 Teopembr 7.2.2 u u3 Teopemsl 6.7.3 cieyer, 9To ecju KOHedHas rpyima yaosiersopsier (E),
TO A5 TO6OTO § MOATPYMa K; CymecTByeT, Tak 4To, Ha caMoM Jelie, mepsas dacth yciopns (E)
HUKOI/Ia He BBIMOTHdeTcs. HamomumMm, aTo mo Teopeme 6.7.3 roMoMOpdHBIA 00pa3 KapTepoBoii
HNOJTPYTIBI ABJIAETCS KapTepoBoit moArpymnmoi. Mel 6y1eM MOCTOSHHO UCIOJBb30BATh ITOT PAKT.

§2 Kpurepmnmii

Jasee nam moTpebyeTcst 3HaHUE JOMOJHATEILHOW WHMOPMAIINA O CTPOEHUH KAPTEPOBHIX TOJI-
IPYIII B TPyNIax cHenuajbHoro Buma. llyers A — rpymnma ¢ HopMasbHO#M mogarpymmoi 7. Pac-
CMOTPHUM HpsMOe npom3Bemenue Ay X ... X Ay, tome Ay ~ ... ~ A, ~ A’ 1 ero HOPMAJbHYIO
nogrpyuny 1T =Ty X ... X T}, rne Ty ~ ... ~ T}, ~ T'. PaccMOTpUM CUMMETPUYECKYIO I'PYIIILY
Symy,, peiicrytomyto Ha Ay X ... X Ay mo npasuiry A = A;s jias Bcex s € S u oupejennm X pas-
HBIM TOJIyTIpsIMOMY mipousBeaennio (A X ... X Ag) XN Sym, (mojcTaHOBOYHOE CILIeTeHHe TPYIII
A" u Sym,). O6o3naunm depe3 A mnpsmoe mpouseefieHue A; X ... X A W 4epe3 m; MPOEKIIUIO
;i A — A;. Bo BBeI€HHBIX 0003HAUEHUSX CIIPABEJINBA CJAEIYIONAs JTEMMA.
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JIEMMA 7.2.1. [lycmv G — makaa nodepynna epynnoe X, wmo T < G, G/(GNT) nusvno-
menmua u (GNA)™ = A;. IIpednoaosicum maxoce, wmo A paspewuma. Iyemv K — xapmeposa
nodepynna epynnv G.

Tozda (K N A)™ sasasemes kapmeposoli nodepynnot epynno, A;.

Aoxasamenavcmeo. lpeanosoxkum, 910 yrBepKaeHre HEBEPHO U 1ycTh (G — KOHTPIPUMEP MUHU-
MAaJIbHOTO TOpsiIKa ¢ MuHEMaIbHBIM k. Torma S = G/(G N A) TpansuruBHa 1 npuMuTHBHA. [leii-
CTBUTEJILHO, eC/ii S He ABJIAeTcs TPaHsuTuBHOi, To S < Symy X Symy,,_, , sHaunt, G < G X Gb.
Ecan Mb1 o6o3naunM gepes v; : G — G ecrecTsennslii TomoMopdusM, 1o GYi = G; ynoBIeTBO-
pseT ycaoBuaM JeMMbl 1 K¥ = K; apngercs KapTepoBoil moarpymnmoiit rpynnel Gy OdeBuiHo,
(GNA)™ = (GiNAY)S tnei=1lecm j€{l,....kh}ni=2eccmj€ {k+1,...,k}, T e.
CJICAYIONINE TUATPAMMBI KOMMY TATHBHBI:

\/ \/

GinN A1 Gy N A2

Takum obpa3om, MBI MOJIyYaeM YTBepzKIeHUe M0 MHAYKIuU. Ecan S TpaH3uTHBHA, HO HEIIPUMH-
THBHA, MYCTh

Ql — {Tla ce e 7Tm}a92 == {Tm+17 o 7T2m}a cee 7Ql - {T(lfl)m+17 L 77—2771}

CUCTeMa HMIPUMUATHBHOCTH. Toraa oHa CoAepKUT HETPUBUAJIBLHYIO HETPAH3UTHBHYIO HOPMAIbLHY IO
HOJINDPYIIILY
/
F §§ymm X ... xSym@,

l pa3

e k = m - . Paccemorpum nostabiit mpoodpas F rpynmsl F/ B X. Torma GNF < Fy) X ... X F.
O6oznaunm uyepes v; : ' — Fj ecrecrennyio npoeknuio, roraa (G N F)¥ = F;. 3amerum, 4To
Bce F; yIOBIETBOPSIOT YCJIOBHSIM JIEMMBI H, €CJIH MBI onpegennm 1] = Ti—yms1 X ... X Ty, 10 G
yoBsierBopster yeaoBusm jemmbl ¢ 77 = T] X ... x T/ u A’ = F. Ilo uHayKIMn Mbl UMeeM, 9TO
(K N F)¥ spnserca kapTeposoit moarpymnmoil rpymmsr F; u, ecrm j € {m - (i — 1) +1,...m - i},
TO ((K NE)Y¥iN A“/’i)wj SBJIsIeTCs KapTepoBoil moarpymnmoit rpymmst A;. ITockonsky (G N A)™ =
((K NEYiN Aw’i)m (TSI TOXOMSIIETO 1), MBI MOJIy9aeM YyTBEPKICHUE TI0 WHIYKIIHH.

[Tycts Y/ — muHEMaIbHAS HOpMasbHast noarpynna rpynnsl G, cogepxamascs B T (ecaun Y/
TpUBHAIBHA, TO T’ TPUBHAJIBHA U JOKA3BIBATH HEYEr0, HOCKOJIBKY B 9TOM ciydae (G HUJIBIIOTEHTHA).
Takum o6pasoM, Y sBiisieTcst HOpMAJIbHOM 3J1eMeHTapHOi abesteBoii p-rpynmoit. [Tycrs Y; = (Y/)™
torga Y = Y] X ... X Y, — HeTpuBHATbHAs HOpMaTbHas noarpynmna rpynnst G (Y sisiisiercs noji-
rpynnoit rpymmsl G nockoabky T' < G). Tlyers 7; 0 (G N A) — A;/Y; = A; — 1poexuust, cooTBeT-
crBytommas poextin ;. O6osragnm gepes K = KY/Y COOTBETCTBYIONLYTO KAPTEPOBY MO PYIIITY
rpynnsl G = G /Y. Toraa G ynoBaeTsopster yeaoBusM geMMbl. [1o WHIyKmum, (K NA)™ apnserca
KapTepOBOI/I norpynnoi rpymnst A;. [lyers K; — mosnmsiii npoo6pas prHHbI K B G nnyers Q —
xosutoBa p'-noarpynmna rpynnsl K. Torga (Q N A)™ sBisieTcst XOJUTOBOH p'-MOATPYIIONH TPYIIIEL
(K1NA)™. B Buay nokasaresncrsa |4, reopema 20.1.4], Mt nostyaaem, 1ro K = Nk, (Q)) siBisiercst
KapTepoBoil noarpynnoii rpyunbl G u (Ng,na(QNA))™ aBisercs KapTepoBoil HOATPYIIHO TPy b
A;. Takum 00pazoM, HaM HyKHO MOKa3aTh, 9T0 (Ng,na(Q N A))™ = (Ng,ns(Q))™. o urmyk-
mn, paserctBo (N 5(AN Q)™ = (Nz-g(Q))™ Bemormeno. Takuy 06pa3oM, HaM HEOOGXOTAMO
noKazaTh, 9to (Ny (QNA))™ = (Ny(Q))™. 3amerum takzxe, 910 (Ny (QNA))™ < Ny, ((QNA)™).
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[TockosbKy S BJIsIeTCsl TPAH3UTUBHON U MIPUMHUTUBHON TOAIPYIION TPYNIbI Sym,, To k = 1
SIBJISIETCST IPOCTHIM 1 .S = (s) siBJistercst mukandeckoil. Ecam r = p, ro Q N A = @ u 10Ka3bIBaATH
Hevero. B nmpoTtuBHOM ciydae mycrh h — r-3jeMent u3 K, mopoxkaawommumii S mo moayao K N A.
Ouesngro Q = (QNA)(R). Tlycrs t € Y; — snement rpymmsr Ny, ((QNA)™). Torma (t-t"-. . t" ') €
Ny(Q) u t7 = (t-th .. " )™ smauur, (Ny(Q N A)™ < Ny.((Q NA)™) < (Ny(Q)™ <
(Ny(Q N A))™. O

TEOPEMA 7.2.2. [lycmv G — xonewnas epynna. Tozda G codeporcum wapmeposy nodepynny
ecau u moavko ecau G ydosaemsopaem yeaosuto (E).

Zloxazameavcmeo. JlokaxkeMm cHadajga 9acTh <«TOJBKO Torjay. llycrs H — MuHEMaIbHAS HOP-
ManbHag noarpymnna rpynnsl G. Torna H = T x ... X T}, tne T} ~ ... >~ T ~ T — upocTbie
TPYIIIIHL.

Ecnu H snementaphas abenesa (1. e., T nukamdeckas: npoctoro nopsaka), To Aut(7") paspe-
MAMa U COAEPKUT KaprepoBy mnoarpynmy. [Ipeanonoxum, uro T — HeabeseBa npocTasi TpyIIia.
OueBuano, K gaBigercd KapTepoBoit nmoiarpynmno#t rpymmnsl K H. Ilo jslemme 2.2.3 MBI mosrydaem,
aro Autg g (T;) coaepKUT KapTepoBy HOAIPYIIY JJIs BeeX 4. VIHAYKIHs MO TOPSAIKY TPYIIBL 3a-
BepIaeT J0KA3aTeIbCTBO HEOOXOIMMOCTH.

Teneps moKazKeM YacTh «TOTJA». BHOBb MPEANONIOKUM ITPOTHBHOE, 9YTO (G — KOHTPIPUMED
MUHUMAJIBHOTO MOPsiKa, T. €., 970 (G He COMEPKUT KAPTepoBy MOArpyIiny, HO (G yIOBIETBOPSET
(E). Ilycte H — MuHEMAaTbHASI HOpMaJsibHast oArpynna rpyunsl G. Torma H = T X ... X Ty, vae
Ty~ ...~T, ~T, u'l' — KoHedHas MPOCTad IPYIITIA.

[To ompenenenuto G/H ynosnersopsier (E), Takum 06pa3oM, M0 WHIYKIUH, CYIIECTBYET Kap-
reposa noarpymua K rpynmnst G = G/H. Iycrs K — no/nsiii npoobpas aaa K, Toraa K ynosie-
teopsier ycaosuto (E). Ecan K # G, 1o, no unayknnu K comep:kut KaprepoBy moarpymmy K.
Bamernm, uro K’ apiasiercs Kaprepooit noarpynmnoi rpynnsl G. JefcTBUTeNIbHO, IPEINoI0KIM,
ato v € Ng(K')\ K'. Ilockombky K'H/H = K saBnserca KapTepoBoil moarpymmoi rpymmnsl G,
MBI nosiydaeM, uro © € K. Ho K’ gBiserca kaprepoBoil moarpymmnoi rpyumnbl K, TakuM obpa-
som « € K'. Bnaunr, G = K, 1. e. G/H uusibnorenTHa.

Ecan H abenera, To G pazperinma, cjaenoBaresbHo, (G CONEPKUT KAPTEPOBY MOATPYIILY. 3Ha-
YUT, MPeoJ0KIM, uTo T’ — HeabesieBa mpocrast KoHedHas rpynmna. [Tokazkem caavasna, aro Co(H)
tpusnaser. [Tpeamnosoxum, uro Cg(H) = M uerpusunasen. [Tockonbky T — HeabeseBa MpocTast
rpymna, orcioga caeayer, aro M N H = {e}, nosromy M nunbnorentHa. [To memme 2.1.2 Mbr
uosyuaem, uro G /M ynosaersopser (E). ITo unaykiuu Mbl nosyuaem, uro G /M conepxur kap-
tepoBy noarpynny K. Ilycrs K' — nosmsiit npoobpas rpymnst K B G. Toraa K’ paspenmma,
CJIeJIOBATE/ILHO, COJIEP:KUT KaprepoBy noarpymny K. Kak u panbie Mbl niojydaeM, 9to K gaBJis-
eTcst KapTepoBoii moArpynmnoit rpynmsl G, nporusopeune. 3uaquut, Co(H) = {e}.

[Tockonbky H sBisieTcss MEHUMAJILHOW HOPMAJIbHON moarpymnmoit rpymmsl G, MBI IIOJIyYaeM,
aro Aute(T1) ~ Autg(Ts) ~ ... ~ Autg(7}). Takum obpasom, cymecTByeT MOHOMOPMOI3IM

0 : G — (Autg(Th) x ... x Autg(Ty)) N Symy, = Gy

u MBI oToxkzaectBiasieM G ¢ G¥. O6oznaunm uepes K; kaprepoBy noarpymiy rpymmnbl Auteg(7;)
u gepes A noarpynny Autg(Th) X ... X Autg(T}). Hockonbky G/H umunbnorentHa, to K;T; =
Autg(T;) m Gy = (K Ty x ... x KT,) N Symy,. Iyers m 0 GNA — (GNA)/Cianay(Ti) —
kanonnueckue npoekuuu. [lockosbky G /(G N A) rpansuruBha, Mbl nojydaem, uro (G N A)™ =

[Mockosbky Autgna(T;) = KiT;, o G N A ynosaersopsier (E). [To wHAyKInm oHa COAEPIKUT
kaprepoBy noarpynmny M. Ilo jemme 2.2.3 mbr moxydaem, aro M™ gBisgeTcs KapTepoBOU TOI-
rpynmoit rpynnsl K;T;, ciaemoBaTebHO, MBI MOXKeM Tpemnosarath M™ = K;. B gactHOCTH, eciu
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R=(KiNTy)x...x(KxNT), o M < Ng(R). B Buay Teopem 2.1.4 u 6.7.2, KapTepOBBI MOATPYTI-
bl B 1060/ KOHEYHO# rpymie conpsizkenbl. [Tockoabky (G N A)/H HUIbIOTEHTHA, MBI OJIY9aeM,
aro G N A = MH, snaunr, G = Ng(M)H. Bonee toro, No(M) N A = M, suaaur Ng(M) pas-
permuma. [Tockonbky M wopmanusyer R, w M™ = K;, mbl noaygaem, ato Ng(M) nHopmaausyer
R, snaunt, Ng(M)R paspemmma. CireoBaTesibno, OHa COMEPXKUT KapTeposy moarpymmy K. llo
aemme 7.2.1, (K N A)™ ectb kaprepoa noarpymma rpynmsl (Ng(M)R N A)™ (R urpaer pojb
noarpynubl 7' u3 jemmbl 7.2.1 B srom ciaydae), nosromy (K N A)™ = K;. Ilpeanonoxum, 49ro
x € Ng(K) \ K. Tlockonsky G/H = No(M)H/H = KH/H, orciona ciaeayer, aro v € H. Cie-
nosaresnbo, ™ € (Ng(K)NA)™ < Np,((KNA)™) = K;. lockoneky (), Ker(m;) = {e}, orcrona
crenyer, uro © € R < Ng(M)R. Ho K ects kapreposa noarpymma rpynisl Ng(M)R, 3uaqur,
xr € K. 9To npoTUBOpeUHe 3aBepIIAeT J0KA3ATETHCTBO. O

§3 IIpumep

B pannom maparpade MbI TOCTPOUM TPUMED, TTOKA3BIBAIOIINI, 9TO MBI HE MOYKEM 3aMEHHUTh
yeaosue (E) Gosiee ciabbiM yeaoBEEM: [T KAZKJIOTO KOMIO3UIIMOHHOTO (akTopa S rpymnbl G,
Autg(S) comepKuT KapTepoBy MOATPYIIMY. DTOT MPHMED TMOKA3BIBACT TaKKe, YTO PACIIUPEHUe
IPYILIBL, COAEPKAIIEH KapTePOBY IIOAIPYIILY, ¢ HOMOUIBIO IPYIIIbI, COAEPKALIECH KApTEPOBY MO/I-
IPYIIY, MOXKET He COJAepPKATh KapTePOBY IOArDYIIILY.

Pacemorpum L = PSLy(3%) N (@), te ¢ — mosesoit aBromopdmsm rpynmsr PSLy(3%). Ilyers
X = (Ly X Ly) N Sym,, tie Ly ~ Ly ~ L u eciu 0 = (1,2) € Sym, \ {e}, (x,y) € Ly x Lo,
0 o(z,y)o = (y,z) (moacraHoBounoe cmierenne rpynnbl L u Sym,). O6osnaunm yepes H =
PSL,(33) x PSLy(3%) Munumanbuyio HopMa/ibhyto noarpyiiny rpymist X u yepes M = Ly X L.
[lycte G = (H X {(p,071))) X Sym, — noarpynna rpynust X. Torja cupabe/yiuBbl cieyolme
VTBEDIK IEHHUST:

1. s mo6oro kommosunuorHoro dbaxropa S rpymisl G, Autg(S) coaep:kut KapTepoBy moj-
TPyImy.

2. GN M <G conep:KUT KapTepoBY MOATIPYIIILY.
3. G/(G N L) HuibnoTeHTHA.
4. G He cONEpP:KUT KapTepPOBY MOATPYIIILY.

1. OueBuUIHO, HAM HYKHO MPOBEPHUTH YTBEPZKJIEHUE JIUIIH JJIsi Heabe/1eBhIX KOMITO3UIMOHHBIX
dbakropos. Jloboit Heabeses Komuosunuonnsii daxrop S rpynun G uzomopden PSLy(3%) u
Autg(S) = L. Tlo Teopeme 6.4.1, L comepKUT KapTepoBy MOArpyImy (COBIAJAIIYIO ¢ CHJIOB-
CKOM 3-110IPy IO ).

2. Tockonbky (G N M)/H HUIBIOTEHTHA W W3 MPEIBIAYINEr0 YTBEPXKIEHUs, Mbl HOJIYYaeM,
aro G N M ynosiersopsier (E), mosToMy cofep:KuT KapTepoBy MOATrPYIIy (JIEerKo yoe uThest, 9To
cuoBckas 3-moarpynma rpymnst G N M sBiagercs KapTepoBoit moarpynmnoii rpymmst G N M).

3. OueBuniHO.

4. Tlpepnosoxkum, uro K spisiercs kapreposoit noarpyuuoi rpynust G. Torna KH/H ss-
asieTcs Kapreposoit moarpymnmnoit rpynusl G/H. Ho G/H ecth HeabeseBa rpymma mnopsiika 6,
suaunt, G/H ~ Symy u KH/H ectb cunorckas 2-noarpymma rpymnmnsl G/H. Tlo nemme 2.1.2
Aut g (PSLy(3%)) sBagerca kapreposoit moarpynmnoit rpynust Autx g (PSLy(3%)) = PSLy(3%). Ho
PSLy(3?) He comep:KuT KapTepoBbIX MOATPYIN BBHILY TeopeMbl 6.4.1.
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8§84 Kiaccndukaiusa KkapTepoBBIX TOATPYI

Beuny ycnosus (E) u meopembl 7.2.2, u3ydeHne KapTePOBBIX MOJATPYIN B KOHEYHBIX I'PYTIHAX
CBOZIUTCA K KJIacCH(UKANUN KapTepOBbIX IOJAIPYNI B MOYTH IIPOCTHIX rpynnax A, yJaoBiaeTBops-
IONIHX JIONOTHATEIbHOMY yeaoBuio A/F*(A) nunbnorentHa. Kiaccudukanus KapTepoBbIX MO
I'PYII B TPYNIaX, YAOBJETBOPSIONINX TaKOMY YCJIOBHIO IOJydeHa B IPeAbIIYIINX IVIaBaX M MBI
npuBesieM e€ 37ech B (popme, ya00HOM /181 NCIIOIb30BAHUSI.

JlokazkeM cHavaJsia CJe/IyIONIyI0 TeopeMy, KOTOpas HOKa3bIBAET, YTO eCJIU JIJIs HEKOTOPOH 10/
rpyunel S rpynnel Aut(G) cymecTByer KaprepoBa IOArPYIIa, TO OHa CYIIECTBYET H B JI00O0i
o6mpiedi rpynme S < A < Aut(G) (3mech G — u3BecTHAS KOHEUHAs POCTast TPYIIIA).

TEOPEMA 7.4.1. ITycmov G — xoneunaa npocmas epynna u G < A < Aut(G) — nowmu npocmas
epynna ¢ npocmuim yokosem G. Ilpednoaoscum, wmo A codeporcum makyro nodepynny S, wmo
G < S u S codeporcum xapmeposy nodepynny.

Tozda A codeporcum rapmeposy nodepynny.

Joxazamesvemso. Ilyers K — xaprepoBa moarpynna rpyribl S. O9eBHIHO, MOXKHO CUUTATD,
gro S = KG.

[Ipenmnosoxkum, aro ymbo G ~ Alt,, aasg Hekoroporo n = 5, mmbo G ABIsSIeTCs CIIOPaIHIeCcKOil.
[Tockosbky 10 Jemme 3.2.14 1100601t 371eMeHT HEIETHOTO ITPOCTOTO TOPsiaAKa rpyInbl (G CONMPSZKEH CO
CBOEli HETPUBHAJBHOI cTenenbio, u MocKoIbKY |Aut(G) : G| aBasercs crenenpio ABONKU, JTEMMBIL
2.4.2 u 2.4.6 BaekyT, uro ecau Hekoropas G < S < Aut(G) comepKuUT KapTepoBy MOAIPYIILY
K, to K coBnagaer ¢ cuioBckoit 2-moarpymmoii rpymmet S. Tak kak |A : S| sBasgercst cremneHbio
JBOMKHU, YTBEPXAKJEHUE TEOPEMbI B 3TOM CJIy4ae CJegayeT u3 jeMmbl 2.4.6.

[pennonozknm, aro G = 3Dy(q¢?). Tlo |42, Teopema 1.2(vi)| Kaxkapiit saement rpynmns G co-
npsKEH co cBouM oOpaTHbIM. Ecu ¢ HeuérHo, TO Jemma 5.2.5 Biredér aro K aBIsieTcst CHIIOBCKOM
2-niorpymmoit rpymmnet S. [Hosromy u3 jemm 2.4.6 u 5.2.5 caemyer, 4to A yI0BIETBOPSET YCJIOBHIO
(ESyl2), 1. e. conep:kut KaprepoBy noarpymiy. Eciu ¢ = 2° érno, To u3 teopem 6.3.1 u 6.4.1
caepyer, uro S = Aut(G) u joKa3biBaTh HEYETO.

[peanonoxum, uro G spiagerca rpynnoit jsuesa tuna, G % 3Dy(¢*) u, eciu G ~ Dy(q), To
S < Ay, tne Ay < Aut(D4(q)) ompenenena B teopeme 6.3.1. Torga rpymnma S yaoBaeTBopsier
omHOMY 13 yTBepzaeHuii (a)—(r) Teopemsl 6.4.1. PaccMoTpuM Bee 9TH ¢JIydau MO OTIEIHHOCTH.

[IpeanosokuM, 9To S yIOBIETBOPsIET yTBepKIeHHIO (a). B 9TOM ciiyuae cnpaBeiuBo Hepa-
BercTBo |[Aut(G) @ S| < 2 u nosromy st J060it Takoit rpyunst A, uro S < A < Aut(G) saubo
A =S, mbo A= Aut(G). B mobom ciryuae A yaosiaerBopsier yrBepKaenuio (a) reopembl 6.4.1 u
CONIEPKUT KAPTEPOBY MOATPYIIITY.

[IpeanosoxuM, aro S ymosierBopser yrepxkiaenuio (6). Torma |[Aut(G) : S| = 2 u aubo
A =S, mubo A = Aut(G). B mepBom ciryuae moka3wiBaTh Hedero. Bo BTOpoOM ciydae rpymmna
G = PGLy(3") ynosnersopsier yeaosuio (ESyl2), smauut, mo memme 5.3.3 rpynma A Takxke yio-
BiaerBopsier yeaosuio (ESyl2) u no jgemme 2.4.3 cogep:kut KapTepoBy IOTDYIIILY.

[Ipeanosnoxum, ato S yaosiersopsier yrBepKaenuio (B) Teopemsr 6.4.1. Torga S = Aut(G) u
JIOKA3bIBATH HEYEro.

[IpeanosoxkuM, 9to S yaosiaerBopser yciaopuio (r) teopembl 6.4.1. Tlo semme 5.3.1 rpynma
SNG yaosiersopsier yeiosuio (ESyl2). Tlo semme 5.3.3 sobast moarpynmna A rpynmst AutG,
cogepxxkarast S N G raxoke yaossersopsier yeaosuio (ESyl2), snaunt, no gemme 2.4.3 cogepkur
KapTepPOBY MOATPYIIILY.

[Ipeanosnoxkum renepb, uro G = Dy(q) u S ynosierBopsier Teopeme 6.3.1. TTockoabky rpado-
BbIe aBTOMODPMU3MBI MOPsIIKA 2 U 3 He KOMMYTUDYIOT, JIUIIb OJUH U3 HUX MOYKET COJEPKATHCI B
HIJTBIOTEHTHOH Toarpytie. TakuM o6pa3oM, Mbl MOYKEM MPEIN0IaraTh, YTO JIUITh OJUH U3 HUX
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comepxkurcsa B A. Torma mobas moarpymma A, comepxKainas .S, 1ubo yaopaeTBopsier Teopeme 6.3.1,
b0 yaoBierBopsier Teopeme 6.4.1, ycaoBuio (a), ecim ¢ 48THO M yCJIOBHIO (T), €CJU ¢ HEYETHO,
T. €. COAEPAKUT KapTepOoBY MOJIPYIIILY. O

Bamernm, uro u3 teopembl 7.4.1 u u3 [5| BITEKAET cejiyoliee MHTEPECHOE CJIeJICTBHE.

JIEMMA 7.4.2. [Tycmv S — ussecmmuan koneunas npocmas epynna, S % J; u G = Aut(S).
Toz0a epynna G codeporcum rwapmeposy nodzpynny.

Jlokasameavemso. Beumy |5, reopembl 2 u 3| eciu S He SIBAS€TCST PPYTION JIMeBa THITA W OTINYIHA
or Jp, To rpynmna eé apromopduzmos Aut(S) yaosiaersopsier (ESyl2) u, no jsemme 2.4.3; comep-
JKUT KapTepoBy moarpymiy. danee, ecan S — rpynna JmeBa THIA B 9ETHOH XapaKTepUCTHKE, TO
Aut(S) comepxur kKapreposy noarpymiy Bsujiy reopembi 6.4.1(a). Ecau S — rpyuma jguesa runa
B HeuéTHON xapakrepuctike n S % 2Go(32"1), 10 S ynosaersopsier (ESyl2), caenoarenbho,
COJIEPZKUT KapTepoBy moarpytmy o jgemme 2.4.3. ITo reopeme 7.4.1 rpynna Aut(S) comepxur kap-
TepoBy moAarpynmy. Hakomern, eciu S ~ 2Go(3?"1), to Aut(S) couep:uT KaprepoBy HOAIDYIILY
BBHIY Teopembl 6.4.1(B). O

Tabsuipr, npuBeEHHbIE HUYXKE, YCTPOCHBI CJAeIyIoNuM obpa3oM. B mepBom crosdie yka3ana
npocTasd rpymmna S, B I'PYIIe aBTOMOPMOU3IMOB KOTOPOH KJIACCUMDUITUPYIOTCS KAPTEPOBBI ITOITPYII-
el. Bo BTOpoM cTo/1b1ie mpuBeIeHbl YCAOBHA Ha moarpynmny A eé rpynmsl aBToMOPMU3MOB, pu
KOTOPBIX A CONEPKUT KAPTEPOBY MOATPYIILY. B TpeTbeM cTosb1e MpuBeIeHO CTPOEHHE KAPTEPOBOit
noarpymubt K. s Becex nogrpynn, rpyuist Aut(S), Hecomepkamux A, KaprepoBbl HOATPYIIIIbI
He cymecTByoT. Uepes P, (G) obo3nadena cuioBckas r-noarpymnma rpynner G. Hepes ¢ obo3naven
0JIeBOI aBTOMOP(U3M TPYIIHI JIneBa TUTA S, Yepe3 T — rpadoBbrit aBTOMOPGU3M IPYTIIIH JTHEBA
tuna S, cofepzanuiicss B K (mockobKy rpadosbie aBroMopdu3mbl opsaka 2 u 3 rpymnbl Dy(q)
He KOMMYTUPYIOT, JIUITh OJINH U3 HUX MOKeT cojepKarbes B K). Ecin A He comepKuT rpadoBbIxX
aBTOMOPGU3MOB, TO MbI HojIaraeM 7 = e. Uepes ¢ obo3HadeH 1m0/1e€BoOil aproMopdusM rpyuisl S
MaKCHMAJIBHOIO MOPsijiKa, comepzammuiics B A (OH sIBIsIeTCs CTEIeHbI0 ¢, HO (1)) MOXKeT He COB-
nanarh ¢ (p)). Hepes K (U;3(2)) obo3navena KaprepoBa HOATPYIHa TPYIITHI 2A/2(2\2) nopska 2 - 3.
Ecau G — paspemmmag rpynmna, To depes K (G) obo3navena kapreposa moarpymma rpymnmnsl G. B
Tab/une 7.4.5 yepes ¢ obosHauen rpadoBo-moesoit apToMopdusM rpynnsl Ay (22Y) nopaaka 2t.

Tabauna 7.4.3. ['pynmbl aBTOMOPGU3MOB 3HAKONEPEMEHHBIX T'PYII, COJEPZKAIINe KaPTEPOBLI
MO/ITDYTIITBL.

I'pynma S | Venosus Ha A | Crpoenne K
Alts A=Sym; | K = Py(Sym;)
Alt,, n > 6 HUKAKUX K = P(S)

Tabauna 7.4.4. I'pynnbs aBToMOpdU3MOB CIIOPAJIUIECKUX IPYIIIL, CO/IepKaAIlie KapTePOBbI O/I-
TPYIIIBI.

Ipyuna S Vegosus na A | Crpoenne K
Ja, J3, Suz, HN A=Aut(S) | K= PF(A)
% Ji, Ja, J3, Suz, HN HUKAKHAX K = Py(A)

Tabauma 7.4.5. ['pynnsl aBTOMOPGU3IMOB KJIACCUIECCKHAX TPYIII, COAepzKallie KapTepOBbI IO/I-
TPYTIIBI.




§4. KJIACCUOHUKAIINS KAPTEPOBBIX ITOJII'PYVIIIT
Ipyumna S YeaoBus Ha A Crpoenne K
A1(q), g = £1 (mod 8) HUKAKHX K = Na(P2(9))
A, (2N, t =2, ecmn =1 pge A, ge S K= {p,7) XS,

Ay(221), 31t

(S,Cg) <A< SXN(C),
Cunglpy) ~ PGU3(2)

K = (Cg) x K(PGUs(2))

An(q), q neaérro, n > 2

HHUKaKHX

K = Po(A) X K(O(NA(P,(A)))

2A5(2%), t meuétHoO, 3 1t

(S, parg) < A< SN {py)

CAO:S'\(QDQ') ~ PGU3(2) K= <(,02/> X K(PGU3(2))
CAmg(QOQ/) ~ PSU3(2) K= <g02/> X P2(PSU3(2))
2A5(2%) A = Aut(S) K = (p) KX Py(S,.,)
2A,(¢%), q neuérno HUKAKHX K = Py(A) x K(O(Na(P2(A))))
24,2, n>3 A = Aut(5) K = {p) APy(Sy,)
Bs(q), ¢ = 1 (mod 8) HUKAKUX K = Py(A) x K(O(Na(P2(A))))
Bs(20), t > 2 pEA K = {p,7) A P((Sr))
Bs(q), ¢ = +3 (mod 8) S<A K = Py(A) x K(O(Na(P2(A))))
B.(q), q neuérro, n > 3 HUKAKIX K = Py(A) x K(O(Na(P2(A))))
Cn(q), g = £1 (mod 8) HUKAKAX K = Py(A) x K(O(Na(P2(A))))
Cn(q), ¢ = £3 (mod 8) S<A K = Py(A) x K(O(Na(P2(A))))
Ca(2),n>3 A = Aut(S) K = () X Py(S,,)
D4(q), q neuéruo HUKAKUX ecan |T| < 2, TO
K = Py(A) x |K|(O(NA(P2(A))));
ecnn |T| = 3, TO
K = (1,¢9) X Py(S,)
D4(2%) peA ecm |1] < 2, TO
K = (1, g|0)|/< Py(S,,,);
ecyim |T| = 3, TO
K = (1,0) AP((5)¢,)
Dn(q), g neuérno, n > 5 HIKAKIX K = Py(A) x K(O(NA(B(A)))
D,(2"),n>5 p€eA K = (1,0) A P(S,,)
2D, (¢%), q meuérno HUKAKHX K = Py(A) x K(O(Na(%(A))))
2D, (2% A = Aut(S) K = () A Py(S,,)

I6)

Tabaumna 7.4.6. I'pynnsl aBToMOpdU3MOB HUCKIIOYUTEILHBIX TI'PYII JHEBA THUIA, COAEPKAIINe

KapTepOBBI MOJTPYIIITHI.

I'pymma S Yemosus wa A Crpoenne K
By(2") n > 1 A = Aut(5) K = (p) x Py(*By(2))
(PF4(2)) HUKAKHX K = Py(A)
2Fy(2), n>1 A = Aut(5) K = {p) x P,(*F4(2))
2G3(3% ) A = Aut(G) (p) £(2x P),
rie |P| = 3I¢8s
OCTabHbIe, ¢ HEYETHO HUKAKIX K = Py(A) x K(O(Na(P2(A))))
ocrasnbhble, ¢ =2 | g€ A, g€ S (7, 0) A Py(S,,)
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