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CHAPTER 1

Algebraic and transcendental numbers

§1.1. Field of algebraic numbers. Ring of algebraic integers

1. Preliminary information. Let us recall some basic notions from
Abstract Algebra. Throughout we use the following notations:

is the set of all prime numbers;

is the set of positive integers (the set of natural numbers);
is the set of all integers;

is the set of all rational numbers;

is the set of all real numbers;

is the set of all complex numbers, C = R + (R, ¢ = —1.

QORONZ~

Given a field F, symbol F[z] denotes the ring of polynomials in variable
x with coefficients in F. If f(z) =ap+ a1z + -+ ana™ € Flx], a; € F, is
chosen so that a, # 0, then n is called the degree of f(z), it is denoted by
deg f, while a,, € F is called the leading coefficient of f(x), and if a,, = 1
then f(x) is called monic. If f(x) = 0 (all coefficients are equal to zero)
then the degree of f(x) is said to be —oo.

If f(x),g(x) € Flx], g(x) # 0, then there exist unique ¢(z),r(x) € F[z]
such that

f(x) = g(x)q(z) + r(z), degr < degg. (1.1)

These polynomials (quotient ¢(z) and remainder 7(z)) can be found by the
well-known division algorithm. If r(z) = 0 then we write g | f (g divides f).

One may easily note the similarity between division algorithms in the
ring of integers Z and in the ring of polynomials F[z]. Indeed, these are par-
ticular examples of Euclidean rings, and there are many common features
and problems that can be solved in similar ways for integers and polynomi-
als.

In particular, the greatest common divisor (gcd) d of two polynomials
f,g € F[z] is defined as a monic common divisor which is divided by every
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§1.1. Field of algebraic numbers 5

other common divisor, i.e., d = ged(f,g) if and only if d | f, d | g, and for
every h € Flx] with h | f and h | g it follows that h divides d.

To find ged of f and g, one may use the Euclidean algorithm based on
the following observation: If f and g are related by (1.1) then ged(f,g) =
ged(g, 7). Moreover, if d = ged(f, g) then there exist p(z), s(z) € F[z] such
that

f(@)p(x) + g(x)s(x) = d(x).

EXERCISE 1.1. Let fi,..., f, € F[z] be a finite family of polynomials
over a field F'. Prove that there exists a unique monic greatest common
divisor of fi,..., fn.

Suppose R is a commutative ring with an identity (e.g., R = Z or
R = F[z] as above). A subset I C R is called an ideal of Rif atb e [
for every a,b € I, and ax € I for every a € I, x € R. For example, the set
of all even integers is an ideal of Z; the set {f(z) € Flx] | f(«) = 0} is an
ideal of F[z], where « is an element of some extension field of F.

Since an intersection of any family of ideals is again an ideal, for every
set M C R there exists minimal ideal of R which contains M, it is denoted
by (M). Tt is easy to note that

(M):{inai|xi€R, aieM}.

An ideal T of R is said to be principal if there exists a € R such that I = (a),
where (a) stands for ({a}).

Recall that a commutative ring R is called an integral domain (or simply
a domain) if ab = 0 implies a = 0 or b =0 for all a,b € R. In particular, Z
and F[z] are integral domains. An integral domain R such that every ideal
of R is principal is called a principal ideal domain.

EXERCISE 1.2. Prove that Z and F[z] (where F is a field) are principal
ideal domains. In particular, if f(z), g(z) € F[z] then

({f,g}) = (ged(f, 9))-

If R is a domain, then we can consider the field of fractions of R. In
order to construct it we start with the Cartesian product R x (R\ {0}) of R
(here each pair (a,b) corresponds to fraction §). Now define an equivalence
relation (a1, b1) ~ (ag,bs) <= ai1bs = asby. Let @ be the set of equivalence
classes of R x (R \ {0}) under this equivalence. Define the addition and
multiplication on representatives by

(017b1) + (02,b2) = (a1b2 + a2b1,b1b2), (al,bl) : (02,132) = (a1a27b1b2)~
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We leave for the reader to prove that all operations defined are correct and
that @ is a field under these operations.

Let I be an ideal of R. Then R is split into a disjoint union of congruence
classes a+I = {a+x | x € I}, a € R, and the set of all these classes (denoted
by R/I) is a ring with respect to natural operations

(@a+D+O+1)=(a+b)+1, (a+I)b+1I)=ab+1.

The ring R/I obtained is called a factor ring of R over I. For example,
Z/(n) = Zy, the ring of remainders modulo n.

A proper ideal I of R is maximal if there are no proper ideals J of R
such that I C J. For example, if R = Z then (n) is maximal if and only
if n = 4p, where p is a prime natural number; if R = F[z] then (f) is
maximal if and only if the polynomial f is irreducible over F'.

Note that if I is a maximal ideal of a commutative ring R then R/I is
a field. Indeed, if a +1 #0 (i.e., a ¢ I) then J ={za+b|xz € R,be I} is
an ideal of R such that I C J. Therefore, J = R, and thus all equations of
the form (a 4+ I)X = ¢+ 1, ¢ € R, have solutions in R/I.

EXERCISE 1.3. Prove that R[z]/(2® +2 +1) is a field isomorphic to the
field C of complex numbers.

2. Minimal polynomial. A complex number o € C is algebraic if
there exists a nonzero polynomial f(z) € Q[z] such that f(a) = 0. A
non-algebraic complex number is said to be transcendental.

An algebraic number « is called an algebraic integer if there exists a
monic polynomial f(z) € Z[x] such that f(«) = 0.

Every rational number oo € Q C C is obviously an algebraic one. More-
over, as we will see later, a rational number is an algebraic integer if and
only if it is an integer.

EXERCISE 1.4. (1) Prove that v/2 and % + L? are algebraic in-
tegers.

(2) Prove that if & € C is an algebraic number then Re«a and Im «
are algebraic numbers. Whether the same statements are true for
an algebraic integer a7

(3) Show that the cardinality of the set of all algebraic numbers is
countable.

Since the cardinality of the entire set of complex numbers is uncountable
(continuum), transcendental numbers do exist. However, it is not so easy
to show an example of such a number accompanied with reasonable proof.
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Let a be an algebraic number. Denote by = a formal variable, and let

(o, z) = {f(x) € Qlz] | f(a) = 0}.

It is clear that I(«,x) is an ideal of the ring Q|x].

Since Q[z] is a principal ideal domain, the ideal I(a,z) is generated
by a single polynomial. Namely, the monic polynomial of minimal positive
degree from h(z) € I(w,x) is a generator of the ideal I (v, x), it is called the
minimal polynomial for a.

Given an algebraic number «, denote its minimal polynomial by h, ()
and say deg h, to be the degree of a.

Lemma 1.5. Let a be an algebraic number, and let h(x) be a monic
polynomial from Q[z]. Then the following conditions are equivalent:
(1) h(x) = ha(z);
(2) h(a) =0, and h divides every f € I(a,x);
(3) h(a) =0, and h(z) is irreducible over Q.
(1

PROOF. (1) = (2) It is obvious by definition.
(2) = (3) Assume h(z) is reducible over Q, i.e., it can be decomposed
into nonscalar factors as follows:

h(z) = hi(z)he(x), where h;(z) € Q[z], degh; > 1

Then h(a) = hi(a)he(a) = 0, so for either of i = 1,2 we have h;(a) = 0.
Therefore, the corresponding polynomial h;(x) belongs to I(a,x), hence,
hi(z) is a multiple of h(z), which is impossible due to degh; < deg h.
(3) = (1) Let hq(x) be the minimal polynomial for a. Then h(z) €
I(a,2) = (ha(z)), s0 he | h. Since h(z) is irreducible and degh, > 0, we
have h(z) = hq(x). O

For example, if & € Q then hy =  — a. For a = v/2, hy = 22 — 2. The
1 3
number o = 5 + Lg satisfies the equation a® + 1 = 0, but its minimal
polynomial is h,(z) = 2% — x + 1.

EXERCISE 1.6. Prove that a minimal polynomial does not have multiple
roots.

If « is an algebraic number, and 8 € C is a root of h,(z) then 8 is
said to be conjugate to «. Therefore, every algebraic number a of degree
n has exactly n pairwise different conjugate complex numbers ay, ..., o,
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including « itself. Moreover,
n
he(z) = H(m — ;) € Q[z].
i=1
Given an algebraic number «, the minimal polynomial h, € Q[x] is
uniquely defined. If « is an algebraic integer then there also exists a monic
polynomial f € Z[z] of minimal degree such that h, | f. In order to prove
that these f and h,, coincide, we need the following observation.
Let h(z) € Q[z] be a monic polynomial with rational coefficients,

h(z) = Po + L +e Pn-t n-1 +a", ged(pi,q) = 1.
g Q1 Gn—1
Denote by g(h) the least common multiple of the coefficients’ denominators:
q(h) =lem (qo, ..., qn-1)- (1.2)

Then for ¢ = q(h) we have
qh(z) = ap + a1z + -+ ap_12" " + anz™ € Z[x],

where the ged of all coefficients is equal to the identity: (ag,...,a,) = 1.
Indeed, assume ag, ..., a, have a common divisor d > 1. Then d | ¢ = ay,
and for b = ¢/d € Z we have bh(x) € Z[z]. Therefore, q; | bp; for all
i=0,...,n—1,80 g; | b, and, finally, ¢ | b = ¢/d, which is impossible for
d>1.

Polynomials with relatively prime integral coefficients are studied in
Abstract Algebra, they are called primitive. The following statement is
well-known.

EXERCISE 1.7 (Hauss Lemma ). Prove that the product of primitive
polynomials is also a primitive polynomial.

Proposition 1.8. Let o be an algebraic integer. Then the minimal
polynomial h,(z) has integral coefficients.

PROOF. Suppose f(x) € Z[z] be a monic polynomial with integral co-
efficients such that f(a) = 0. Then Lemma 1.5 implies h,, | f, i.e.,

f(x) = ha(x)g(z), g(z) € Qla].
Since both f and h, are monic polynomials, so is g.
Denote ¢ = q(ha), ¢ = q(g), where the function ¢(-) is given by (1.2).
According to the remark above, qh, () and ¢'g(z) are primitive polynomials
in Z[z]. However,

qq' f(x) = (qha(x))(¢'g(x)).



§1.1. Field of algebraic numbers 9

The Hauss Lemma implies ¢¢' f(z) to be primitive, while f(x) has integral
coefficients itself. Therefore, q¢’ = 1, i.e., all coefficients of h, and g are
integral. (|

Thus, there is no need to define separately integral minimal polynomial
and degree for algebraic integers. Let us also note that for every algebraic
number « there exists ¢ € N such that ca is an algebraic integer: It is
enough to consider ¢ = q(h, )98 "o,

3. Algebraic complex numbers. Let us denote the set of all alge-
braic numbers by A. Recall that the Fundamental Theorem of Algebra
states C to be an algebraically closed field, i.e., every non-constant polyno-
mial over C has a root in C. In this section, we will prove that A C C is the
minimal algebraically closed subfield of C, i.e., A is the algebraic closure
of Q.

Lemma 1.9. The following statements are equivalent for o € C:

(1) a € A;
(2) Qo] :={f(a) | f(z) € Q[x]} is a finite-dimensional vector space

over Q;
(3) Q] is a subfield of C.

PROOF. (1) = (2). Note that f(z) = q(x)hq(x) + r(z) by the divi-
sion algorithm, degr < degh,. Hence, f(a) = r(a), and the latter is a
linear combination over Q of 1,¢,...,a" !, where n = deg h,. Therefore,
dim Q[a] < n. Moreover, 1,a,...,a" ! are linearly independent since n is
the minimal possible degree of a polynomial over Q annihilating «, so

dim Q[a] = deg h.

(2) = (1). It is enough to note that 1, a, a2, ... are linearly dependent,
so there exist ag,aq,...,a, € Q such that

ap-l+aa+---+a,a™ =0,

end at least one of a; is nonzero. Hence, h(x) = ag+a1x+- -+ apz™ € Q[z]
is a nonzero polynomial annihilating a.

(1) = (3) Obviously, Q[«] is a subring of C. Let 0 # f(a) € Q[a], then
f € Q[z]\ I(a,z). Therefore, h, does not divide f. Since hy is irreducible,
we have ged(f, ho) = 1. Hence, there exist polynomials u(z),v(z) € Q[z]
such that

u(x) f(z) + v(x)he(z) = 1.



§1.1. Field of algebraic numbers 10

Then for # = a we obtain u(a)f(a) = 1, ie., f(a)™! = u(a) € Qa], i.e.,
Qla] is a field.

(3) = (1) Suppose Q[a] is a subfield of C. It is enough to consider the
case when a # 0. Since a~! € Q[a], there exists f(x) € Q[z] such that
a~l = f(a), ie., h(a) =0 for h(z) =xf(z) — 1, degh > 1. O

Corollary 1.10. If ay,...,a, € A then
Qlat, ..y an] ={flar,...,an) | f(z1,...,24) € Qz1,...,2,]}

is a finite-dimensional vector space over Q.

ProoF. For n = 1, it follows from Lemma 1.9. By induction, since

dim Q[a, . . ., @p—1] < 00 and dim Qfaw,] < oo,
dim Q[a, - - ., ] < dim Qo .. ., Ap—1] - dim Qfav,] < 00
(all dimensions are over Q). O

EXERCISE 1.11. Prove that Qaq,...,ay,] is a subfield of C provided
that aq,...,qa, € A.

Theorem 1.12. The set of all algebraic numbers is a subfield of C.

PrOOF. Since 1,0 € C are obviously algebraic, it is enough to prove
the following two statements:
(1) If « and S are algebraic numbers then o £+ 8 and a3 are also algebraic
numbers;
(2) If B8 # 0 is an algebraic number then 1/ is also an algebraic number.

(1) Since

Q[a + BLQ[O‘ ' /8] - Q[O{,ﬁ] - C?

we have dim Q[a £ ] < oo, dim Q[ - 8] < oo by Corollary 1.10. Thus by
Lemma 1.9 o+ 3,a8 € A.

(2) By Lemma 1.9, 37! € Q|B], so Q[37!] € Q[B] which is finite-
dimensional over Q. Hence, dim Q[37!] < co and thus 37! € A. O

Theorem 1.13. The field A is algebraically closed.

PROOF. Suppose ag,...,an € A, n > 1, a, #0, p(z) = ap + ayx +
-4 apa™ € Alz]. It is enough to show that ¢(z) has a root in A.

Without loss of generality, assume «, = 1. Indeed, by Theorem 1.12
we may divide ¢(z) by a,, and the result is still in A[z].

By the Fundamental Theorem of Algebra, ¢(z) has a root 8 € C. Note
that

Q] € Qla, - .., an_1,f].
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Since 8" can be expressed as a linear combination of g%, k =0,...,n — 1,
with coefficients depending on a;, i =0,...,n—1, as
Bt =—ag—arf—-—an 1",
we have
dim Q[ay, . . ., an_1, 8] < ndim Q|ayp, . . ., ap_1] < oo.

Hence, Q[f] is a finite-dimensional vector space over Q, and by Lemma 1.9
B e€A O

Theorems 1.12 and 1.13 imply that A is the algebraic closure of Q,
which is often denoted by Q.

4. Algebraic integers. Suppose K|x1,...,2,] is the ring of polyno-
mials in several variables over a ring K. For f € K[x1,...,z,] denote by
deg f the maximal sum of the degrees of the variables that appear in a
term of f with a nonzero coefficient. Namely, f may be uniquely written as
f=fo+ fizn+ -+ frma, where f; € K[x1,...,2,-1]. Assuming deg f;
are defined by induction, set deg f = i_%laxm(i + deg f).

Theorem 1.14. The set of all algebraic integers is a subring of the
field C.

PROOF. Ii is enough to show that if «, 8 are algebraic integers then
o+ [ and af are algebraic integers as well. We will prove a more general
fact: Every number of the form

knl
Y= ZCklOé 67 Ckl € Z7
k,l

is an algebraic integer.
Let
ho(z) =ag + a1z + - +a, 12" + 2",
hg(x) =bg +brx+ -+ b_1x™ Tt + 2™,
By Proposition 1.8, a;,b; € Z. Lemma 1.5 implies that h, and hg are
irreducible polynomials over Q, thus they have no multiple roots.
Denote by a1,...,a, all complex roots of h,(z), and let SB1,...,05mn
stand for all complex roots of hg(z). To be more precise, set oy = a,
B1 = B. Consider the polynomial
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It is clear that p(y) = 0 and the leading coefficient of p(z) is equal to the
identity. It remains to show that p(x) € Z[z].
It follows from the definition of p(x) that

p(x):f(x7a17"'aan761a"'aﬁm)v
where f € Z[z,y1,.-.,Yn, 21, - -, Zm]. Namely,

n m
flx) = HH x—chlyfzé E LT, Y1,y - Yns 21y - -+ Zm)-

i=1j=1 k,l

Moreover, every permutation of the variables yi,...,y, or z1,..., 2, does
not change the polynomial f, i.e., it is symmetric with respect to y; and
with respect to z;. Hence,

a

nm
f(x7y17"'aynvzl7"'7zm) :Zga(ylw"uyn7zl7"'72m)w )
a=0

where every polynomial g, is symmetric with respect to y; and with respect
to z;. On the other hand, for every a we have

d dum
ga<y17"'aynazl7"'7zm): Z ga,dl,...,dm(y17"'7yn)Z11"'Zm 3
dy,..dm 21
where every polynomial go.4,.....d,, (Y1, - - -, Yn) is symmetric (with respect to

y;) and has integral coefficients.

Lemma 1.15. Let V(y1,...,yn) € Z[y1,-.-,Yn] be a symmetric poly-
nomial on yi,...,Yn, degW¥ = N, and let aq,...,a, € C be the roots
of a polynomial h(z) = ag + a1z + -+ + axa™ € Z[z], a, # 0. Then
aV(an,...,a,) € Z.

PrOOF. By the Fundamental Theorem of Symmetric Polynomials, there
exists a polynomial G(t1,...,t,) € Z[t1,...,t,] such that
\Ij(ylw"ayn):G(Ula"'agn)v degGgN
where o;(y1, - - -, Yn) are the elementary symmetric polynomials on 41, . .., yp.
The Viet formulae imply oy (aq,...,an) = (—1)kan7k
a
deg G < N, we obtain
alU(ay,...,an) =d G (an_l e (1)”a0> .

Qn Qn

,k=1,...,n. Since
n

The latter is an integer number. O
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Now we can use Lemma 1.15 for polynomials ¢4.4,.....d,, (Y1, - -, Yn) tO
obtain g4 4, ....d., (¢, - - ., a,) € Z (in this case, a,, = 1 since o are algebraic
integers). Hence,

a1, oy, 21,0y 2m) € Zlz1, - . 2m)
are symmetric polynomials on z1, ..., zy, and by Lemma 1.15 we have
galar, ... an, B, .., Bm) € Z.
Therefore, p(z) € Z[x]. O

§1.2. Diophantine approximations of algebraic numbers

It is well-known from the course of Analysis that the set of rational
numbers Q is a dense subset of the set of real numbers R, i. e., for every
a € R and for every € > 0 there exists p € Q such that

q

a— p' <e. (1.3)
q
Given a natural number N, the set Qy = {p/q | p € Z,0 < ¢ < N}, has

the following obvious property: |a — b| > N2 for all a,b € Qx. Hence, for

every a ¢ Qu (in particular, for an irrational one), we have

min |a — al > 0.
a€Qn

Therefore, in order to satisfy (1.3) for small €, the number P should have a

q
an unboundedly large denominator ¢q. This observation raises the following
natural question: How to measure the accuracy of a rational approximation
relative to the growing denominator values?

1. Diophantine approximation of degree v. To estimate the ac-
curacy of an approximation by rationals, we will compare the difference
| —p/q| with a decreasing function ¢=%, v > 0. Namely, let us consider the
following quantity:

€aw(g) = min q°
() p€Z,p/q#a{

a—g‘}, v > 0. (1.4)

It turns out that the study of the behavior of €4, (¢) as ¢ approaches infinity
leads to a necessary condition for « to be algebraic.
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DEFINITION 1.1. A real number o € R possesses a Diophantine approz-
imation of degree v > 0 if

lim e4,(q) < oc0. (1.5)

q—o0

Let us state a useful criterion that allows to determine whether a given
number possesses a Diophantine approximation of a given degree.

Lemma 1.16. A real number o possesses a Diophantine approximation
of degree v > 0 if and only if there exists a constant ¢ > 0 such that the
inequality

o — —

< — (1.6)
holds for infinitely many rationals Pe Q.
q

PROOF. Denote by M = M(a,¢,v) the set of all pairs (p,q) € Z x N
such that (1.6) holds.

Suppose « possesses a Diophantine approximation of degree v > 0. By
Definition 1.1, there exists ¢ > 0 such that

can(q) <c

for infinitely many ¢ € N. Let us fix this ¢ and note that for every such
q € N there exists p € Z satisfying the inequality (1.6).

Therefore, the set M is infinite, and there is no upper bound for the set
{¢| (p,q) € M for some p}. It remains to show that the set {p/q | (p,q) €
M} is also infinite. Indeed, if it were finite then the left-hand side of (1.6)
has a positive lower bound, but the right-hand side of (1.6) approaches zero
since v > 0 and ¢ may be chosen to be as large as we need.

Conversely, suppose there exists ¢ such that (1.6) holds for infinitely
many rationals p/q. Then the set M defined in the first part of the proof is
infinite.

Assume the set {q | (p,q) € M for some p} has an upper bound N, i.e.,

{p/a|(p,q) € M} C Qu,
where
Qv ={p/¢€Q|peZ 0<qg< N}
As we have already mentioned above, for every distinct aj,as € A the

inequality |a; — az| > 1/N? holds. Hence, any infinite subset S of Qx has
infinite diameter, i.e., for any d > 0 one may find p1/¢; and ps/gs in S such

that [p1/q1 — p2/q2| > d.
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In particular, the set S = {p/q | (p,q) € M} C Qn contains p;/¢; and
p2/qe such that |p1/q1 — p2/qz| > 2¢. Since (1.6) holds for p;/q;, i = 1,2,
we have

c c
a — & < > ‘Oé — pr < -
q1 q1 q2 4z
which implies
1 1
20<p*1—p*2 C<u+u><2c7
q1 q2 q1 q3

a contradiction.

Therefore, the set of denominators {q | (p,q) € M for some p} is in-
finite, so there exist infinitely many ¢ such that €,,(¢) < c¢. Hence, the
sequence {€q,,(q) }qen has a finite accumulation point, and (1.5) holds. O

EXERCISE 1.17. Whether a rational number possesses a Diophantine
approximation of degree 17

2. Dirichlet approximation theorem.

Theorem 1.18 (Dirichlet Approximation Theorem). For every o € R
and for every N € N there exist p € Z and q € N such that

P 1
—~|<—=, a4sN
q‘ qN
ProoF. Consider the fractional parts of the numbers ka, k =0,..., N:

& = {ka} = ka — [ka] € ]0,1).
Divide the interval [0,1) into IV intervals of length 1/N as follows:
[k/N,(k+1)/N), k=0,...,N—1.

According to the combinatorial Dirichlet’s Principle, when N + 1 numbers
&o, ..., &N are set into N intervals, there exists at least one interval which
contains at least two of these numbers, i.e.,

€k, — &ro| < 1/N
for some kq, ko, 0 < k1 < ko < N.
Let
p = [kaa] — [k1a], q=ko— k1.
Then

ol 1 1 1
a2 = 2alks = k1) - ltaa] + ] = Flek, — ] < -
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Corollary 1.19. If « € R\ Q then « possesses a Diophantine approx-
imation of degree v = 2.

PROOF. Theorem 1.18 implies that for every natural number N there
exist py € Z and gy € N, gy < N, such that

PN 1
a— <« —.
Nan

aN
Let us show that the sequence {gn}n>1 is not bounded. Assume the con-
verse, i.e., suppose there exists a constant M such that gy < M for all N.
Then (1.7) implies

(1.7)

p
o— =

q

min
p/q€Qm

which is impossible.
Therefore, (1.7) holds for infinitely many numbers ¢y. Since gy < N,
we have

for infinitely many gy . (I

Proposition 1.20. Let o € Q. Then for every function ¢ : N — R,
satisfying lim qp(q) = 0 there exist only a finite number of rationals L
q—00

q
such that

a—{;\ < olq). (1.8)

PROOF. Denote by S the set of all rationals p/q, ged(p, ) = 1, satisfy-
ing (1.8). Assume S is infinite. It is easy to see that the distance between
any two numbers from S does not exceed 2m>ai>< ©(q) which is finite. Note

qz

that the set of denominators of all fractions from S has no upper bound:
Otherwise, if S C Qpu, where Qpu introduced in the proof of Lemma 1.16,
then S has an infinite diameter.

Let a = 7 Then for all rationals g except « itself the following in-

equality holds:

aq — pb > 1 .
bq bq
Since b is fixed, we have
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which is impossible for sufficiently large q. The contradiction obtained
proves that S is finite. O

Corollary 1.21. A rational number o does not have a Diophantine
approximation of degree v > 1. O

The result obtained is in some sence paradoxical: All irrational numbers
possess Diophantine approximations of degree 2, but neither of rationals has
a Diophantine approximation of degree v > 1. Therefore, the existence of
a Diophantine approximation of degree v > 2 is a criterion of irrationality.

Let us apply the criterion above to the base of the natural logarithm
1 1 1

also called the Fuler’s number.
Proposition 1.22. The Euler’s number is irrational.

PrOOF. Consider the sum of the first n + 1 summands in (1.9) and
reduce to the common denominator:

L L1 1 pa
Tata Tttt T
Then
‘ Pn 1 1 n 1 n
e——| =
n! m+1)\n+2 n+2)(n+3)

1 1 1 2

Define a function ¢ : N — R as follows:
e(1) =1,

2
(p(q):m for (n— 1) <qg<n!, n>2.
If ¢ € ((n — 1)!,n!] then
2 2
ap(q) < n! =

(n+1)! n+1’
so lim gp(q) = 0. However,

q—o0

p
e——| <oplqg
q‘ ©(q)
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for infinitely many p/q = p,/n!, n > 2. Hence, e is irrational by Proposi-
tion 1.20. O

3. Liouville theorem on Diophantine approximation of alge-
braic numbers.

Theorem 1.23 (Liouville Theorem). Let o be an algebraic number of
degree n > 2. Then « has no Diophantine approximation of degree v > n.

PROOF. First, let us find a constant M > 0 such that

M
> (1.10)

p
a—=Z

q

for all p € Z and q € N.

Set h(x) to be a multiple of the minmal polynomial for o with inte-
ger coefficients, e.g., h(z) = q(ha)ha(x). Suppose a1,...,a, € C are the
complex roots of this polynomial, and assume oy = a. Then

h(z) = ay H(Jc — ) = ap(z — @) H(m — ag),
k=1 k=2
where a,, is the leading coefficient of h(z). Denote by M the following
quantity:

n -1
M = <|an| H(|a|+|ak|+1)> ;

k=2
and let us show that (1.10) holds.
If p and ¢ meet the inequality |o — p/q| > 1 then (1.10) is valid since
M <1 (la] >0,n>2).
Assume p and ¢ satisfy the condition | — p/q| < 1. In this case,

‘p‘<1+|a|
q
and thus
Pl T p
h(p/a)] = lanl | — 2| T] ak—]
k=2
p & p p| 1
< |la—=|lay Qg —l—H)< a—’.
q| lH(' | q q| M

k=2
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Lemma 1.5 implies h(z) to be irreducible over Q, hence, it has no rational
roots. Therefore,

G tarl +oanin) >

|h(p/q)| = pm

and (1.10) follows.

Finally, apply (1.10) to show that « has no Diophantine approximation
of degree v > n. Assume the converse: Let there exist ¥ > n and ¢ > 0
such that
o= <

q ¢
holds for infinitely many p/q € Q. Then, as it was shown in the proof
of Lemma 1.16, the last inequality holds for infinitely many denominators
q € N. Then for sufficiently large ¢ we have
c M
@ g
in contradiction to (1.10). O

The Liouville Theorem is a powerful tool that allows constructing ex-
plicit examples of transcendental numbers. Namely, we obtain the following
sufficient condition of transcendentality.

Corollary 1.24. Let « be a real number. If for every N € N it possesses
a Diophantine approximation of degree v > N then « is transcendental.

ExXAMPLE 1.2. The following number is transcendental:

oo
a=>)» 107"
n=1

PRrOOF. Given N € N, consider

N
PN —n! PN
—_— = 10 = .
qn ;::1 10!

Note that

o — pl = Z 10771! <2 107(N+1)! = “NF1

il L INh 4N
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Therefore, for every v > 0 there exist infinitely many rationals p—N, N >v,

o aN
satisfying
PN 2 2
a— =< =5 < —.
an | gNTt Ak
Hence, a possesses a Diophantine approximation of any degree. Theo-
rem 1.23 implies « is not algebraic. ([l

§1.3. Transcendentality of e and 7w

The Liouville Theorem provides a sufficient condition for a real num-
ber to be transcendental. However, this condition is not necessary. There
exist different methods to prove transcendentality of a series of important
constants, e.g., e and 7. In this section, we are going to study one of these
methods known as the Hermite Method.

Given an analytic function f(z) on the complex plane, denote by

jf(z) dz

the Riemann integral of f(z) along the straight segment starting at o € C
and ending at z € C (the Cauchy Integral Theorem implies that this integral
does not depend on the choice of a path with the same endpoints zg and =,
we choose the straight segment for convenience).

1. Hermite identity.

Lemma 1.25 (Hermite Identity). Let a« € C, a # 0, and let f(x) €
Clx], deg f > 1. Then for every x € C we have

/f(t)e_o‘t dt = F(0) — F(z)e=o", (1.11)
where -
F(z) = %4‘ foff) ot fanff).

PROOF. According to the Fundamental Theorem of Calculus (the Newton—
Leibniz Formula),

& [ st =g
0
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On the other hand,

d
%F(az)e—am = (F'(z) — aF(x))e”*" = — f(z)e”*".
Hence, the derivatives with respect to x of the both sides of (1.11) coincide.

It remains to compare the values at = 0 to obtain the desired equality. [

The main idea of the Hermite’s method is to apply the Hermite identity
(1.11) to a polynomial of the form

H(h(z)) = C;{?ijiagﬁ‘l)pmp’lh(x)p, (1.12)

h(z) € Z[z], n = degh, p € N. Let us establish the properties of H(h(x)).

Lemma 1.26. Let h(z) = ao + a1z + -+ + ana™ € Z[z], ag,an # 0,

n > 1, and let By,...,58, € C be the entire collection of roots of h(x) in
which every root of multiplicity k appears k times. Then for every p € N,
p > 2, the polynomial f(x) = H(h(z)) defined by (1.12) has the following
properties:

(1) f90)=0,0<5<p—2;

@)ﬂ”@ﬂ—00<]<p—12—1
(3) f=D(0) = afl"""af;
M)ﬂW)EpZJ
(5)

5 me()epﬂj/p

PROOF. It is easy to see from the construction of f(z) that 0 is its root
of multiplicity p — 1 and every ; is a root of f(z) of multiplicity at least p.
As we know from the Abstract Algebra course, a root of multiplicity & of
a polynomial f(z) is also a root of f'(z), f”(z),..., f*~V(z). This implies
(1) and (2).

To prove (3), let us distribute all brackets in the definition of f(x) and
find the term of lowest degree in x, namely, the term is

1 -
= 1)!a£L Dpgbyp=t,
(n—1)

Its (p — 1)th derivative is equal to a,' '"af. For all other terms in f(z),

their (p — 1)th derivatives contain = and thus turn into zero at x = 0.
Before we proceed with the proof of the remaining statements, note the

following general fact. Given a polynomial ®(z) € Z[z], its jth derivative
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®U)(z), j € N, belongs to j!Z[z], i.e., all nonzero coefficients of ®\)(x)

contain the factor j!. Indeed, for all m > j we have
(™)) = j'<m> a7 € Z[x),
J
and the jth derivatives of ™, m < j, turn into zero.
To prove (4), consider

#(o) = B @) = 27 h(a) e 2ol

According to the remark stated above, ®)(z) € j!Z[x] and thus

7, C jZ.

for j = p,
Finally, note that

h(z) = an [[(z = B)).
i=1

Hence,

anp

Bi)Par~t =

CENES o)

where
n

O =Pt H(z —y)? € Z[x,y1,. .., yn]-
i=1
The polynomial

"L 970
\I/yla"'7yn ZT yzayla"'7yn)ez[ylv"'

n @(37751,...

uBn)a

 Un]

is symmetric with respect to y1,...,yn, deg¥U =deg®—j =np+p—1—j5 <

np for j > p, and all coefficients of ¥ are divisible by j!.
applied to —\Il(yl, .+ Yn), We obtain
J!

np
ap

7\I](ﬂ1;36n) cZ

Since j > p,
a™P

o)

\11(617 cee aﬁn) S pza

By Lemma 1.15
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and it remains to note
aP

2 VB = g V- ),

which proves (5). O

REMARK 1.3. Upon the conditions of Lemma 1.26, assume that §; € Z,
it =1,...,n. Then the statement (5) of Lemma 1.26 may be enhanced in
the obvious way as

f(B)epZ, i=1,....,n, j=>p.
2. Transcendentality of e.

Theorem 1.27. If « € Q\ {0} then e* is a transcendental number.

PROOF. Suppose = €%/? is an algebraic number for some a/b € Q,

a # 0. Then e is a root of the equation 2% — 3% = 0 with algebraic coefficients.
By Theorem 1.13, all roots of such equation (in particular, e) are algebraic
numbers. Hence, it is enough to show that e itself is transcendental.

Assume e is algebraic, and let h.(x) € Q[z] be its minimal polynomial.
Then there exists b,, € Z such that

bphe(x) =bo+byz+ -+ + bya™ € Z[x].

It is clear that by # 0.

Choose a prime number p € Z such that p > n and p > |bo| (it is
possible to make such a choice since the set of primes is infinite).

Consider the polynomial

hiz)=(x—1)(x—2)...(x —n)

and construct
1

(p—1)!
as in (1.12), where 8; = ¢, ¢ =1,...,n. For every k = 0,1,...,n write the
Hermite identity from Lemma 1.25:

2P~ h(z)P

f(z) = H(h(z)) =

k
/f(t)e’t dt = F(0) — F(k)e™".
0
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Multiply each of these equations by bype* and add the results:
n k n
Zbk/f(t)ek*t dt = bpe®(F(0) — F(k)e™)
k=0 k=0

= F(0) Zn: bret — Zn: biF (k) = F(0)byhe(e) — Zn:bkF(k).
k=0 k=0 k=0

Therefore,
n k n
Z/bkf(t)e’f—tdt == bF(k). (1.13)
k=07, k=0
Recall that
Fa) =Y 19 ().
320
Consider the right-hand side of (1.13). Lemma 1.12 and Remark 1.3 imply

> beF (k) = bofPV0) + b0 Y fO0) + Y by fO (k).

k=0 jzp k=1 j2p
In the last expression, bof®~D(0) = (=1)"Pby(n!)? # 0(mod p) by the
choice of p, all other summands are integer multiples of p. Hence, for every
sufficiently large prime p the right-hand side of (1.13) is a nonzero integer

number.
Now, let us estimate the absolute value of the left-hand side of (1.13):

k—t k—t
S [ £ adt) < 3 ol ma (1))
k=0 0 k=0

1 c?
< n < p—1 _1\ < 1
< (1) e oo ma (170" < O o1y < 0
P
where C' and C; do not depend on the choice of p. Since lim —— =0,
p—oe (p—1)!
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when p is sufficiently large, but the right-hand side of (1.13) is a nonzero
integer and thus its absolute value is greater or equal to 1. The contradiction
obtained proves the theorem. (I

3. Symmetrized n-tuples.

DEFINITION 1.4. An N-tuple (B1,...,8x) € CV is called symmetrized
if

N
[I(~8) € Qll.
j=1

It is clear that a symmetrized tuple remains symmetrized after every
permutation of its components. If we add (or remove) a rational number to
(or from) a symmetrized tuple then the tuple obtained is symmetrized. Also,
the concatenation of two or more symmetrized tuples is again a symmetrized
tuple.

To prove the transcendence of © we need the following properties of
symmetrized tuples.

Lemma 1.28. Let (a1,...,a,) € C" be a symmetrized tuple, and
let 0 = oy € Zlxy,...,2,], k € {1,...,n}, be an elementary symmetric
polynomial in x1,...,x,. Then

N n
0(60‘1,...,6%) = Zeﬁf, N = (k)’
j=1
where (B1,...,8N) is a symmetrized tuple.

PRrOOF. Recall that
O =0 = Z Tijq oo Ty,
1< < <ip<n

contains N = (Z) summands. For every collection of indexes 1 < iy < - <
i < n, consider the following polynomial:

77i17,__,ik(t1,..-,tn) =ty +- -+, € Z[tl, - ,tn}.

O-(eal".'760471) — E it ik(oq,»--,an)_

1< < <ipg<n
It remains to show that complex numbers

Then

nil,...,ik(ala"'7an)7 1<7/1 <<Zk<n7

form a symmetrized tuple.
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Let us enumerate all k-tuples (i1,...,4), 1 < 43 < -+ < i < n,
by integer numbers j = 1,..., N. We will use the same enumeration for
polynomials n;, ;. : If (41,...,1;) has number j then n; = n;, .-

If ®(y1,...,yn) is a symmetric polynomial in yq,...,yny with integer
coeflicients then

U = ‘b(?’]l(tl,...,tn),...,T]N(tl,...,tn)) S Z[tl,...,tn]

is a symmetric polynomial in ¢y,...,¢,. Indeed, let us transpose in ¥ two
variables t; and ¢;. The set of all polynomials 1, ..., ny may be divided into
three groups: The first group contains all those polynomials that either do
not depend in both t; and ¢;, or containt both these variables; The second
group consists of all ;s that depend in ¢;, but do not depend in ¢;; The third
group includes all remaining polynomials n;. When exchanging ¢; and ¢;,
the polynomials of the first group do not change, the polynomials of the
second group turn into polynomials of the third group, and, conversely, all
polynomials of the third group move into the second group. Finally, we
obtain a permutation of 71,...,ny. Since ® is symmetric, ¥ is invariant
under the transposition of ¢; and ¢;. It is well-known that every permutation
can be obtained by a series of transpositions (all transpositions generate the
symmetric group S,). Hence, ¥ is also symmetric.

Therefore, for every symmetric ® € Zly,,...,yn] we have
@(51,...,61\[) = \IJ(Oéh...,Oén) €Q.
In particular, all elementary symmetric polynomials in y1,...,yy take ra-

tional values at 1, ..., BN, i.e., (B1,...,0n) is a symmetrized N-tuple. O

4. Transcendentality of .

Lemma 1.29. Let (31,...,08n) be a symmetrized N-tuple of nonzero
complex numbers. If, in addition,

N
A= Zeﬁ’“ # 0,
k=1

then A ¢ Q.

PROOF. Assume A € Q\ {0}. Without loss of generality, we can sup-
pose A € Z: If A = a/b then one may just repeat the symmetrized N-tuple
b times to get a new symmetrized Nb-tuple with integer sum of exponents.
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Consider a polynomial

N
h(z) =by [J(z = Be) = bo + bz + -+ + bya™ € Z[a].
k=1

Here bo = (—1)NbN . /81 ..t ﬁN 7& 0.
Choose a prime number p € Z such that p > |by|, p > |bo|, p > |A],
and construct a polynomial

1 N—1 _
(p—1)!b§V )PP lh(m)p

as in Lemma 1.26. The Hermite identity for f(z) has the following form:

fz) =

B
/f(t)e’t dt = F(0) — F(By)e=", k=1,....N.
0

Let us multiply each of these expressions by e’ for the corresponding k,
and compute the sum of all values obtained for Kk =1,..., N. Then

N N
Y [ f0e Tt dt = AF(0) = Y F(Br). (1.14)

k=17 k=1

Bk

Consider the right-hand side of equation (1.14):

N N
AF(0) = > F(Br) = AfP=(0) + AY f90) =Y [ D 9B
k

k=1 Jjzp =1 \j=0

By Lemma 1.26, the first summand Af®=1(0) = Abg\lfvfl)pbg is an integer
number that cannot be divided by p, but all other summands are integers
divisible by p. Hence, the right-hand side of (1.14) is a nonzero integer.

The absolute value of the left-hand side of (1.14) may be estimated
P

from above as C

ay
(p—1)!
of Theorem 1.27.
Therefore, if p is sufficiently large then (1.14) does not hold. O

in the very same way as it was done in the proof

Theorem 1.30 (Lindemann Theorem). If « is a nonzero algebraic
number then e* may not be a negative rational number.
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PROOF. Let a be a root of a polynomial h(z) = ag+ar1x+---+a,z™ €

Z[z] which is irreducible over Q, and let (aq,...,ay,) be all roots of h(zx),
i.e., all numbers conjugate to «, where a; = a.
Recall that e® # 0 for all « € C. Assume e® = —%, a,b € N, where

ged(a, b) = 1. Consider

- a
O = ( ak 7) .
kl;[l et + b
Distribute the brackets and and multiply by ™ to obtain

n—1
0=ad" + Z a* bR, (e, .. o). (1.15)
k=1
By Lemma 1.28, for each k£ = 1,...,n — 1 there exist a number N; and a

symmetrized Nj-tuple (81, ..., kN, ) such that

Ny,
On—p(e*, ... ,e") = E ePki
Jj=1

It may happen that some of 3j; are zero. Denote by my > 0 the number
of zeros among fi;, j =1,..., N. Let (y1,...,vn) stand for the collection
of all nonzero fB;; in which every f; appears a*b"~* times. This is a
symmetrized N-tuple. Now, we may rewrite (1.15) as

n—1 N
a” + E "o Fmy, = — E cje’, ¢j € L.
k=1 j=1

The left-hand side is an integer A which is not divisible by b, hence, A # 0.
Thus,

N
—che"“ =A#0,
j=1
which is a contradiction to Lemma 1.29. O

Corollary 1.31. The number 7 is transcendental.

PROOF. If m were algebraic then o = um, where ¢ is the imaginary
identity, is also algebraic as a product of two algebraic numbers. The Euler
identity e'™ = —1 € Q implies a contradiction to Theorem 1.30. O

As an immediate corollary, we conclude that the famous ancient prob-
lem of squaring the circle may not be solved with a straightedge and com-
pass. Indeed, given a segment of unit length in the plane (the radius of
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a given circle), every segment one may construct with a straightedge and
compass must have algebraic length. Hence, a segment of length 7!/2 (the
side of a desired square) cannot be constructed. A finer statement, which
is a good exercise for a reader, says that if a segment of length a may be
constructed with a straightedge and compass then a is an algebraic number
of degree 2% (a Pythagorean number). In this way, one may prove that an
arbitrary angle in the plane may not be divided into three equal parts, and
a right heptagon may not be constructed with a straightedge and compass
(for more details, see Exercise 2 below).

§1.4. Problems

(1) Suppose « is a root of a monic polynomial with algebraic integer
coefficients. Show that « is an algebraic integer.

(2) Find the degree of the algebraic number e7/"
imaginary identity and n is a natural number.

(3) Show that if « is a nonzero algebraic number then e® is transcen-

, where ¢ is the

dental.
(4) Prove the Weierstrass—Lindemann Theorem: If ay,...,«, are
pairwise different algebraic numbers then e, ... e“n are linearly

independent over the field of algebraic numbers.



CHAPTER 2

Asymptotic law of distribution of prime
numbers

Prime integers are “atoms” of the numeric Universe and thus they have
been attracting attention of researchers for more than two thousand years.
Ancient Greek mathematicians obtained a lot of nice results, e.g., Euclid (III
BC) proved that there exist infinitely many primes, Eratosthenes (II BC)
invented an algorithm to find all primes smaller than a given natural N (the
Sieve of Eratosthenes). These results are now considered as “elementary”.

The aim of this section is to present a precise answer to the follow-
ing question: How often prime numbers occur in the series of all natural
numbers?

This question was raised by Hauss and Legendre at the end of XVIII,
and the Hauss conjecture was proved by Jacques Hadamard and Charles
Jean de la Vallée-Poussin in 1896. The result is known as the Prime Num-
ber Theorem. To explain the statement, recall the notion of asymptotic
equivalence.

Suppose f(z) and g(z) are two real-valued functions defined on a ray
[a,00) C R such that f(z),g(z) # 0 for all sufficiently large . These
functions are said to be asymptotically equivalent if

In this case, we write
f(@) ~ g(x).

Recall that P C N stands for the set of all primes, P = {2,3,5,7,11,... }.
The main object of study in this chapter is the prime-counting function
m(x), x > 0, describing the distribution of prime numbers. Namely, 7(z) is
the cardinality of the set of all primes p € P such that p < z, z € R, z > 0.

30
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The main purpose of this section is to prove the following equivalence:

m(x) ~ @)’

EXERCISE 2.1. Prove that li ~ li(x), where
nx

, [t
2

§2.1. Chebyshev functions

1. Definition and estimates. Here we will establish important rela-
tions between the function 7(x) and the following functions defined on all
positive real numbers:

o Y(x) = Z Inp, where Q, = {(p,m) |p € P,m € N,p"™ < z}.
(Pm)€EQx
The function v is called the Chebyshev function;

~ t
o Y(x) = / @ dt is known as the integral Chebyshev function.
1

Note that 7(x) may be presented in a similar way as
> 1
pEP,p<x

Note that (p,m) € Q. if and only if p < z and In(p™) = mlnp < Inz.
Therefore, the sum

> Inp=(a)
(p,m)€Q.
contains each Inp as many times as the count of all m € N such that
minp <Ilnz. If 2 > 1 (i.e, Inz > 0) there exist [Inz/Inp] of such ms (here
[[] stands for the integral part of a real number). Hence,

Yla)= Y. [E;]lnp, x> 1. (2.1)

pEP,p<T
Proposition 2.2. The following statements hold:
(1) ¥(z) < w(x)Inz, ¥(x) < () In® 2 for every x > 1;
(2) EIL%¢(x)/xZ = Illrgow(x)/xz = 0 for every z € C such that
Rez > 1.
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PrOOF. (1) If we omit [-] in (2.1) then the value of this sum may just
increase since [z] < z, i.e.,

Y(x) = Z[lnm/lnplnp Zlnp Zlnx—w Inz

p<x p<x p<T

(hereinafter, when we use “p” for summation index, we assume p ranges
over prime numbers, as in (2 1)).
For the integral Chebyshev function, note that

P(z) < w(fﬂ)/% =(z)Inz.

The statement (2) immediately follows from (1): If z = 14+a-+b, a > 0,
then

[(x)/x*| = P(x) /2T < w(x) nx/z' T < zlnz/z' T = Inx/z* — 0
as x — oo. For 1;(95), the proof is completely similar. (I

EXERCISE 2.3. Prove that lim ¢(z)/2z* =0 for Rez > 1.

T—r00

2. Equivalence of the asymptotic behavior of Chebyshev func-
tions and of the prime-counting function.

Theorem 2.4. The following statements are equivalent:
(A1) w(z) ~ z/lnz;

(A2) Y(z) ~ ;

(A3) W(z) ~ .

Proor. (Al)&(A2) By Proposition 2.2, ¢(z) < 7(z)Ilnz for x > 1.
Hence,
(@) _ ()
r  z/lnx’
and the same inequality holds for upper and lower limits of these functions
as r — oo. Namely,

(A1) = tm Y ¢ g Y0
r—oo L T—00 T
(A2) = lim m(2) m(2)

escox/Inx ~ soeox/Inz T
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On the other hand, choose a parameter 0 < a < 1 and consider
S(z,a) = Z lnp, x>1.
Tr<pLx
Then ¢(z) > S(z,a), but
S(x,a)> Y () =) > 1=ahz(r(z)- ().
T <psT T <pKT

Therefore,

Y(x) S aw(x) Inx 7a7r(x )lnx.
x x x
Note that the second summand in the right-hand side of (2.2) approaches

zero as x — oo since m(z?) < z°.
Assume (A1) holds and B = lim ¢(x)/xz. Then (2.2) implies that

r—r 00
B > a for every positive a < 1, i.e., B > 1. But we have already shown

that (A1) implies B < 1. Thus, B =1 and (A2) holds.
In a completely similar way, (A2) implies (A1).
(A2)=(A3) Suppose ¢(z) = x + r(x), where r = o(x). Then

e 0
Y)= | —dt=x—-1+ | —~dt=x+ R(z) — 1,
[Fhamee ]

(2.2)

where R'(z) = r(z)/x. It is enough to check that R = o(z), which is indeed
the case by the L’Hopital’s Rule.

A3)=(A2) Let ¢(z) = x + R(z), R = o(x). Fix a parameter ¢, 0 <
€ < 1, and consider

T+ex

If(z) = / @dt = (z +ex) — ¥(z) = ez + o(z).

Since 1 is an increasing function, the integral I (z) may be estimated from

below as
r+tex

e > [

xT

dt _

; P(z)In(1 +¢).

Similarly, the integral

IZ7(z) = / @dt:d;(x) —(x —ex) = ex + o(x)
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may be estimated as

I-(z) < j %:w(x)l 1:5
Hence, -
wix) S xlﬁl(i) e ln(1€+ 5 o
w? > _x{fl((f . S —1n(i — T

The upper and lower limits of ¥ (z)/x as x — oo also satisfy these inequal-
ities for all € € (0,1). It remains evaluate the limit as e — 40 to obtain
U(x) ~ . O

EXERCISE 2.5. Prove the implication (A2)=-(A1l) in Theorem 2.4.

3. Von Mangoldt function. Yet another form of the Chebyshev
function comes directly from the definition:

Ya)= Y An), (2.3)
neN,nLx
where

Inp, n=p™, peP, meN,
A(n) = .
0, otherwise

is called the von Mangoldt function. ~
It is also possible to express the integral Chebyshev function (z)
via A(n).

Proposition 2.6. For every z > 1 we have

)(z) = Z A(n)In(xz/n).

neN,nx

PROOF. Denote by 6 (y) the step function given by

0, y<0,
<5+(y)={1 >0
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Then
S I P
1/;(93)*/7 = EZA(n)dt
1 1 n<t
1 +(t —
/E A(n)6T(t—n)dt = /6tn
1 n<x n<ac 1
= Z A(n /dt Z A(n)In(z/n),
n<e n<
and the Proposition is proved. ([l

§2.2. Riemann function: Elementary properties

1. Riemann function in Rez > 1. We have already seen that the
asymptotic behaviors of the functions w(z) and ¥ (x) are equivalent. The
latter is asymptotically equivalent to the integral Chebyshev function 1;(35)
It follows from the relation (2.3) and from Proposition 2.6 that these func-
tions are of the form

= Z Jns

n<x
where f, are some real coefficients, and the summation is made over natural
numbers.
One of the most fruitful ideas that lie in the foundation of the ana-
lytic number theory is to study a function f(x) as above via the following
complex-valued function called Dirichlet series:

o fn
z) = —

The new variable z takes its values in an appropriate domain in C.
If f =1 then f,, = A(n), and the corresponding function ¢ turns to be
closely related with Riemann zeta-function given by

1
()= —, Rez>1 (2.4)
n=1
It is easy to see that the series (2.4) is absolutely converging for Rez > 1.
In the semiplane Rez > s, s > 1, the series (2.4) converges uniformly with
respect to z. Hence, (2.4) is uniformly converging on every compact subset
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in Rez > 1. By the well-known Weierstrass Theorem, the limit of a sequence
of analytic functions which is uniformly converging on every compact subset
in a given domain is again an analytic function. Therefore, (2.4) defines an
analytic function in the semiplane Re z > 1. Later we will see how to extend
¢ analytically into the semiplane Rez > 0.

2. Distribution of the Dirichlet series of a multiplicative func-
tion. Recall some notions from the elementary number theory. An arbi-
trary map f : N — C is called an arithmetic function. An arithmetic
function is called multiplicative if f(1) = 1 and f(nm) = f(n)f(m) pro-
vided that n,m € N are relatively prime. The Fundamental Theorem of
Arithmetic implies any multiplicative function f to be uniquely determined
by its values f(p™), p € P, m € N.

Examples of multiplicative functions are given by:

e the function I(n), I(p™) =1,
o the identity function e(n), e(p™) = 0 (while e(1) = 1);
o the Mébius function pu(n), p(p) = —1, p(p™) =0 for m > 1.

Lemma 2.7. Let f be a multiplicative function and let z € C. Suppose

the series Y f(n)n~* is absolutely converging. Then
n=1

> s = T (X st ).
n=1 peP \d=0
o0
PROOF. It is easy to see that for every p € P the series > f(p?)p~?

d=0
contains a part of the initial series and thus converges absolutely. Enumerate
prime numbers in the increasing order:

P={p,|neN}, pp=2,p2=3,...,
and consider the partial product
N [/
Py =] (Z f(p‘i)pndz> :
n=1 \d=0

Since a product of absolutely converging series is distributive, we may dis-
tribute the brackets in the last expression to obtain

Px= > [0 fOR )Moy = Y fan

di,...,dN=0 neMn
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where Mpy C N consists of all natural numbers of the form pfl ...p‘]i\,N ,
d; > 0. The least natural number that is not in My is equal to pyy1,
hence,

Y =Py < Y0 If(mnTF =0
n=1 N=PN+1
as N — oo (since py41 — 00). O

3. Convolution product and the Modbius inversion formula.
Given two functions f,g : N — C, their convolution product is an arith-
metic function defined by

(fog)n) =) f(d)g(n/d), neN. (2.5)

dln
where the summation index d ranges over the set of all divisors of n.

EXERCISE 2.8. Prove that the convolution product is associative and
commutative.

EXERCISE 2.9. For every arithmetic function f, show foe=eof = f.
(This is the reason why e is called the identity function.)

The following statement shows a nice relation between Dirichlet series
and the convolution product.

Lemma 2.10. Let f and g be arithmetic functions such that their
Dirichlet series

i f) o 9)
n? ’ n*
n=1 n=1
are absolutely converging for some z € C. Then
(1)) (=9 _ = (fog)n)
(Z n? n: | Z n® ' (26)
n=1 n=1 n=1
PRrROOF. Since the product of absolutely converging series is distribu-
tive, we may write

<°° f(n)> <°° g<n>> _ $~ fmotm)

n,m=1
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Introduce new indexes d = n, N = nm and change the order of summation
(it is possible due to absolute convergence of the product series):

o0

f 1
> anz -y L = S F (/) = 3 = (Fo ) (V).
n,m=1 N=1 d|N N=1
Therefore, (2.6) is proved. O

Moreover, it is known that the set of all multiplicative functions forms
a group with respect to the convolution product, i.e., if f and g are multi-
plicative functions then so is f o g, and for every multiplicative function f
there exists a multiplicative function f~! such that fo f~' = f~lo f =e.

Lemma 2.11 (Mo6bius inversion formula). If f : N — C is an arithmetic
function and fol =g then gopu = f.

PRrROOF. Note that I o u e. Indeed, if the canonical form of n is
't d", g €P e 21, then

IO,U ZM (]-) - Z/JJ(QJ') + Z /’l’(qjlqj2 -

J1<j2

o) v

by the Newton binomial formula.
Therefore, gopu = (fol)ou=fo(lou)=foe=f. g

EXERCISE 2.12. The FEuler function ¢ is defined by
e(n)=|{m e N|m<n, gcd(m,n) =1}, neN

Prove that ¢ o I = E, where E(n) = n for all n € N. Deduce the explicit
formula for ¢(n).

4. Euler identity.
Theorem 2.13. If Rez > 1 then
((2) = [[(@=p™)~" (the Euler identity), (2.7)

peP
_ f: p(n)
n=1 n

where p(n) is the Mobius function. In particular, { has no zeros in the
semiplane Rez > 1.

(2.8)
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PROOF. Apply Lemma 2.7 for f = I to obtain
) =JJa+p7+p > +..)=[[a-p"
p€EP p€eP
when Rez > 1. This proves (2.7).
To prove (2.8), apply Lemma 2.7 to f = p. It is possible to do so

since |u(n)] < 1 and thus the series > p(n)n™% is absolutely converging
n=1

for Rez > 1. Hence,

> unn =] (Z u(pd)pdz> =[Ja-p>).

peP \d=0 peP
Thus (2.7) implies (2.8). O
5. Logarithmic derivative of the Riemann function.
Lemma 2.14. For alln € N we have (Ao I)(n) =1Inn.

PrOOF. For n = 1 the statement is obvious. If n > 1 then consider
the canonical distribution of n, n = ¢{*...¢% . By the definitions of the
convolution product and of the von Mangoldt function, we have

(AoD)(n)=0+> > Ag§)-1=> ajlng;.
j=1a=1 j=1
On the other hand, Inn =In(¢y* ...¢%") =a1lng + -+ + a, Ing,. |

Theorem 2.15. In the semiplane Re z > 1, the following identity holds:

((2) _ A
) - ; - (2.9)

PROOF. As we have already noted, (2.4) converges uniformly with re-
spect to z in the domain Re z > s for every s > 1. Hence (as we know from
complex analysis) the series (2.4) allows term-by-term derivation at every
point of the semiplane Rez > 1:

Q’(z) _ _Z lnn'

nZ

n

=1
Multiply the expression obtained by (2.8) for 1/{(z):

() [Smn) (2 pn)
(i) (o).
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Since both series in the right-hand side are absolutely converging, we may
distribute the brackets and collect similar terms with n* to obtain

(2) Z udz )Ind,

Z 1 d1d2
= 1 & (nop)(n)
= w(d)In(n/d) | — = —. (2.10)

By Lemma 2.14, (Ao I)(n) = Inn. Lemma 2.11 implies Inop = A, and
it remains to apply (2.10) to complete the proof. O

6. Expression of the integral Chebyshev function via the Rie-
mann function. Denote by L, (a € R) the vertical line {z | Rez = a} in
the complex plane, and consider L, as a path of integration in the upward
direction, i.e., from a — ico to a + ico.

Theorem 2.16. For every a > 1 the following identity holds:

B(x) = %/ <—g((j))) Z—:dz for x> 1. (2.11)

a

PROOF. Let Z,(x) stand for the improper integral in the right-hand
side of (2.11).
It follows from (2.9) that

((z) 2*
() 22
for z € L, (Rez = a > 1), where C is a constant which does not depend

on z.
Since the integral

1

|2

oo

/dz / dy
- < - <
22 a2 + y2
a —oo

converges, Z,(z) is absolutely converging. Therefore, it can be adequately
evaluated via the Cauchy principal value. By (2.9),

JJ
g[SS5 e
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where LZ = {z | Rez = a,—B < Imz < B}. In this expression, the
integrand series is uniformly converging with respect to z € L, since
A(n) z#

n* z2

z%Inn

<=
a? no

o0
for every z € L, (recall that the series > Inn/n® converges for a > 1).

n=1
Hence, the integral in the right-hand side of (2.12) can be evaluated in the
termwise way:

T.(z) = lim i/A(n)ﬁdz. (2.13)

On the other hand, z = a + ty, and thus partial integrals over the segments
LE may be estimated as follows:

/A(")gdz < 7A(n)(x>a1dy<0x“/\(n)7

n? n a2 + y2 na

— 00
a

where C' is a constant not depending on n and B. Since A(n) < Inn, the
series in the right-hand side of (2.13) converges uniformly with respect to
B, hence, the limit as B — oo may be evaluated in the termwise way:

) = 3 An) / (x/n)zzi2 dz. (2.14)
n=1

La

1
The integrand g, .(z) = (z/n)*—; has the only singular point at z = 0.
z

The Laurent series for g, ,(z) at z = 0 has the form

(zzc/n)zzi2 = (1 + Z % lnk(:n/n)zk> 272
k=1

1
=22+ In(z/n)z"t + o1 In®(z/n) + ...,

and thus the residue at z = 0 (the coefficient at 27!) is equal to In(z/n).
Let us now evaluate the integrals in the right-hand side of (2.14) by
means of the Cauchy integral theorem.
CASE 1: x 2 n, z/n > 1. Consider the circle in the complex plane of

radius R = /B2 + a? centered at the origin and denote by C'Z the arc of this
that lies leftward to the line Re z = a. Being combined with an appropriate
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A

cB B

a

L/

FIGURE 1. Integration path in Case 1

segment L' = LZ this arc forms a closed integration path which includes
the origin for sufficiently large B (see Fig. 1). Then

2m—0

z 1 r4 1 L
/(w/n) Z—2dz < / (x/n) WLRe“adga

0

< (z/n)* [ % dp=O(1/R) = O(1/B).

By the Cauchy integral theorem,

1 1 1

o /(m/n)zﬁ dz + /(:c/ny;2 dz | = n(z/n).
e c?

The second summand in the left-hand side approaches zero as B — oo, and

the limit of the first summand is the desired integral over L,.
CASE 2: & < n, z/n < 1. Consider the integration path shown in Fig. 2:

It consists of the segment LZ (as in the previous case) and of the arc
|z| = R = V' B% + a? which is located to the right of L,. This is a closed
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A
B """"""" ’
S
NG _
NERr >
CB

FIGURE 2. Integration path in Case 2

path which contains no singularities of the integrand (z/n)*Z;. By the same
reasons as those used in Case 1, the integral in the right-hand side of (2.14)
is equal to zero for x < n.

Summarizing Case 1 and Case 2, conclude that

1 (:v/n)zz—l2 dz = {

In(xz/n), n <,

2L 0, n> .

L,

Plug in these expressions into (2.14) to obtain

1 (_ C’(Z)) % dz=Y" A(n)In(z/n).

Tm C(Z) nxr

a

By Proposition 2.6, the last expression is equal to 1;(35) O

§ 2.3. Riemann function: Analytic properties

1. Analytic extension of the Riemann function. Let us first state
a general observation that will be useful later. Suppose f(u, z) is a function
depending on a real variable u € [a,b] and on a complex variable z € D,
where [a,b] is an interval and D is a domain in C. Assume that for every
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u € [a,b] the function f(u,z) is analytic in z € D. In addition, suppose
that for every € > 0 there exists § > 0 such that

|Aul < 6, u+ Au € [a,b] = |f(u+ Au, 2) — f(u, 2)| < € (2.15)
for all z € D, u € [a,b]. Then

F(z):/bf(u,z) du

is an analytic function in z € D such that
b

F'(2) :/Wdu.

a

Indeed, the integral over [a,b] is a limit of a sequence of Riemann sums
N
Yy = Zf(uj,z)Au, Au =1|b—a|/N.
j=1

Each of ¥ is an analytic function in z € D. Condition (2.15) guarantees
uniform convergence (with respect to z € D)

b
N N F(z):/f(u,z)du.

The Weierstrass theorem implies F'(z) to be an analytic function such that
the derivative of F'(z) is the limit of ¥/, with respect to z. Every XYy is
equal to a Riemann sum for the function 0f/9z, and thus

b

) Of (u, z)
r )
A}lm SN _/75'2 du.

The following important statement says that the Riemann function de-
fined by (2.4) in the semiplane Re z > 1 may be analytically extended into
a wider region in which the series (2.4) is diverging.

Theorem 2.17. There exists a function ¢ (z) defined in the semiplane
Rez > 0, z # 1, such that ((z) = ((z) for Rez > 1. Moreover, ((z) is
analytic at all points of Re z > 0 except for a simple pole at z = 1, in which
Res,—1((z) = 1.
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PROOF. Denote p(u) = 1/2 — {u}, u > 0, where {u} = u — [u] is the
fractional part of a real number u, [u] is the largest integer not greater
than u.

Let us fix two natural numbers N < M and consider the following
expression:

M+1/2 M+1/2

I(NvaZ):: / i'f'zp(u) du = / %_’_deu

u? uz+1 uz+1
N+1/2 N+1/2
M+1/2 M+1/2 M+1/2
1—=2 1 z z[u]
= L/n e du +'§ E;II'dU'+ a;;ﬁrdu
N+1/2 N+1/2 N+1/2
My1/2 N
z[u]
. + du
z uz+1
N+1/2
N+1/2
M—1 ki1 M+1/2

z[u] z[u]
+ / pyp du + / pyp du
k=N+1 1,

1 M+1/2
uz—l‘

N+1/2 u

B 1 1/2 1/2
NUES (N+1/2) T Mt 1/2)7 T (N2
A[ JV M—1

k k M M
TINFLE T (Nt1j2) +k%:+1( (k+1)* +l~cz>(M+1/2)Z+MZ'

Reduce similar terms to obtain

1
1 1
I(N,M
(N, M, z) = (N+1 +k: +1< (k+1)? kz—1)+Mz_1

_N+1—1+ = Ckl-1 1y, 1
B (k+1)* T ) T

k=N+1

B 1 1, Z ( 1 )
- z—1 z—1 z—1
(N +1) (N+1 " 2 \k (k+1)

1
* Z k+1 T
k= N+1
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Finally,
M
1
I(N,M,2)= > =
k=N+1

Hence, if Rez > 1 then
N

1
() =D —+ lim I(N,M,z).
n=1

On the other hand, for Rez > 1
N +1/2)=#+1
lim I(N,M,z) = W+1/2)7 +z /
M—o0 z—1
N+1/2

Therefore,

N1 Wty T pw)

C<Z>:;§+T+Z / ot du, Rez>1, (2.16)
N+1/2

for every natural .

In (2.16), the first summand is an analytic function in the entire C, the
second one has a unique simple pole z = 1 (in which the residue is equal to
1), and it remains to analyze the third summand.

The integral in the last summand of the right-hand side of (2.16) may
be considered as a series:

%) ( ) N+1 ( ) N+2 ( )
plu _ plu plu
/ uz+1du— / Wdu—kfﬁdu—&—
N+1/2 N+1/2 N+1

On every interval of integration ([N +1/2, N + 1), [N + 1, N + 2), and so
on), p(u)/u*! is a continuous function. Moreover, for every s > 0, the last
series converges uniformly with respect to z in Rez > s, and the integrand
satisfies the condition (2.15). Hence, the third summand in the right-hand
side of (2.16) is an analytic function in Rez > 0 and

d [ opw), [ dpw
% / uz+1 du = / %u2+1 du
N+1/2 N+1/2

Thus, the right-hand side of (2.16) is the desired function ((z). O

In what follows, we will identify ¢ and (.
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2. Zeros of the Riemann function.

Lemma 2.18. For every s > 1 and for every t € R we have
1C3(5)CH(s + )¢ (s 4 2ut)| > 1. (2.17)
PROOF. Denote A = |¢3(s)(*(s+ut)((s+2:t)|. The Euler identity (2.7)

implies
—s —s—1 —s—2L -1
A=T[(L=p PL—p 1 —p ).
peP

Let us evaluate the natural log of the both sides of the last expression using
the well-known relation In |w| = Relnw, w € C\ {0}. Then

InA=-Re) (3In(1-p*)+4ln(l—p*~") +In(l —p *>")).
pEY

Recall that the Taylor series for In(1 — 2) in a neighborhood of z = 0 is
given by

This series is absolutely converging when |z| < 1. Apply this distribution
for z=p~ %, z2=p 7 and z = p s~ 2%

n n n

e —ns —n(s+et) —n(s+2¢t)
lnA:ZReZ(?)p 142 + 2 )

p€eP n=1

> —ns
_ Z Z p - (3 +4Rep "t + Rep—Qént)
peP n=1
X —ns
= Z Z p - (3 +4cos(ntlnp) + cos(2ntlnp)). (2.18)
peEP n=1

Note that
3+ 4cosf 4 cos(26) = 2(1 4 cosh)? > 0,

and thus all summands in the right-hand side of (2.18) are non-negative.
Hence, InA >0, ie., A > 1. O

Theorem 2.19. Riemann function {(z) has no zeros in the lineRe z = 1.
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PROOF. Let us estimate ((s) in a neighborhood of the pole z = 1,
namely, in the interval 1 < s < 2. It is easy to see that
o0
o0
1 1 2
Stars[La
— ns s —-1 " s—1
= 1

(since a right Riemann sum for a decreasing function is no greater that its
integral).

Assume ((1 + ¢t) = 0 for some ¢ # 0. Since ( is analytic at 1 + ¢¢, its
derivative is bounded in a neighborhood of this point. In particular,

C(s+et) — C(1 4 wt)
s—1

Hence, |((s + tt)| < C|s — 1].

Moreover, since ((z) is analytic, it is in particular continuous on the
interval z = s 4+ 2it, 1 < s < 2, and thus there exists a constant M, such
that [((s 4+ 2ut)| < M for 1 < s < 2.

Therefore, we have obtained the following estimates of the factors in
(2.17) for 1 <s < 2:

<0, 1<s<?2.

[C(s +ut)] < Cls —1],

IC(s + 2ut)| < M.
Then

= |¢(s)3C(s + ) (s +2ut)| < Cils—1] =0 as s—1+0,

where C] is a constant, but Lemma 2.18 implies A > 1 for all s > 1. The
contradiction obtained proves the theorem. ([l

3. Estimates of the logarithmic derivative. To prove the asymp-
totic law of distribution of prime numbers, we need an upper estimate of
the logarithmic derivative of Riemann function far off the pole z = 1. Let
us start with estimates of ((z) itself and its derivative. We have already
seen that [((s)| < 2/(s—1) for 1 < s < 2.

Proposition 2.20. There exist constants Cy,Cy > 0 such that

(1) [¢(s +et)| < CrInt],
(2) I¢'(s+ Lt)\ < Caln? |t
for 1 <s<2, |t >
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PROOF. (1) The explicit expression for (s + ¢t) is given by Theorem
2.17:

1—s—t s
C(s+ ut) stﬂt V+1/2) + / s+ )p(u) (2.19)

s—14ut ystitet
N+1/2
Suppose N = [|t]], and estimate the absolute values of all summands.
First,
N
N 1 dzx
<Y o<1+ [ — =1+l N<I+hft.
kT T
k=1 1
Next,
(N + 1/2)1—5—Lt 1
s—1+ut N
since s > 1 and |s+ut — 1| >
Finally,
[ (s+t)pu) [d H_ 2+
s+ ut)p(u U s+t + |t
BT qu| < t = < <C
/ wrrtr 2] S (s 1) / wtt st = 1) 7 -1
+1/2 [t]-1

since N+1/2 > |¢| =1, |s+ ut| < s+ ||, and s <

Therefore, the absolute value of the right- hand side of (2.19) does not
exceed B+ In|t| for some constant B (B does not depend on s and t). But
B+ n|t| < (B+1)In|t| since In|t| > 1 for |t| > 3.

(2) The derivative of (2.19) may be evaluated in the termwise way since
the improper integral in the third summand is uniformly converging. Thus,

N oo
Ink d(N+1/2)'* d zp(u)
! _ I S Sy A I
) = — k* + dz z—1 + dz / urtt du.

N+1/2

As above, let z = s +1t, N = [|t|]. The second and third summands in
the right-hand side of the last expression are bounded (as it was shown in
the proof of (1)). To estimate the first summand, consider the integral over

1
[3,00) of the function ﬂ, which is decreasing on x > 3:
x

N N
Ink In2 9
< — — < CIn" N.
321 s 5 + Cln

k=3
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Hence, there exists a constant Cy > 0 such that (2) holds. ]

Proposition 2.21. There exist constants Tg > 3, C3,Cy > 0 such that
(1) [¢(s+et)] = Csn ™34 |t] > C5In =8 J¢],
! t
(2) dls+a) < Cyln' |t
(s +1b)
for 1 <s<2,|t| = To.

PRrOOF. (1) Recall the inequality deduced in the proof of Theorem 2.19:
1C(5)3¢(s + tt)*¢(s 4 2ut)| > 1.

It holds for s > 1 and for all real ¢, in particular, for |t| > 3. Moreover,
C(s)<2/(s—1) when 1 < s<2.

By Proposition 2.20(1), |{(s + 2:t)| < C1In(2]¢]) < 2C; In|t| for s > 1,
|t| > 3. Hence,

—3/4
0 2 6 s -2 2 0 (F27) T w vy

for 1 < s < 2, |t| > 3, where C is a constant which does not depend on s
and t. Let us fix ¢, [t| > 3, and consider the interval 1+ < s < 2, where

2

= m
In this interval,

IC(s + ut)| = CIn ™34 ).

It remains to estimate from below the quantity |((s + ¢f)| in the interval

1 < s <1+44. Proposition 2.20(2) allows to estimate an increment of ((z)
in this interval:

1446
_ = ! < !
st =gl tat)l = | [ Cd| <8 max (o)

<2In~ 0 [t|Co In? [t] = 2C5 In~8 [t].
Therefore,
(s + )] > [C(1+ 8+ ut)| = 2C2 I~ [t > CIn™*V/* |t — 2C, In~® |¢].

Since —31/4 < —8, for any constants C' and Cs the second summand in
the right-hand side becomes negligible for sufficiently large |t|. Hence, there
exists Tp > 3 such that

C(s+et)| = (C/2)In 34 |t
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for |t| = Tp.
(2) This estimate immediately follows from (1) and Proposition 2.20(2).
]

4. Proof of the Prime Number Theorem. Now we are ready to
complete the proof of the main statement of this chapter.

Theorem 2.22. The function w(x) is asymptotically equivalent to

z/Inz.

PrOOF. By Theorem 2.4, it is enough to show that lim M =

r—00 I

Theorem 2.16 implies

Pen ) (65) =

L,

for every £ > 1, a > 1. Here L, stands for the line Re z = a, integration is
made from a — too to a + too.

Choose real numbers U > T > T, where Ty is the constant from
Proposition 2.21.

Since z = 1 is a simple pole, there exists a neighborhood Us (a circle
|z — 1] < ) in which |{(2)| > 0.

Note that the region

W={z€C|1/2<Rez<1,|Imz|<T, |z—1] 2} CC

may contain only a finite number of zeros of the Riemann function. Other-
wise, if there are infinitely many zeros in a closed bounded region W, the
set of zeros has a condensation point in the same region W. Then the
well-known uniqueness theorem of an analytic function implies ¢ to be zero
on W, which is not the case.

Therefore, for every T' > 0 there exists n > 0 such that

S(T,n)={2€C|1—-n<Rez<1,|Imz| <T}

contains no zeros of the Riemann function.

Consider the integration path I' shown at Fig. 3. It depends on three
parameters a, U, and T, where 1 < a < 2, U > T > Ty, and on the quantity
1 > 0 which is chosen in such a way that the interior of I' (and T itself)
does not contain zeros of the Riemann function.
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A _ 2
A
3)
(4)
)
) o
1 a -
v@
3)
2)

FIGURE 3. Integration path I'

Consider the integral
/ z—1
= L [(-<@y e,
27 C(z) ) =22
r

The only singularity of the integrand inside the closed path I is at the point

z =1, and
] C/(Z) xzfl B
Res,=1 (— C(Z)> o= 1. (2.20)

By the Cauchy integral theorem, I =1 for all a, U, T'.
Let us now present the integral I as a sum of five integrals over straight
segments (1)—(5) of the path I" (see Fig. 3):

I=5L+L+1Is+1,+I; (2.21)

(for k = 2,3,4, Ij; contains integrals over both segments (k)). Let us con-
sider these segments separately.
SEGMENT 1. As we have already mentioned,
()
pa

lim Il =
U—o0
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SEGMENT 2. By Proposition 2.21(2),

L] < 2= /0110U A
<2— n"U———ds
2 2 4 s2 + U2
Hence, || = O(In** U/U?), i.e
lim I, = 0.
U—o0
SEGMENT 3. By Proposition 2.21(2),
Cy 1n10t ¥
5] < /‘LHQ C/ﬁﬂ_ TW

(since In** ¢/t'/2 is a bounded function). Note that the constant C' does not
depend on z.

SEGMENT 4. Segments (4) and (5) form a compact set, on which {(z) is
a nonzero analytic function. Hence, its logarithmic derivative is continuous
on these segments. By the Weierstrass theorem on a continuous function,
there exists a constant M = M (T, n) such that

¢'(2)
< M(T,
(o | SMEN
Then
Lo st M(T,n) / C
T ) 11 s—1
<2— < < —.
|I4|\227r /M(Tan)52+T2 dS\ T2 /LL’ ds\l
1-=n 1-n

The constant C' in this expression depends on T and 7, since it is propor-
tional to M (T, n).
SEGMENT 5. By the same reasons as for the previous segment,

[I;] < Ca™,
where C' depends on T and 7.

Now, evaluate the limit of (2.21) as U — oc:

I=1= @Lm+h+h+h
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where Jp = lim Iy. As it was shown above,
U—oo

1
sl < 2075,

C(T,n)
Inx
|Js| < C(T,m)x™".

|4 <

)

Hence, for every small € > 0 one may choose T such that |J3| < /2. For a
given T, the quantities C' and C are fixed, so

| s + |J5] < €/2
for a sufficiently large x.

Finally,

1—

) xr
YO )+ 1l + 15| < <

for a sufficiently large x. O

Corollary 2.23 (Asymptotic formula for nth prime). Let p,, n =
1,2,3,..., stand for the nth prime number (p; = 2, po = 3 and so on).
Then

Pn ~ nlnn.

PROOF. By the definition of 7, 7(p,) = n. Moreover, the Euclid theo-
rem implies p,, — o0. By Theorem 2.22,
n—oo

Pn_(14+R,), lim R,=0.

In Pn n—00

n= 7T(pn) =

Then
Inn=Inn(p,) =lnp, —Inlnp, +1In(l + R,).
Multiply these expressions to obtain
lnp, —Inlnp, +In(l + R,)

nlnn =p,(1+ R,) np .

It is easy to see that

=(1+R,) (1 -

nlnn

Inlnp, In(l+R,) o1
Inp, Inp, n—00

Pn
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§2.4. Problems
(1) Prove that

Z lnip =Inz+ O(1).

pEP,ps
(2) Show that there exists a constant C' > 0 such that

1
E —=C+In(lnz) +0(1/Inx).
pEP,psz

(3) The famous Riemann hypothesis states that all zeros of {(z) in the
semiplane Re z > 0 lie in the line Rez = %
Assuming Riemann hypothesis is true, prove

O(z) = 2+ 005, n(z) = In(z) + O(a*+0?)

for every € > 0.



CHAPTER 3

Dirichlet Theorem

In this chapter we prove the famous Dirichlet theorem on the number
of primes in an arithmetic progression with coprime difference and the first
member. We start with the structure and properties of finite abelian groups.

§3.1. Finite abelian groups and groups of characters

1. Finite abelian groups. Recall that the set G with an algebraic
binary operation “” is called a group (we often omit “” and write g1¢2
instead of g; - g2), if the following axioms are satisfied:

(a) for every a,b,c € G the identity (a-b)-c=a- (b- c) holds;
(b) there exists e € G such that for every a € G we have a-e = e-a = a,
such element e is called the identity element or the neutral element;
(c) for every a € G there exists a™! € G such that a-a™' =a~'-a =,
such a~! is called the inverse element.
If an additional axiom of commutativity holds:
(d) for every a,b € G we have a-b=10"a,
then the group is called abelian. If G is abelian, then the additive notation
is used very often, so the operation is denoted by “+4”, the identity element
is denoted by “0”, and the inverse element is denoted by “—a”. By |G| we
denote the cardinality of G.

A one-generated group is called cyclic, i.e. a group G is called cyclic
if there exists a € G such that G = {a™ | n € Z} (in additive notation,
G = {na | n € Z}. Notice that for every group G and for every g € G the
set {g™ | n € Z} appears to be a subgroup of G. This subgroup is called the
cyclic subgroup generated by g and is denoted by (g). The cardinality |{(g)]|
is called the order of g and is denoted by |g|. Clearly (Z,+) is an infinite
cyclic group and, for every n € N, (Z,,,+) is a finite cyclic group of order n.

EXERCISE 3.1. Let G be a group and g be an element of G. Then the
following hold.

56
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(1) Either |g| = oo, or |g| is the minimal positive integer k such that
k
g =e.

(2) If |g| = oo, then (g) ~ Z; if |g| = n, then (g) ~ Z, .

(3) If g™ = e, then |g| divides m.

(4) If g1, g2 € G are chosen so that g1-g2 = ¢2-g1, and (g1)N{ga2) = {e},
then |g1 - g2| = lem(|g1], |g2]). In particular, if |g;|, |g2| are coprime
then [g1 - g2| = [g1] - |g2-

If G4,...G, are groups, then

G1X...XGn:{(gl,...,gn)|91€G1,...,gn€Gn}

with coordinate-wise multiplication is called the direct product of Gy, ..., G,.
If G is abelian and G4, .. ., G, are subgroups of G, then the set G1-...-G,, =
{91+ gn |91 €G1,...,9n € Gy} forms a subgroup of G.

EXERCISE 3.2. Let G be an abelian group. Assume that subgroups
Gy, ...,G, of G satisfy to the following
1) G=Gy-...-Gy.
(2) for every i we have G;N(G1-... - Gi—1-Gip1-...-Gy) = {e}.
Then G ~ G X ... X Gy. In such case G is also called a direct product of
subgroups G1,...,G,.

Hint: Prove that conditions (1) and (2) are equivalent to the statement
“for every g € G there exist unique g; € Gi,...,9, € G, such that g =
g1 .- Ggn’.

The proof of the following theorem can be found in many algebra text-
books and we do not provide the proof here.

Theorem 3.3. Let G be a finite abelian group. Then there exist
di,...,dy, € Nsuch that G >~ Zg, X ... X Zq, . Moreover such d; ...,d, can
be uniquely determined by the following condition: for everyi=1,...,n—1,
di divides diJrl.

Recall that by Z; we denote the (multiplicative) group of invertible
elements in Z,,.

EXERCISE 3.4. Prove that |Z}| = ¢(n), where ¢(n) is the Euler func-
tion. If n = p{* - ... pp* is the canonical decomposition of n into the
product of primes, then ¢(n) = ¢(pi"*) - ... p(pp*) and for every prime p
and positive integer k, p(p*) = p* — pF~L.

IRecall that groups G, H are isomorphic if there exists a bijection ¢ : G — H
preserving operation, i.e. ¢(g1 - g2) = ¢(g1) - p(g2).
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Hint: Prove that ¢ o I = E, where I(n) = 1, E(n) = n for all natural

n. Here ”70” stands for the convolution product of arithmetic functions
mentioned in Chapter 2.

2. Characters. Let G be a finite abelian group. A homomorphism?
x : G — C* is called a character of G. The set of all characters of G is
denoted by G. Define a multiplication on G by

for every x1,x2 € G and g € G we have (x1 - x2)(9) = x1(9) - x2(9)-

Theorem 3.5. G is an abelian group. Moreover, G and G are isomor-
phic.

ProoF. The multiplication on G is clearly an algebraic operation, and
it is associative and commutative (we leave the proof for the reader). Denote
by Xe the principal character, it is defined by x.(g) = 1 for all g € G. Tt
is immediate that y. is the identity element of G. For every x € G define
X! by x71(g9) = 1/x(g). Evidently, x~! is the inverse element for . Thus
G is an abelian group.

In view of the theorem about the structure of finite abelian groups
(Theorem 3.3) we have G = (¢1) X ... X (g,) for suitable g1,...,g, € G.
Denote |gx| by hi, let e = exp(zh—’:). For k = 1,...,r define the map
Xk : G = C* by xi(gi*...9%") = epF. It is straightforward that x; is a
character of G for k = 1,...,r. It is also clear that xx, X3, ... ,sz = Y. are
distinct characters, since their values on g, are distinct.

Consider the map ¢ : G — G defined by © gyt gl = XY
By the definition, ¢ preserves the multiplication. The map ¢ is clearly
injective: if e # x € G, then = g7* ... g% and there exists a; such that
gp* # e; therefore

Pa)(an) = (63" )an) = oxp (25670 ) 21,

In order to prove that ¢ is surjective note that g,i”“ = e implies X(gZ’“) =

x(gx)™ = 1forevery x € G. Hence, x(gx) is a complex root of unity of order
hi, and thus x(gx) = €;* for appropriate aj. It is straightforward to check
that x(g) = (x1*...x%)(g) for all g € G. Therefore, x = x{*...x% =

- X

2Homom07“ph,ism of groups is a map, preserving the operation. Namely, the map
¢ : G — H is called a homomorphism, if for every gi1,g2 € G we have p(g1 - g2) =
©(g1) - v(g2)
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©(g7t ... g% ), and ¢ is surjective. This completes the proof of the theorem.
O

EXERCISE 3.6. Check all technical statements in the proof.

REMARK 3.1. Theorem 3.5 is a particular case of Pontryagin duality
between discrete and continuous abelian groups. The group of characters
G can be considered as a dual group for G and x1,..., X, is the dual basis
for g1,..., gr.

In the proof of the theorem we also derive the following

Corollary 3.7. For every nonidentity g € G there exists xg € G such
that xo(g) # 1.

In the theory of characters for finite groups the following proposition
plays an important role.

Proposition 3.8. (Orthogonality relations) The following hold
(1) for every x € G we have
1G], i X = Xes
S ={ 9]
= 0, 1f' X# Xe-
(2) for every g € G we have
1G], if g=e;
ZX(Q) a { 0, if g+#e.
XEG

PrOOF. Clearly we need to proof the first identity in case x # Xx., and
the second in case g # e.
(1) If x # Xe, then there exists go such that x(go) # 1. Then

> xl9) = xlgg0) = | D x(9) | x(g0),

geG geG geG

80 > ,eqx(g) = 0.
(2) If g # e, then Corollary 3.7 implies that the existence xo such that

Xo(g) # 1. Then

> x9) =Y (xox)(@) = | Y x(9) | xol9),

XECAYV XE@ Xeé
so 3 caxlg) =0. O
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3. Characters modulo m. Consider G = Z},. Denote by 7 the resid-
ual of n modulo m. Then each character x € G can be extended to an
arithmetic function x : N — C by

_ X(ﬁ)a if ng(nam) =1
X(n) = { 0, otherwise. (3.1)

This construction lead us to the notion of a character modulo m. More
formally, an arithmetic function x : N — C is called a character modulo m,
if the following conditions are satisfied:
(1) x(n) # 0if ged(n,m) = 1;
(2) x(n) =0 if gcd(n,m) > 1;
(3) x(n1) = x(n2) if n; = ng (mod m);

(4) x(ninz2) = x(n1)x(n2) for all niny € N.

Define the set of all characters modulo m by G,,. It follows by definition
that each character modulo m is a character of Zj, extended to all posi-
tive integers by using (3.1). So the following proposition is an immediate
corollary to the properties of characters of finite abelian groups obtained
above.

Proposition 3.9. The following hold

(1) There exist exactly p(m) distinct characters modulo m.
(2) All characters modulo m forms a group G,, under usual multipli-

cation: (x1-x2)(n) = x1(n) - x2(n).
(3) If Q,, is a full system of residuals modulo m, then

Z X(n) :{ (p(m()): ifX:X€7

otherwise.
neQ,

(4) For every n € Z we have

Z (n) = { p(m), ifn=1(mod m),

0, otherwise.

§ 3.2. Dirichlet series

1. Convergence of L-series. Given y € G,, define an L-series L(z, x),
where z € C, by

L(z,x) =) XSZ)- (3.2)
n=1

The series L(z, x) is called an L-series of character x.
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Theorem 3.10. Let x be a character modulo m. Then the following
statements hold.

(1) The series L(z,x) is absolutely converging for Rez > 1.

(2) If x # Xe, then L(z,x) is uniformly converging in every compact
domain of the semiplane Re z > 0.

(3) If x = Xe, then L(z,x) is uniformly converging in semiplane
Rez > s for every s > 1. Moreover, L(z,x) possesses an ana-
lytic continuation in domain Rez > 0, z # 1 with the unique
simple pole z = 1.

PROOF. (1) is evident, since |x(n)| < 1.
(2) Consider the series

L(z,x) = Z X(’Z>7

n

set s(x) == 3, <, X(n). The main idea of the proof comes from the harmonic
series. In view of Proposition 3.9(3) we have

Moreover, for every ¢ € N we have > ;" x(¢gm + k) = 0. Therefore, for
each N € N the inequality

1> x(k) <m (3-3)

holds.
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Now consider x(n) = s(n) — s(n — 1). We obtain

N N
s(n) —s(n—1)  s(N) s(N—1)
o T;l n? -~ Nz  N= +
s(N—-1) s(N-2) s(2)  s(1) | s(1)
(N—l)z a (N—l)z LR R ER A T

N-1 n+1 P
xz+1d -
n=1
N-1 1
S(N)+ Z./n-ﬁ- s(x) dz
Nz — n QZ‘Z+1 )

in the last step we use the identity s(z) = s(n) for « € [n,n + 1). Set

n+1
s(x
I,(2):=z- /n x£+)1 dz.

Now we can bound |I,,(z)|. In view of (3.3) we have

n+1
m m|z| 1 1
L) < |2 - do= ™A (L _
@<kl [ =" (Lo )

Therefore
N—
Z m\z| 17L - m|z|
Ns s

so the series L(z, ) is uniformly converging.
(3) The series L(z, x.) is absolutely converging for Rez > 1, so

(2, Xe) i =11 (i Xe(0?) -pdz> =

n=1 peP \d=0
[[a=xe@-p"= ] A=-p)"
p€eP pEP,ptm

whence Euler identity (see Theorem 2.13) implies that the following identity
holds

Lzxe) - [ =p7)7" = (). (3.4)

pEP,p|m
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We can define now L(z, x.) on Rez > 0 by

L(z,xe) =C¢2)- | ][] =77,

whence item (3) of the theorem. O
Lemma 3.11. Set
L(Zma) = H L(27X)'
xXE€EH

Then for Rez > 1 the series L(z, Gy,) can be written in the following form
(o)
>
z )
n=0 n
where every a, is a nonnegative integer and, moreover, if n = k#(™) and
(k,m) =1, then a,, > 1. Moreover,

Lz G)®) = (—1)p 3 @lnn)®

n=1

Jk=1,2,...
nZ
PrROOF. The statement about derivations follows from the fact that the
series
oo
an
"z
n=0

is absolutely converging for Rez > 1 (as a product of a finite number of
absolutely converging series). Thus we need to show that

L(zGn) =Y 2.
n=0 n

Since x is multiplicative for every x € G,,, Lemma 2.7 implies that

sen=I1(-37)

peP

Therefore,

L(z,Gm) =[] H<1—X]§f)>1:1'[ 11 (1—’2513))1,

x€H peP peEP xeG,
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where we change the order of multiplication, since G, is finite and
m(-27)
peP

is absolutely converging.
For every p € IP denote by f, the multiplicative order of p in Zj,, i.e.
the minimal positive k& with p* = ¢ (mod m). Then

1= x(1) = x(p) = x(n)’r,

so x(p) = exp(2mek/fp) for some k = 0,1,..., f, = 1. It follows that the
map

Y : Gy — C*
acting by

¥ ix = x(p)
maps G, into {exp(2mk/f,) | k =0,1,..., f, — 1}. Clearly ¢ is a homo-
morphism. Notice that v is surjective. Indeed, we can define a character
Xp on a power of a prime ° by

exp(2me/fp)®, ifr=p
Xp(r®) = 1 ifr#pand(r,m)=1
0 if r divides m,

and extend it on all integers by multiplicativity. Then (x,) is a subgroup
of G, and ¥((xp)) = {exp(2mek/f,) | k = 0,1,...,f, — 1}. So the ker-
nel of ¢ has order |G,.|/fp, = w(m)/f, = gp. It follows that for ev-
ery k = 0,1,..., f, — 1 there exists exactly g, characters x € G,, with
X(p) — exp(2mik/ fp,). Therefore, a polynomial

IT @ —xwn

XEGm

equals (1 — tf»)9. Thus
L(z,Gp) = H (1 7p7fpz)7gp'
pEP;(p,m)=1
Now the Taylor series for (1 — 2)~9 equals

= g+k—1 Jk

Z —1)k! ’
=0
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and the series is absolutely converging for |z| < 1. Since [p~/#*| < 1, we can
apply the Taylor series to the expression of L(z,G,,). We obtain

o0 o0
—fpy— (gp+k—-1! ;% Up,k
(17p fpz) gp:zip fpz:Z ?
—1)1%! kz
k=0 (gp — L)!! i P
where
0, if k is not divisible by fp,
Up,k = —1)! .
P (f;ptrl)h.)! ) ifk=r- fp.
Since for every p € P the series
o0
>
k
i

is absolutely converging, we obtain the following identity for every N:
> a
[I a-plez)yo=>" et
p<N;(p,m)=1 n=1

where

" _{ 0, if (n,m)>1,
" Upy ke * - Upy ey if(n,m):landn:p’fl-...~pé’”.

Consider 1 < s € R. Then L(s,G,,) is converging. On the other hand, for
every M,

so the series

is converging, and so the series

is absolutely converging for every z with Rez > 1. It follows that

L(z,Gp) = i %”

n=1
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where the coefficients a,,-s are defined above. From the definition we obtain
that a, are nonnegative integers. Since f, divides ¢(m), we obtain that
an # 0, if n = k*™ for (k,m) = 1. O

2. Landau Theorem. Consider

L(z) := L(2,Gn) = L(z, xe) - H L(z, x).

XEGm\{Xe}

Theorem 3.10 implies that L(z, x.) is analytic in semiplane Rez > 0 with
a unique simple pole z = 1, while each L(z, x) for x # x. is analytic in the
semiplane Rez > 0, i.e. HXeGm\{Xe} L(z,x) is analytic in the semiplane
Rez > 0. Thus L(z) is analytic in the semiplane Re z > 0 with one possible
simple pole z = 1. In order to prove that z = 1 is indeed a simple pole for
L(z) we need to prove that for every x € G, \ {x.} we have L(1,x) # 0.
The next theorem helps us to prove the desired statement.

Theorem 3.12. (Landau Theorem) Assume that a function F(z) is
analytic in Rez > 0 and suppose that for Rez > 1 we can write F(z) as a

series
(o)

an

F(z) = — 3.5

@=2 (35)

where a,, > 0 for every n. Assume also that in the semiplane Rez > 1 we

have

= Inn)*
FRY () = (—1)k L
(2= (1 3 =T

i.e. series (3.5) can be differentiated term by term in the semiplane Re z > 1.

Then the series Y~ | %= is converging in the interval s € (0,2).

PRrROOF. We consider the Taylor series for F(s) about s = 2:

k)
Fis)=3 E B (s g (3.6)

k=0

The Taylor series of an analytic function is converging in the circle of radius
r centered at sy, where r is the distance to the nearest singular point, i.e.
series (3.6) is converging for every s € (0,2). Now

(k) i »(In n) ’

n=1
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hence

o= (—=1)F  a,(Inn)k
k=0n=1

The series is converging, moreover, (—1)* and (s —2)¥ for s € (0, 2) have the

same sign, so all terms in the series are nonnegative. Therefore the series

is absolutely converging and we can change the order of summation. So we

obtain

= (=1D)*  a,(lnn)*

k! n?
n=1k=0
= Gn [ x= (Inn)E(2 — 5)k
> (3 =t -
n=1 k=0

// the inner sum is equal to exp((2 —s)Inn) =n?"%// =
a

and the theorem follows. O
Now we can prove that for every x € Gy, \ {x.} we have L(1,x) # 0.
Corollary 3.13. If x € G, \ {xe} then L(1,x) # 0.

PRrROOF. Assume that L(1,x) = 0. Then L(z) = L(z,Gy,) is analytic
in the semiplane Re z > 0. Moreover,

Lz) =Y =,
n=1

where a,, > 0 and further a,, > 1 for n = k¥(™) and ged(k,m) = 1. Every
series L(z,x) is absolutely converging in the semiplane Rez > 1, so L(z)
is absolutely converging for Rez > 1. Therefore the series L(z) can be
differentiated term by term any number of times. By the Landau theorem
the series
o0
n

ns
n=1

is converging for 0 < s < 2. For n = (km + 1)?(™) we have a,, > 1, so
N_q
N (-1 1

an 1
— z/[fors=—+=//2> )
nz::l ns /[for s <p(m)// kz::l km+1 Nose
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a contradiciton. O

3. Proof of the Dirichlet Theorem. First we recall the statement
of the theorem.

Theorem 3.14. (Dirichlet Theorem) Assume that a,m are natural
coprime numbers.

Then there exist infinitely many primes of the form a + km, or, equiv-
alently, there exist infinitely many primes p such that p = a (mod m).

PRrROOF. Consider the series

Ly =S A
n=1

n
where x € G, and Rez > 1. First we prove that

Si,X@Ué;Kn)7 (37)

n=1

1 J—
L(z,x)

where p(n) is the Mobius function. Indeed, the series Y -, x)p() apq

nz

S X(1) are absolutely converging, therefore by Lemma 2.10 we have

(i x(n)> | (i x(n)~u(n)> _ 3= oGty

n=1 n=1

Now xo(x-u)=(x-I)o(x-pu) = x-(ou), and the Mdbius inversion
formulae (Lemma 2.11) implies that Topu=e,s0 x- (Iou) =x-e=e, so
we get (3.7). For Rez > 1 we have

L'(z,x) = — Z W

n=

L'(z,x) _ [~ x(n) - pu(n) o~ X(n)Inn) _
L(z,x) (Z n? ) ' <_Z n? ) -

n=1

—

nZ nZ =

> -In) o (y - n = - (Inow))(n
_Z((X ) o (- m)( ):_Z:I(X (Inop))(n)

//Lemmas 2.11 and 2.14// = — i w,
n=1
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where A(n) is the von Mangoldt function, i.e. we obtain the identity
Lieo) 3 oA
L(z,x) —  nF

By definition we have x(p*) = x(p)* and x(p) # 0 if and only if ged(p, m) =

1. Therefore

x(p
9 Sl kz =
peP k=1
/ /the series is absolutely converging for Rez > 1,

S0 we can change the order of summation// =

I I

k=1 pelP peP k=2 pelP

Denote the second summand by R(z, x). We show that R(z, x) is absolutely
converging for Rez > % + ¢ for every € > 0. Indeed, we need to show that
the series

>y (42)

is absolutely converging, since in this case we can change the order of sum-

mation and derive that R(z,x) = > o, > pep = pkzl P is absolutely con-
verging as well. Now we have
1
Sy (W) - T
(p)

peP peP 1 - %
Since |1 — %| > 11— ﬁ\, we have

1 x(p)? 1 Inp 1 4Inp

np p22 1_ % ~ p1+25 |1 _ %‘ p1+25’

and thus we obtain that the series R(z,x) is absolutely converging. By
the condition of the theorem gcd(a,m) =1, so we can choose b so that
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b-a=1(mod m). Then we have
(Ve
2, X0 ( L(Z»X)>
I PR CRLCIE

XEGm peP XEGm
Inp
= D x)-xp) | + > x(b)- Rz, x) =
p€eP p XEGm X€Gm
//recall that Z x(bp) equals p(m)
XEGm

if bp = 1 (mod m) and 0 otherwise // =

> AL S ) R

pEP,p=a (mod m) XEGm

The second summand is analytic for Re z > % If the theorem is false, then

the first summand is finite and therefore it has a precise value for z = 1.
On the other hand,

. L/(ZaX) _ L/(Z,Xe) . L/(Z,X)
X; xP) <L(z,><)) © L(2xe) +XGG§\:{X6}X@ (L(Z,X) )

By Theorem 3.10 and Corollary 3.13 we obtain that the second summand
is bounded for z = 1, while for the first summand we have

LX) iy
L(Z;Xe) =1 (L( ’Xe))a

and In(L(z, x.))" has a pole at z = 1 since L(z, x.) has a pole at z = 1. O




CHAPTER 4

p-adic numbers

§4.1. Valuation fields

1. Basic properties. Let F be a field and v : FF — R a map from F
to the field of real numbers. Then (F,v) is called a valuation field, while v
is called a wvaluation of F, if
(1) For every x € F we have v(z) > 0 and v(z) = 0 if and only if
z=0.
(2) vz +y) <v(r)+v(y) (triangle inequality).
(3) v(z-y) = v(@) - v(y).
We collect evident properties of a valuation in the next proposition.

Proposition 4.1. Let (F,v) be a valuation field. Then v(1) = 1,
v(—1) = 1, and, for every x € F* and every k € Z we have v(z*) = (v(x))*.

PROOF. Since v(z) = v(z - 1) = v(x) - v(1) we obtain that v(1) = 1.
Now v(—1)2 = v((=1)?) = 1 and v(—1) > 0, whence v(—1) = 1. We also
have 1 = v(1) = v(z-27 1) = v(z)-v(z~ ), sov(z~}) = ﬁ The remaining
statement follows immediately. |

If F is the field of rationals, then we can define the following valuations:
0, ifx=0,
(1) v(x) = { 1, otherwise;

over arbitrary field).

(2) va(z) =|z|* for 0 < a < 1.

(3) vpp(x) = p»®) | where 0 < p < 1, p is a prime, and v,(z) € Z is
given by the identity z = p*»(®) . %, where p does not divide a - b,
and vy, ,(0) := 0; the p-adic valuation.

the trivial valuation (it can be defined

EXERCISE 4.2. Check, that all defined above valuations satisfy to the
definition. Can « be greater than 1 in item (2)? Can « be less, than 0 in
item (2)?

71
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Clearly, every valuation defines a topology on F. Namely, we can define
an open sphere of radius € € Ry centered at a € F' by

B.(a)={z € F|v(a—1z) <&}, (4.1)

and consider the family of all such spheres as a basis of a topology. It is clear
that F' with the topology is a Hausdorff space. Moreover, the operations
“47 “” (considered as maps F' x F — F) and “~”, ~1 (considered as maps
F — F) are continuous. In particular, F' is a topological field.

EXERCISE 4.3. Prove that all operations are continuous maps. Prove
that induced topology is a Hausdorff space.

Let (F,v) be a valuation field, a € F. A sequence {a,}n>1 is said to

converge to a (under the valuation v, we use notation a, a a), if
v

nh_}rr;o v(a, —a) =0.

The following basic properties of limits hold.

Proposition 4.4. The following identities hold:

lim (a, £b,) = lim a, + lim by,;
n—oo n—oo n—oo

lim (a, - b,) = lim a, - lim by;
n—oo n—oo 1 n—oo
. _1 _ .
lim a," = (hm an) ,
n—oo n—oo

where lim a, and lim b, are assumed to exist and, in the last identity all
n—oo n— oo

an-s and lim a, are assumed to be not equal to 0.
n— oo

EXERCISE 4.5. Prove Proposition 4.4.

Let F be a field and vy, v2 be its valuations. The valuations vy, vy are
called equivalent (v1 ~ vq), if, for every sequence {a, }n>1, we have

{an}tn>1 = a <= {aptn>1 — a.
(v1) (v2)

Lemma 4.6. Valuations vi,ve of F' are equivalent if and only if for
every x € F' we have vi(z) < 1 & va(x) < 1.

PRrROOF. Assume that v; and vs are equivalent. Then for every z € F

the inequality vy (z) < 1 is equivalent to z" (—>) 0. Since v; and vy are
v1

equivalent, it follows that =™ (—>) 0, so va(z) < 1.
va
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Now we prove the converse statement. If v; is trivial, then vy, clearly,
is also trivial and the claim is evident. Assume that vy is nontrivial. Then
there exists € F such that vy (x) # 1. By Proposition 4.1 we obtain that
either vy (z) > 1, or v (1) > 1. Without loss of generality we may assume
that v1(z) > 1 (and so va(z) > 1). Choose a sequence {a,}n>1 such that

an (—>) a. Therefore, for every m € N, we have z™ - a, (—>) ™ - a, ie.
U1 v
vi(x™a, —2x™a) — 0. Now denote va(z) by « (recall that vy(z) > 1).

n—oo

Then for every € > 0 there exists M € N such that for every m > M we
have 1 < e.
Since v1(z™a, — x™a) — 0, it follows that there exists N € N such
n—oo

that for every n > N we have vi(2™a,, — 2™a) < 1. The condition of the
lemma implies that for every n > N the inequality ve(z™a, — z™a) < 1
holds. Thus we obtain that for every n > N the inequality vo(2)™ - ve(a, —
a) < 1 holds. Hence, for every n > max{M, N} we have va(a, —a) < e, i.e.
a, — a. Theimplication a,, — a = a,, — a follows by the symmetry. [
(v2) va) (v1

Corollary 4.7. Every valuation v, of Q, where 0 < o < 1, is equivalent
tovi(x) = |z|. If p is a fixed prime, then for every 0 < p < 1 all valuations
Up,p are equivalent, the corresponding equivalence class is denoted by vy,. If
D, q are distinct primes, then v, , and vg , are not equivalent. Moreover, v,
and v, , are not equivalent.

EXERCISE 4.8. Prove Corollary 4.7

The topology induced on Q by a p-adic valuation is called a p-adic
topology. The p-adic valuation of a number grows with the power of p

in denominator. For example, if a, = p™, then a, — 0. Valuation
n—oo

fields (F1,v1) and (Fa,vq) are topologically isomorphic, if there exists an

isomorphism of fields ¢ : F; — F» such that for every sequence {ay}n>1,

an (—>) a if and only if ¢(ay,) (—>) ©(a). In particular, if F} = F = F,
V1 V2

then vy ~ vy if and only if (F,vy) is topologically isomorphic to (F, ve) with

isomorphism Id, where Id is the identical map.

EXERCISE 4.9. Prove that (Q,v,) is not topologically isomorphic to
(Q,vq) for distinct primes p, g.

We say that a valuation field (Fy,v1) can be embedded into a valuation
field (F3,vs), if there exists an injective homomorphism ¢ : F; — F5 such
that the restriction of vy on ¢(F}) coincides with vy.
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2. Valuations over rationals.

Theorem 4.10. (On valuations over rationals) Let (Q,v) be a valua-
tion field. Then either v is the trivial valuation, or v = v4, Or v = Uy ,.

PRrROOF. If v is the trivial valuation, we have nothing to prove. Assume
that v is not trivial. Then there exists n € N such that v(n) # 1. Indeed,
since v is nontrivial, there exists % € Q such that v(%) # 1. Hence either
v(p) # 1, or v(q) = v(é)*l # 1. Now p,q € Z, hence for some p € Z, we
obtain v(p) # 1. By Proposition 4.1 we have v(p) = v(—p), so there exists
n € N such that v(n) # 1. Now one of the following two cases holds: either
there exists n € N such that v(n) > 1, or for every n € N the inequality
v(n) < 1 holds. Consider these cases separately.

Case 1. There exists n such that v(n) > 1. We have

vin)=v(l+...+1)<1+...+1=mn,

n times n times

so there exists a € (0, 1] such that v(n) = n®. By Proposition 4.1 we obtain
that v(nk) = n*® for every k € Z. Assume that m € N. Then there exists
k > 0 such that n* < m < n**!. Consider the expansion of m in base n,
we obtain:

m:ao—i—aln—l—...—l—aknk7
where 0 < a; <n—1fori=0,1,...,k; and ax # 0. Now we have
v(m) < wv(ag) +v(a1) -n® + ... +v(ag) - n** <
//for every i, v(a;) <a; <n—1// < (n—1)(1+n*+...+n" <

n—1 (n(k+1)a —1) < [

ne —1

n—1
n® —1

no‘] -nkFr < C-me.

Thus there exists a constant C' such that for every m € N we have v(m) <
C - m®. We state that for every m we have

v(m) < m°. (4.2)
k

Indeed, assume that there exists k € N such that v(k) > k%, ie. k) —
D > 1. Then for every s € N we have

v(k) =D° — oo.

kso s—00

On the other hand, % < O, a contradiction. Thus (4.2) holds for every
m € N.
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Now nF+1 = m +m;, where 0 < m; < n¥(n — 1). Therefore v(n**1!) <
v(m) + v(ma), so

v(m) = n*FHDe _y(my) > pkEFDe _ e >

nke(n® — (n —1)®) = plk+be (1 - (n — 1) ) > Cq - m”.

n

It follows that there exists a constant C7 > 0 such that for every m € N we
have v(m) > Cy - m®. We state that

v(m) = m<. (4.3)
k

Indeed, assume that there exists k € N such that v(k) < k%, ie. %& —
D, < 1. So for every s € N we have

o) _ps

ks §—00

On the over hand, % > (1, a contradiction. Combining inequalities (4.2)

and (4.3) we obtain that for every m € N the identity v(m) = m® holds.
By Proposition 4.1 it follows that v(—m) = v(m) and v(m™!) = (v(m))~t,
so for every % € Q, the identity v (%) = ‘%‘ holds.

Case 2. For every n € N we have v(n) < 1. Choose n so that v(n) # 1
(hence v(n) < 1). Consider the decomposition of n into the product of
primes n = p{* - ... pp*. Then v(n) = v(p1)* - ... v(pr)**, so there
exists a prime p with v(p) = p < 1. We show first that for every prime
g # p the identity v(q) = 1 holds. Otherwise there would exist ¢ # p with
v(q) = p < 1. Since both p and p are less than 1, there exists & € N such
that both p*, p* are less than % On the other hand, ged(p®,¢*) = 1, so
there exist a,b € Z such that a - p* + b - ¢* = 1. Thus we obtain

1=v()= v(a-pk —|—b-qk) < v(a) -v(pk) + v(b) ~v(qk) <
1 1
L +1f <S5 =1,

a contradiction. Now for every * € Q we have m = p®' - my, n = p*? - nq,

where ged(my - ny,p) = 1, therefore

R

n v(ny) =f =P

and the theorem follows. O
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3. The replenishment of a valuation field. A classical result claim
that every topological space admits a replenishment. Now we construct
a replenishment for a valuation field and prove that the replenishment is
unique (up to a topological isomorphism).

Let (F,v) be a valuation field. A sequence {a,}n>1, where a,, € F' is
called fundamental, if for every € > 0 there exists N such that for every
n,m > N we have v(a, — an) < €.

Lemma 4.11. The following hold:

(1) Assume that v1 and vy are equivalent valuations of a field F. A
sequence {an}n>1 is fundamental in vy if and only if it is funda-
mental in vs.

(2) If {an}n>1 Is a fundamental sequence in (F,v), then {v(ay)}n>1
is a fundamental sequence in R under valuation v(z) = |z|.

PROOF. We prove item (1) first. If vy is the trivial valuation, then
vg is also trivial and we have nothing to prove. If v; is nontrivial, then
there exists € F' such that v1(z) = a > 1. Then for every € > 0 there
exists m € N such that o™ < e. If the sequence {ay}n>1 is fundamental
in vy, then {2 - a,}n>1 is also fundamental in vy, so there exists N € N
such that for every n,k > N we have vi(z™a, — x™a;) < 1. Whence
va(x™a, — x™ay) < 1, and so va(a, —ag) < o™ < e.

Now we turn to (2). Since v(ay) = v(ap—am+am) < v(am)+v(an—am),
and, by symmetry, v(a;,) < v(a,) + v(a, — am), it follows that |v(a,) —
v(am)| < v(an — am).

A valuation field (F,v) is called complete if every fundamental sequence
in G is converging, i.e. it has the limit in F'. If a valuation field is embedded

into a complete valuation field (F,v) so that F is dense in F then (F, ) is
called a replenishment of (F,v).

Theorem 4.12. For every valuation field (F,v) there exists a unique
up to isomorphism replenishment (F'| v).

PROOF. We construct a replenishment using the standard construction
for the real numbers. Let
F ={{an}tn>1 | {an}n>1 is a fundamental sequence of (F,v)}

be a set of all fundamental sequences consisting of elements from F'. Define
the addition and multiplication on F by

{an}n>1 + {bn}n>1 = {an + bn}n}la

{an}nZI . {bn}nZI = {an . bn}n}la
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Clearly both {ay, + by, }n>1 and {a,, - b, }r>1 are fundamental sequence. We
prove, for example, that {ay,-b, },>1 is fundamental provided both {a, }n>1,
{bn}n>1 are fundamental. We have

V(ap by — am b)) = V(A by — @ - by + Ay - by — Qi - b)) <
V(@ by — am b)) + V(A - by — Ay - b)) =
v(an — am) - v(by) + v(by, — by)v(am)-

Since {an}n>1, {bn}tn>1 are fundamental sequences, Lemma 4.11(2) implies
that {v(an)}n>1, {v(bn)}n>1 are fundamental sequences as well. Therefore
the sequences {v(a,)}n>1 and {v(b,)}n>1 are uniformly bounded by an
absolute constant C. Since for every ¢ there exists N such that for every
m,n > N we have v(a, — am) < 55 and v(b, — by,) < 55. So

v(ap — am) - v(by) + v(by — by )v(am) < g + % =,
hence {a,, - b, }n>1 is fundamental.

Thus F is a commutative ring with 1. Consider
Iy = {{an}n>1 | an njoo 0}.

Clearly Iy is an ideal of F. We show that F/I is a field. Since F is a
commutative ring with 1, we remain to prove that each nonzero element of
F /Iy has inverse. Consider {ay, }n>1+1o # 0+1o. Since {an}n>1 € F\Io, it
follows that a,, # 0, i.e. there exists ¢ > 0 and N € N such that for every

n—roo
n > N we have v(a,) > . Consider the sequence {i},@]\;. The sequence

is well-defined, since a,, # 0 for n > N. Moreover, for every n,m > N we

have
3} (1 B 1> _ v(am — an) o v(am — an)

an  Qm v(an - am) g2

)

so the sequence {--}, >y is fundamental, i.e. {=},>n € F. Define the
sequence {by}n>1 by: b, = 1 for n < N and b, = % for n > N. Then
{bn}n>1 € F and a,, - b, —1 =0 for all n > N. Hence,

{antnz1 +10) - {bntnz1 + 1o) = {an - bp}nz1 + Io = {1}n>1 + o,

ie. {bn}n>1+ o = ({an}tns1 + Io)~ 1. Therefore F' = F/Ij is a field. The
embedding F' — F is defined by a ~ {a,}n>1 + I, where a,, = a for all
n € N (we use the notation {a},>1 below). Define a valuation on F in the
following way:

if & = {an}tn>1 + Io, then v(a) = li_>m v(ap).
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Clearly, o does not depend on the representative of a coset {an}n>1 + o,
since the identity

lim (v(an) +v(by)) = lim v(a,) + lim v(by,)

n—oo n—roo n—r oo

holds. It is also evident that the restriction of ¥ on F' coincides with v. Now
we check the properties of a valuation.

(1) 9({an}tnz1 + Lo) = 0 and 9({an}n>1 + Io) = 0 if and only if
{an}tn>1+1o = Iy, ie. a, — 0. Indeed, since for each n we have
n—oo
v(a,) = 0, it follows that lim,, o v(ay) = 9({an}tn>1 +Io) = 0. If
o({an}tn>1 + Io) =0, then lim,,_,c v(a,) =0, so {an}n>1 € Ip.

(2)
@({an}n>l + Io + {bn}n21 + IO) —

ﬁ({an + bn}n)l + IO) ==
lim v(a, + b,) <

lim (v(ay) + v(b,)) =
i v(a,) + lim v(b,) =
v({antnz1 + Lo) + 0({bn}nz1 + lo).
(3)

ﬁ({an}n>l + 1) - @({bn}n>1 +1p) =
’E({an . bn}n>1 + IO) =

nh_>nolo v(ap - by) =

nh_}ngo v(ay) - v(by,) =
g vlm) - Jin vlba) =
@({an}n>1 +1Io) - T)({bn}n>1 + Io).

So v is a valuation.

Now we show that F is dense in F. If o = {a,}n>1 is a fundamental
sequence, then the sequence {ay, }n>1, where a,, = {an }r>1 € F (vecall that
{an}r>1 is a sequence such that all its members are equal to a,,), is clearly
converging to a. We remain to show that F is complete. Assume that
{an}n>1 is a fundamental sequence in F. Since F is dense in F, for every
n we can choose a,, € F such that o(ay, — {an}r>1) < % Let o = {an}n>1-
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We claim that o € F (so a+ Iy € F) and a, (—)) «. Indeed, for every e

there exists M such that v(ay, — o) < § for all m,n > M. Further, there
exists N > M such that % < % So for n,m > N we have
V(an — am) = 0({antrz1 — an + @y — am + @ — {am fr>1) <
T)({an}k>1 —ap) + U(an — ap) + E(C“m - {am}k>1) <g,

so « is a fundamental sequence. Now, by construction, we have

+ W}gnoo V(an — Q).

O(an — ) < (ay — {antiz1) +0({antkz1 — @) <
1

Since for every € > 0 there exists N such that % < < and for every n,m >
N, v(an — am) < 5, we obtain that for every n > N the inequality v(o, —
a) < ¢ holds. Thus a, (_5; «. This completes the proof of existence.

Now we prove the uniqueness. Let (Fy, v1) and (Fs, v2) be two replenish-
ments of (F,v). We want to construct a topological isomorphism o. Define
o in F' as the identity map. By definition, F' is dense in both F; and Fj,
so every element of F} is a limit of a fundamental sequence {ay, }»>1, where
each a,, liesin F'. We extend ¢ to the map o : F} — F5 by assuming that for
a € Fy such that o = lim, o0 ay, that o(a) = lim, o0 0(ay,). Clearly this
definition is correct, since {o(a,)}n>1 is a fundamental sequence in F» and
since for two fundamental sequences {an}n>1, {bn}n>1 with lim, o an =
a = lim,, 0 by, the sequence {c,,}n>1, where co,—1 = ap, can, = by, is fun-
damental and lim,, , ¢, = . It is technical to prove that ¢ is a bijection
and that o preserves the operation, and we leave the detailed proof to the
reader. |

EXERCISE 4.13. Complete the technical details of the proof of Theorem
4.12.

§4.2. Construction and properties of p-adic fields

Clearly, if valuations v; and v of a field F' are equivalent, then the
replenishments of (F,v;) and (F,vq) are topologically isomorphic. Recall
that we denote the class of equivalent valuations vy, , of Q by v,. A replen-
ishment of (Q,v,) is denoted by @p and is called a field of p-adic numbers
or a p-adic field. Theorem 4.12 implies that @p exists and is unique up to
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isomorphism. In this section we construct @p explicitly and derive some its
properties.

1. Ring of p-adic integers and its properties. Throughout we fix
a prime p. Consider

Z = {{an}n>0 | an € Z,a, = ap—1 (mod p™) for n > 1} )

Define addition and multiplication on Z, as the addition and the mul-
tiplication of sequences, i.e. {an}tnz0 + {bn}n>0 = {an + bn}tn>o and
{an}tn>0 - {bn}nz0 = {an - bu}nso. Clearly Z, is a ring under these op-
erations. Consider

7, = {{an}n>0 € Z,|a,=0(mod p"+1)} .

It is also evident that Z, is an ideal of Z,. Define Z, := Z,/Z,, a ring of
p-adic integers. The embedding Z — Z, is defined by m + {a, }»>0, where
ag = a; = ... = m. Clearly this embedding preserves the addition and
multiplication. Moreover, the unit of Z coincides with the unit of Z,. Now
we choose a canonical representation for every element from Z,. Namely, for
every sequence {a,}n>0 € Z, there exists a unique sequence {z,}n>0 € 2,
such that for every n we have 0 < x, < p"*! and a, = z, (mod p"*1),
in particular {an}n>0 +Zp = {Zn}n>0 + Zp. The sequence {z, },>¢ with
0 < z, < p"*! is a canonical representative of the coset {an}tnz0 +Zp.

Theorem 4.14. Let Z, be the ring of p-adic integers. Then the fol-
lowing hold.

(1) An element {x, },>0 € Z, is invertible in Z, if and only if z¢ # 0.

(2) For every 0 # « € Z, there exist the unique n € N and £ € Z;
such that o = p™ - &.

(3) Z, is an integral domain.

PrROOF. Recall that if m € Z, then we identify m with its image
(m,m,...) € Zp. In particular, 1 = (1,1,...).

(1) Necessity. If zp = 0, then for every n € Z we have zo-n = 0,
therefore {xy, }n>0 & Z;.

Sufficiency. Assume that zy # 0. Since 0 < zy < p, it follows that
ged(zg, p) = 1. Now, by definition, 21 = 2o (mod p), therefore ged(zq,p) =
1. Repeating the argument, by induction, we obtain that ged(z,,p) = 1
for every n. Therefore, for every n we have ged(z,, p" ™) = 1. Hence, for
every n > 0 there exists 0 < y,, < p"*! such that z,, - y, = 1 (mod p"*+1).
Since z,, = x,—1 (mod p™) and both z,,_1 - y,—1 and z,, - y,, are equivalent
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1 modulo p", it follows that y,, = y,_1 (mod p™), i.e. {yn}tn>0 € Z,. Since
Ty - Yn = 1(mod p"*t1) it follows that there exists z, such that z,, -y, =
L+ 2z, - p" T Therefore {z}n>0 " {Un}nz0 = {1}nz0 + {2n - p" " }iz0 and
the second summand in the right hand side lies in Z,,.

(2) If @ = {@p}n>0 € Z, \ {0}, then there exists a minimal n such that
xz, # 0. If n = 0 then a = p°¢ and & = . Suppose n > 0, then, by
definition, z,, = x,,—1 (mod p™) and in view of our choice x,,_1 = 0, S0 z, is
divisible by p™ and x,, #Z 0 (mod p"*1), in particular, ;—ZJ # 0 (mod p) and
ged(x, /p™,p) = 1. Now 2,41 = 2, (mod p" 1), so x,41/p" # 0 (mod p).
Arguing in the same way by induction for every k > n we obtain that
x3,/p™ # 0(mod p). Moreover, since 0 < x, < p*!, we have 0 < z/p" <

pF~mt+1. Consider
_ [ %n Tn Tn Tp+l Tn42 . .
&= (p”’p”’”"p”’ i ,> (first n + 1 terms are equal).

In view of item (1) of the theorem, £ is invertible in Zp and, by construction,
a=7p"-&.

Now we show the uniqueness of n and £. If « = p™-& = p™ - (, then the
first nonzero term of p™ - € has number n, while the first nonzero term of
p™ - ¢ has number m, so n = m. Let £ = {z,}n>0 and ¢ = {y, }n>0. Since
p" - & =p"-(, we obtain that z,, = y,, for m > n. Moreover

Tpn—1 = (x, modp")=(y, modp")=1y,_1.
Arguing in the same way we obtain that for all i < n the equality z; = y;
holds (indeed, if z; = y;, then x;_; = (z; mod p’) = (y; mod p') = y;_1).
Thus & = (.

(3) Assume that o, 3 € Z, \ {0} and - 3 = 0. In view of item (2) of the
theorem, oo = p™-£, 8 = p™-(, hence -8 = p"+T™(£-¢) = 0. Multiplying the
left hand side of the identity by £ 1-(~! we obtain p™-p™ = 0. But (n+m)-
th term of p"+™ equals p"*™ # 0 (mod p"*+™+1), a contradiction. O

Corollary 4.15. An integer a € Z is invertible in Z, if and only if
ged(a,p) = 1.

2. The field of p-adic rationals is the replenishment of rationals
in p-adic metric. Corollary 4.15 implies that rational numbers of the form
¢ with ged(b,p) = 1 are naturally embedded into Z,,. Since Z, is an integral
domain, it possesses a field of fractions, denote it by Q,. We introduce a
valuation v, on Q,, and show that @Q,, is a replenishment of Q under a p-adic
valuation, i.e. we show that Q, is a field of p-adic numbers.



§4.2. Construction and properties of p-adic fields 82

In view of Theorem 4.14 all elements of Zp have form p™ - £, so we need
to add the inverses for powers of p, i.e.

Q,=1{p" €|Inezc¢eci,}u{o}. (4.4)

Given a = p" - € € @; set vp(a) = n, and let v,(0) = co. For brevity
we use v instead of v, below. Choose 0 < p < 1 and set v,(a) = p"»(¥).
Every § € Q can be uniquely written as p"(g—ll, where p does not divide
ay - by. Then both a; and by belong to Z,, and thus & = a;b; ' = £ is an
invertible p-adic integer. Therefore, 7 corresponds to p"¢ € Q, and this

correspondence gives the canonical embedding of Q into @p.

Theorem 4.16. In the above notations for every «, 3 € @p the follow-
ing hold.
(1) v(a-B) = v(a) - v(B).
(2) v(a+p8) = min(v(a),v(B)), moreover for v(a) # v(B) the equality
holds.
(3) vp is a valuation of @p and the restriction of v, on Q coincides
with the valuation v, , of Q.

PROOF. (1)7 (2) If a= pn ! 67 6 = pm : C7 then « - 6 = pn+m ’ (é- : C>7
therefore v(a - 8) = v(a) + v(B). Without loss of generality assume that
n > m. Then we have

at+fB=p"-E+p"-C=p" (" E+ (),

and p"~™ - £ + ( lies in Zy, so v(a + ) = m = min(v(a),v(B)). If n > m,
then the first term of p"~™ - £ + ( equals the first term of (, so is not equal
to 0, therefore p"~™ - £ 4 ( is invertible in Z, and v(a + ) = m.

(3) First we check that v, is a valuation. We have

vp(a+ B) < p ) = max(vy (@), up(B)) < vp(ar) + vp(B).

vp(a- B) = pr()+v(B) = vp () - vp(B).
vp(a) = 0 and v, () = 0 if and only if o = 0.

So vy, is a valuation. The restriction of v, on Q coincides with v, , and we
leave the details of the proof for the reader. O

EXERCISE 4.17. Prove that the restriction of v, on Q coincides with
Up,p-

Theorem 4.18. The valuation field (Q,,v,) is a replenishment of
(@Q vp,p)-



§4.2. Construction and properties of p-adic fields 83

PRrROOF. We need to prove that @p is complete and that Q is dense in
Q,. Let {an}n>1 be a fundamental sequence in @, and every a,, has the
form p™n -£,,, where m,, € Z and §,, € Z;U{()}. Since the sequence {ay, }n>1
is fundamental, it follows that v, (o, — au,) n7m—_>>0o 0. Now vp(auy, — app) =

pr(@n—am) If the sequence {mpn}n> is not stabilizing, then for every n there
exists k > n such that my, # my. In view of Theorem 4.16(2) we obtain

py(an—am) _ pmin(mn,mk) - 0.
n,k— o0

Therefore m,, — oo, i.e. a, — 0. Assume that the sequence {my,},>1
n—00 (”p)

is stabilizing, i.e. there exist N € N, M € Z such that for every n > N we
have m,, = M. Then for every n,m > N we have

U:D(an —apy) = ’Up(pM(fn —&m)) = Up(pM) ) Up(fn —&m),

i.e. the sequence {,},>1 is fundamental. Hence for every m € N there
exists Np, € N such that for all ni,ne > N, we have v,(&,, — &n,) < p™.

So &ny — &ny, = pmT &, where € € Z,. Let &, = {x,(cn)}kgo, consider

& = {zk}k>0, where z,,, := x%v’”). We claim that £ € Zp and that &, _—>> &.

Show that ,,—1 = 2, (mod p™) (and so & € Z,). Indeed, by definition,

Tm—1 = xi,ivj”fl), i.e. for each k > N,,_; we have v(&y,,_, — &) < p™ L,
therefore &y, , — & = p™ - ¢ for some ¢ € Z,. In particular, :EEYJ:[_’TI) —
967(5),1 = 0(mod p™). Choose k = N,,, then, since £y, € Z,, we have
x;,ivf}) = 2™ (mod p™), whence xiivj"fl) = g (mod p™). Now if k >
Ny, then v, (& — &) < p™, 50 &, (U—:) & and ay, (U—p>) pM €.

We remain to show that Q is dense in @p. Let a =p" - &, where n € Z
and & = (g, 21, 22,...) € Z;. Set o, = p" - 2y € Q. Then

vp(am - a) = pn ’ Up(()? s 0, & — T 1, T — T2, - ) < pn+m mjoo 0,

and the theorem follows. O

EXERCISE 4.19. Prove that for every o € Z, there exists a sequence
{x(M},,50, 2™ € Z, such that (™ —a € p™*'Z,, (in particular, z(™) (v—>)
p

a as m — 00).
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3. Applications. The construction of p-adic numbers shows that they
are closely related to residuals modulo powers of p. This connection becomes
clear due to the following theorem.

Theorem 4.20. Assume that F(xy,...,2,) € Z[z1,...,2,] is a poly-
nomial with integer coeflicients. The congruence

F(z1,...,2,) =0 (mod p™) (4.5)
has a solution in Z for every m > 0 if and only if
F(z1,...,2,) =0 (4.6)
has a solution in Zp.
PROOF. Assume that the equation (4.6) has a solution aq,...,q, €

Zp. Denote by I, the ideal p™ - Z, of Z,. Then for every m there exist

xgm), 2™ € 7 such that o + I, = xl(»m) + I,,, (this statement follows
from Exercise 4.19). Therefore

F(xgm)a7$57,m))+1m:F(alaaan)+Im:0

Now F(z\™,...,2™) is an integer, so F(z\™,...,2) € I, nZ =

9

gm), . ,:U%m) is a solution for the congruence F(z1,...,z,) =

p" -7, ie. x
0 (mod p™).
Now assume that the congruences (4.5) have solution for each m > 0.

Consider the sequence { (chm), ce x%m))}mgo of solutions for congruences

(4.5). Notice that we may choose a subsequence {(;Ugm’“), . ,w%mk))}@o
such that mgm’“) is converging to o; € Z, for 1 < i < n. Indeed, con-

sider zero coordinates of {(xgm), e ,x;m))}m;(). We obtain the set of tu-
ples of the form (ay,...,a,), where 0 < a; < p for each i = 1,...,n. Since

{(xgm), . ,xslm))}m>o is infinite, there exists an n-tuple (ay,...,a,) such
that the zero coordinate of a:l(»m) equals a; for infinitely many m and they

form a subsequence {(xgmo), .. ,x&mo))}m@o of {(xY”), . ,x%m))}m%. We

repeat the arguments for the first coordinates of {(xgm"), e 7335Lm°))}m0>0

and derive an infinite subsequence {(m§m1), . ,x%ml))}mlw. We repeat the

arguments for every k > 0. Now we take any element from k-th subsequence
and obtain the subsequence {(z\™ ... 2{™ ) iso of {(2{™, .. 20 ) hmso

satisfying the condition: for every ¢+ = 1,...,n the first £ coordinates of

2™ are equal to the coordinates of xgm’“

K2
’UP(CEEmt) - xgms)) < pt L0 e for every i the sequence {xgmk)}k>0

) for every t > k. Therefore
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is fundamental. So the sequences {xim’“)}kw, el {xslm’“)}kw have limits
ai,...,ap respectively and, by construction, each o lies in Z,. Again by
construction F'(ayq,...,a,) lies in every ideal I,,,, so F(aq,...,a,) =0. O

§4.3. Problems

1. Prove that a valuation defines on a field the structure of Hausdorff
space. Find a topological field that is not homeomorphic to a
valuation field, i.e. there exist topological fields that do not possess
a valuation inducing the same topology.

2. Prove that (Z,,v,) is a compact topological space.

3. How many distinct solutions in Zs has the equation 22 + y% = 0?
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